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1. Introduction 
 

Analytical solutions to obtain stresses and displacements 

around a tunnel give a good first estimation of tunneling 

problem potential and so forth make its preliminary design 

possible in a wide variety of geotechnical engineering 

conditions. These solutions for the elastic-plastic behavior 

of rock mass are normally feasible for a circular opening 

subjected to a hydrostatic in situ stresses. Accordingly, 

numerous studies have been conducted on this 

axisymmetric problem. The differences among these works 

may refer to either (both) considering different rock mass 

behaviors and failure criterions or (and) employing various 

solution methods and algorithms. 

Regarding the strain softening behavior, Brown et al. 

(1983) were among the first authors who presented an 

analytical-numerical stepwise procedure for the stresses and 

displacements around a circular tunnel in the Hoek-Brown 

media (Fig. 1, where ri is tunnel radius, re is elastic-plastic 

boundary radius, p0 is in-situ stress, and 𝜎𝑟 and 𝜎𝜃 are 

respectively radial and tangential stresses). This solution 

involves the discretization of the plastic zone in unknown 

number of annular rings so that the calculation starts from  
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Fig. 1 Schematic Elastic-Plastic radius around the tunnel 

cavity (Brown et al. 1983) 

 

 

the unknown elastic-plastic interface towards the tunnel 

wall by incrementing the tangential strain value for each 

calculation step, and then computing the corresponding 

radial strain and the stresses. This solution procedure was 

modified by Park et al. (2008) through considering the 

effects of elastic strain increments within the plastic region. 

Lee and Pietruszczak (2008) proposed a finite difference 

approximate scheme which looks similar to that of Brown 

et al. procedure (1983), but the calculation in each step 

proceeds in a reverse order. That is, unlike the Brown et al. 

method (1983), the radial stress is firstly calculated in each 
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ring through the stress equilibrium equation (starting from 

unknown location of elastic-plastic interface to tunnel wall), 

and the corresponding strains are then found. Wang and Zou 

(2018) presented a similar finite difference method, but 

each step of calculation starts with a radius increment. The 

stress for each annulus is obtained analytically, while the 

corresponding strain increments is calculated numerically 

from the compatibility equation by finite difference 

approximation. Zou et al. (2019), like the above-mentioned 

methods, divided the plastic radius into finite number of 

annular rings whose thickness were determined internally to 

satisfy the equilibrium and compatibility equations.   

Regarding the other methods of solution for the strain-

softening behavior, Alonso et al. (2003) formulated the 

problem to a system of ordinary differential equations 

which are derived from the usual partial differential 

equations system. They can be simply numerically solved 

by a Runge- Kutta- Fehlberg method for generic materials 

considering failure criterion and the plastic potential or flow 

rule. Wang et al. (2010) proposed a new approach to 

simulate the strain softening process of stress-strain 

relationship into a series of brittle and perfectly plastic 

models. The stresses and strains can be calculated by the 

available closed form solutions.  

However, other efforts have been conducted to study 

effects of some other aspects on the developed stress and 

strain around tunnel. These studies might be categorized as 

- those focused on rock mass properties e.g. rock mass 

dilatancy (Alejano and Alonso 2005, Zou et al. 2017), non-

homogeneity (González et al. 2013), full saturation i.e., 

underwater tunnel (Fahimifar et al. 2015, Zou and Wei 

2018), spatial characteristics such as the strike and dip angle 

(Yoo, 2016), both of dip angle and joint spacing of 

systematic discontinuities (Nikadat and Fatehi Marj 2016), 

time dependency (creep) Paraskevopoulou and Diederichs 

2018, Quevedo and Bernaud 2018)  

- those concentrated on rock mass stress- strain behavior 

e.g., non-linearity of stress- strain relation of softening stage 

(Ranjbarnia et al. 2015), the extension of softening stage in 

stress- strain relation curve (Alonso et al. 2003, Alejano et 

al. 2009, 2010),  

- those related to in-situ stress e.g. biaxial in-situ 

stresses (Zhuang et al. 2018), the stress along tunnel axis 

(Zou and Zheng 2016),  

- those considered other issues e.g. inclusion of dead 

weigtht loading of broken rock on GRC (Zareifard 2019). 

Regarding the other stress-strain behavior, some other 

exact closed form solutions have been presented for the 

perfectly plastic (FAMA 1993, Panet 1993, Carranza-Torres 

and Fairhurst 1999) and brittle plastic, stress- strain relation 

behavior of the rock mass (Carranza-Torres 1998, Carranza-

Torres and Fairhurst 1999, Sharan 2003, CarranzaTorres 

2004, Park and Kim 2006, Osguii and Oreste 2007, Tu et al. 

2018, Park 2017).  

A literature review shows that there exist adequate 

techniques to obtain the stresses and strains for tunnels 

excavated in elasto-plastic materials. However, for the 

strain softening behavior, it seems that it is worth 

developing a new approach to give the strains with less 

calculations in the tunnel wall. Particularly, if this new  

 

Fig. 2 Mesh generation around the excavated tunnel in 

hydrostatic stress field condition 

 

 

solution has a readiness to be extended to the case of non-

hydrostatic in-situ stress condition, it will be more 

addressed. 

This study presents a new analytical solution in which 

the zone around tunnel is meshed into given number of 

annular rings. The calculations start from the tunnel wall 

toward the unknown elastic-plastic boundary (Fig. 2). From 

the known stresses in tunnel boundary (the shear and radial 

stresses are null where tangential stress can be found by 

failure criterion), the strains are calculated using the elastic-

plastic stiffness matrix in which an appropriate failure 

criterion (i.e., 3D Hoek-Brown failure function proposed by 

Ziang and Zhao 2015) and non-associated flow rule (by 

using 3D Mohr-Coulomb as potential function) are 

employed. The calculations are continued to the next known 

local ring by obtaining its stresses from equilibrium 

differential equation through using the failure criterion and 

finite difference method. It continues till to a ring where the 

stresses of elastic-plastic boundary are obtained. Some 

illustrative examples are solved to show the correctness of 

the proposed approach. The distinguished features of 

presented approach are 

- the method is originally three-dimensional; hence for 

calculation of stiffness matrix, three-dimensional failure 

criterion and potential function are used. The method of 

using 3D functions can be treated as the basis for solution 

of 3D tunnel problems; and 

- it is possible to obtain the tunnel convergence at the 

first step of calculations. In fact, for the calculation of 

tunnel convergence, it is not required to find the stress and 

strains around tunnel. 

Unlike the other proposed approaches, this one presents 

a solution method that can be extended to the case of non-

hydrostatic in-situ stress condition, since the required 

calculations start from tunnel boundary toward elastic-

plastic boundary. Furthermore, in non-hydrostatic in-situ 

stress condition, the elastic-plastic interface is not circular 

anymore, and associated calculations of the other proposed 

methods (which are performed by using simple circular 

meshes) cannot be started from that boundary.  

Finally, based on a great number of analyses by the 

presented approach, a simple relationship for calculation of 

a circular tunnel closure on the basis of the rock mass 
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strength and tunnel depth is given. It can be valuable for the 

preliminary decision of using a tunnel support and for the 

prediction of the presence of tunnel squeezing problems 

(Hoek and Marinos 2000). 

 

 

2. Problem definitions and General assumptions 
 

Assuming that a circular tunnel is excavated in a 

continuous, homogeneous, isotropic, initially elastic rock 

mass subjected to a hydrostatic stress p0 (i.e., the plane 

strain condition), a circular plastic zone is generally 

developed around a tunnel, and in-situ stresses are 

redistributed in terms of the radial and tangential stresses as 

the minor and the major principal stresses (Fig. 1).   

In the plastic zone, the stresses are limited by Hoek-

Brown failure criterion (Fig. 3) which can be expressed in 

term of the stress invariants. For the modified Hoek-Brown 

failure criterion (Fig. 4), the stress invariants in three-

dimensional space are (Jiang and Zhao 2015)  

f({σ′}, {m}) =
1

mσci
1 𝑎−1⁄

(√3J2
′ )
1 𝑎⁄

+
A( θ)

√3
√J2

′ −
sσci
m

− σm
′ = 0 

(1) 

where the parameters 𝐽2
′ , 𝜃 and 𝜎𝑚

′  are the stress 

invariants defined as (Jiang and Zhao 2015, Jiang and Xie 

2012) 

 

 

 

Fig. 3 The original Hoek- Brown failure criterion in 

principal stresses spaces 

 

 

Fig. 4 Stress position in the modified three-dimensional 

Hoek-Brown criterion (Jiang and Zhao 2015) 

σm
′ =

1

3
(σ11 + σ22 + σ33) (2) 

J2
′ =

1

6
[(σ11 − σ22)

2 + (σ11 − σ33)
2

+ (σ22 − σ33)
2]    

(3) 

θ = Arccos (
2σ11 − σ22 − σ33

2√3√J2
′

)   0 ≤ θ ≤
π

3
 (4) 

The parameter θ is the Lode angle depending on the 

stresses values at each loading step. σ11, σ22 and σ33 are 

the principal stresses, and A(θ) is (Jiang and Zhao 2015) 

(Fig. 4). 

A( θ) = 2 cos (
π

3
− θ) (5) 

In above equations, 𝜎𝑐𝑖  is the uniaxial compressive 

strength of intact rock material, and parameters, 𝑠 and 𝑎 

are the Hoek-Brown rock mass constants depending on rock 

mass nature and its geotechnical conditions, and can be 

calculated by Geological Strength Index (GSI) of rock 

mass. It is a characterization tool for assessing engineering 

properties of rock mass. For poor rock mass, moderate, and 

good rock mass, it is respectively: GSI <  25,  25 <
GSI < 75, and GSI > 75 (Hoek and Brown 1997).  

For the elastic-perfectly plastic and elastic-brittle plastic 

stress-strain relationship, the rock mass constants are values 

corresponding to before failure (i.e., mp and sp) and to 

residual conditions (i.e., mr and sr), respectively; but for 

the strain softening behavior, they depend upon the value of 

principal plastic strains (Brown et al. 1983) i.e., 

msof = mp − (mp −mr)
η

η∗
 (6a) 

ssof = sp − (sp − sr)
η

η∗
 (6b) 

where 𝜂 is the softening parameter as (Alonso et al. 2003) 

η = ε11
p
− ε33

p
 (7) 

and 𝜂∗  is the critical softening parameter that can be 

obtained from triaxial compression tests or from the 

analytical method by Alejano et al. (2009). The strains 

𝜀11
𝑝

and 𝜀33
𝑝

 are the plastic principal strains which will be 

calculated by the approach presented in the next sections. 

For intact rock, as the special case, the parameter 𝑎 =

0.5; then Eq. (1) is simplified, and the parameter 
√J2
′

σci
 is 

introduced which can be explicitly derived by Eq. (8) 

√J2
′

σci
=
1

6
[−

m𝑖

√3
A( θ) + √

m𝑖
2

3
A2(θ)

+ 12 (m𝑖

σm
′

σci
+ s𝑖)] 

(8) 
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where m𝑖 and s𝑖 are the constants for intact rock. 

To calculate the strains in the plastic zone, an 

appropriate potential function is needed. The previous 

studies proved that directions of plastic strains rate do not 

coincide to those of stresses. That is, the non-associated 

flow rule must be used, and a proper stress potential 

function which involves material properties and reflects 

volumetric plastic strain should be employed.  

If the Hoek-Brown function is selected as the potential 

function, calibration of the material properties associated to 

plastic volumetric strains parameters (i.e., dilation angle) is 

too difficult. Therefore, the Mohr-Coulomb function was 

chosen, which is more similar to the Hoek- Brown function 

in the three-dimensional spaces of principal stresses (the 

irregular hexagon surface of both functions, see Fig. 4). The 

three-dimensional Mohr-Coulomb stress function is 

(Griffiths and Willson 1986), 

p({σ′}, {k}) = J2
′ − (app + σm

′ )gpp(θ) = 0 (9) 

where 

gpp(θ) =
sinψ

cosθ +
sinθsinψ

√3

 
(10) 

and  

app = (
c′

tanφ′
+ σm

′ ∗)
g(θ∗)

gpp(θ
∗)
− σm

′ ∗ (11) 

where 

g(θ) =
sin𝜑′

cosθ +
sinθsin𝜑′

√3

 
(12) 

where the parameters  𝑐′ and 𝜑′ are equivalent cohesion 

and friction angle of the rock mass calculated by (Hoek et 

al. 2002), ψ is the dilation angle which is 
φ′

8
, and 

φ′

4
 for 

the weak and normal rock mass, respectively (Hoek and 

Brown 1997). Superscript * indicates the current stress 

state.  

The relation between the strains and stresses is 

expressed as 

σij = Dijkl
ep
εkl (13) 

where parameter Dep is the stiffness matrix introduced by 

[𝐷𝑒𝑝] = [De] −
[De] [

∂p
∂σ
] [
∂f
∂σ
]
T

[De]

[
∂f
∂σ
]
T

[De] [
∂p
∂σ
] + H

 (14) 

where De  is the elastic stiffness matrix which its 

components are dependent upon Elasticity Modulus and 

Poisson’s ratio. It can be calculated by Theory of Elasticity 

references. H is the strain softening parameter and can be 

found via the following equation (Potts et al. 2001), and f 

and p indicate the failure and potential functions, 

respectively. 

H = − [
∂f

∂εp
] [
∂p

∂σ
] (15) 

The details of obtaining of Eq. (15) for this problem will 

be given in Section 3. 

 

 

3. The solution method 
 

3.1 Plastic zone 
 

If it is assumed the plane strain condition exists, the 

stress tensor components will be (Lai et al. 2009) 

σij = [

σ11
σ22
σ33
σ13

] (16) 

and in the polar coordinate under hydrostatic stress 

condition, it is 

 σij = [

σθθ
σyy
σrr
σrθ

] (17) 

where σyy is the normal component of the stress tensor 

along tunnel axis and is constant during tunnel advancement 

in hydrostatic in-situ stress condition (Brown et al. 1983). 

The strain tensor components appear in the same sequence 

of stress i.e., 

εij = [

εθθ
εyy
εrr
εrθ

] (18) 

The calculation procedures start from the tunnel wall 

with known stresses as 

σrr = 0 

σrθ = 0 

σθθ = s
a σci 

(19) 

To calculate strains, Eq. (13) should be rewritten in an 

incremental form as 

dσij = Dijkl
ep
dεkl (20) 

There is a redistribution of the in-situ stresses due to 

tunnel face excavations. As a result, the magnitudes of 

radial and tangential stresses gradually vary from their 

initial value p0 to final values in Eq. (19). Accordingly, in 

this solution, the radial stress is reduced in 𝑛 increments. 

For the elastic condition when the radial stress varies from  

𝑝0 to 𝜎𝑟𝑒 (value of radial stress when plastic strains start 

to occur), one increment is only considered while for the 

plastic condition when it varies from 𝜎𝑟𝑒 to zero, in which 

the behavior is non-linear, n-1 increments are employed. 

Then, the radial stress increment is 

dσrr = 𝜎𝑟𝑒 (n − 1)⁄  (21) 

while 

 dσyy = 0  ,   dσrθ = 0 (22) 

and the corresponding increment of tangential stress is 

14
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found by the failure criterion 

dσθθ = σθθ(𝑗+1) − σθθ(𝑗) (23) 

To compute each strain increment, the stiffness matrix 

i.e., Depmust be calculated. For this purpose, parameter H 

in Eq. (15) is obtained for the plane strain condition by 

H = −[
∂f

∂εp
]
1×4

[
 
 
 
 
 
 
 
 1

3
(2σ11 − σ22 − σ33) +

(2√3sin(ψ))

3(sin(ψ) −  3)

1

3
(2σ22 − σ11 − σ33) +

(2√3sin(ψ))

3(sin(ψ) −  3)

1

3
(2σ33 − σ22 − σ11) +

(2√3sin(ψ))

3(sin(ψ) −  3)

0 ]
 
 
 
 
 
 
 
 

 (24) 

where 

∂f

∂εp
= [

∂f

∂σ
]
𝑇

×
∂σ

∂εp
 (25) 

In fact, 𝐷𝑒𝑝 is a constant for each step of increment 

and can be calculated with previous step characteristic. 

Furthermore, using non-associated flow rule leads the 

components of the elastic-plastic stiffness matrix not to be 

symmetric. 

For the strain softening behavior (Fig. 5), the stresses 

and so forth 𝐷𝑒𝑝 depend upon the strains which are still 

unknown, and the problem is solved by an implicit way. 

After calculation of each strain increment, summing of all 

increments gives the total strains.  

For the next ring calculation, the stresses must be 

satisfied in the equilibrium equations  

∂σrr
∂r

+
1

r
(
∂σrθ
∂θ

) +
1

r
(σrr − σθθ) = 0 (26a) 

∂σrθ
∂r

+
1

r
(
∂σθθ
∂θ

) +
2σrθ
r

= 0 (26b) 

or in a hydrostatic in-situ stress condition 

dσrr
dr

+
1

r
(σrr − σθθ) = 0 (27) 

 

 

 

Fig. 5 Different stress- strain behaviors (Hoek and Brown 

1997) 

Assuming the circular meshes are very small enough, 

the Eq. (27) might be approximated as 

σrr(i+1) − σrr(i)

r(i+1) − r(i)
+
σ̅rr − σ̅θθ

r̅
= 0 (28) 

in which 

σ̅rr =
1

2
(σrr(i+1) + σrr(i)) (29) 

σ̅θθ =
1

2
(σθθ(i+1) + σθθ(i)) (30) 

r̅ =
1

2
(r(i+1) + r(i)) (31) 

where 

r(i+1) = r(i) + dr  (32) 

(i indicates rings number) 

Assuming 

dr = 0.01ra ( ra is the tunnel radius) (33) 

and using the equilibrium equation as well as the failure 

criterion, the value of radial and tangential stresses at the 

new ring are obtained. Again, the stresses vary from their 

initial value p0 to the new values by using failure criterion 

and (28)-(32) in an incremental way, and the remaining 

calculation process is carried out as the similar way carried 

out for tunnel wall.  

These calculations are repeated for all rings until the 

radial stress approximately equals to that of elastic-plastic 

boundary which is discussed at the next section. The 

corresponding 𝑟 is the elastic-plastic radius.  

It can be seen that there is no need to calculate the 

stresses and strains in all rings around tunnel for calculation 

tunnel convergence in tunnel wall, and hence, less 

calculations are required in comparison with other 

approaches. 

Note that in non-hydrostatic stress condition, the 

number of steps (or say rings) to reach elastic-plastic 

boundary in each point of tunnel boundary is not identical, 

and hence, the plastic zone is not circular. Furthermore, the 

medium around tunnel is discretized tangential and radial 

directions, both equilibrium Eq. (26) are employed, and the 

radial stress in elastic-plastic boundary is different from that 

obtained in hydrostatic in-situ stress. 

  

3.2 Elastic zone 
  

To solve the equilibrium equation in the elastic region 

(shown in Fig. 1), the Airy stress function can be used. For 

this purpose, the field stress is considered in terms of 

Spherical stresses with the following Airy stress function 

(Sadd 2009) 

φ = A1ln(r) + B1r
2 ln(r) + C1r

2 + D1 (34) 

where 𝐴1, 𝐵1, 𝐶1, and 𝐷1 are the coefficients that can be 

calculated with boundary conditions. 

This function must satisfy equilibrium equations and 

strain compatibility in plane strain. The stresses are found  
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by (Sadd 2009) 

𝜎𝑟 =
1

𝑟
(
𝜕𝜑

𝜕𝑟
) +

1

𝑟2
(
𝜕2𝜑

𝜕𝜃2
) (35) 

𝜎𝜃 =
𝜕2𝜑

𝜕𝜃2
 (36) 

𝜏𝑟𝜃 = −
𝜕

𝜕𝑟
(
1

𝑟

𝜕𝜑

𝜕𝜃
) (37) 

Substituting Eq. (34) into Eqs. (35)-(37) with the 

following boundary conditions 

At 𝑟 = 𝑟𝑒  → 𝜎𝑟 = 𝜎𝑟𝑒   and  𝜏𝑟𝜃 = 0 ; 

At 𝑟 =  ∞ → 𝜎𝑟 = 𝑝0  and  𝜏𝑟𝜃 = 0 

where 𝜎𝑟𝑒 is radial stress in the elastic-plastic boundary. 

Substituting the values of radial and tangential stresses at  

𝑟 = 𝑟𝑒  in the two-dimensional Hoek-Brown failure 

equation at moment of failure gives 

 

 

 

2(𝑝0 − 𝜎𝑟𝑒) = 𝜎𝑐𝑖 (𝑚𝑝

𝜎𝑟𝑒
𝜎𝑐𝑖

+ 𝑠𝑝)
𝑎

 (38) 

A numerical technique e.g., the Newton-Raphson 

method can be applied to Eq. (38) to obtain 𝜎𝑟𝑒 . However, 

an exact solution is possible when 𝑎 = 0.5  (which is 

appropriate for good to moderate rock mass) i.e., 

𝜎𝑟𝑒 = 𝑝0 −𝑀𝜎𝑐𝑖  (39) 

in which 

M =
1

2
[(
mp

4
)
2

+mp

p0
σci

+ sp]

1
2

−
mp

8
 (40) 

These equations were previously presented by Brown et 

al. (1983). 
 

3.3 The convergence confinement method (CCM) 
and ground reaction curve (GRC) 
 

The convergence-confinement method is part of the  

 

Fig. 6 Schematic of convergence confinement method 

Table 1 Characteristic of different rock mass quality (Alejano et al. 2010) 

 GSI=75 GSI=60 GSI=50 GSI=40 GSI=25 

Specific weight (kN/m3) 25 25 25 25 25 

Tunnel depth (m) 600 600 600 600 600 

Diameter (m) 6 6 6 6 6 

GSIpeak 75 60 50 40 25 

GSIres 40 35 30 27 25 

p0 (MPa) 15 15 15 15 15 

Intact Rock Strength, σci (MPa) 75 75 75 75 75 

mp 4.09 2.397 1.677 1.173 0.687 

sp 0.0622 0.0117 0.0039 0.0013 0.0002 

mr 1.173 0.981 0.821 0.737 0.687 

sr 0.0013 0.0007 0.0004 0.0003 0.0002 

ψp (deg) = ψr (deg) 9.42 5.75 3.81 1.72 0 

E (GPa) 36.51 15.4 8.66 4.87 2.053 

ν 0.25 0.25 0.25 0.25 0.25 

η∗ (× 10−3) 0.81 1.1 2.6 9.9 Infinity 
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rational approach and uses an analytical type calculation. It 

is based on the analysis of the stress and strain state that 

develops in the rock around a tunnel. It can be profitably 

used for the estimation of the loads that act on the support 

structures, of the thickness of the plastic zone at the tunnel 

boundary, of the expected convergences (Oreste 2009).  

The convergence-confinement curve (or GRC) basically 

consists of the definition of the internal pressure (radial 

stress)-radial displacement (in absolute values) relationships 

on the boundary of a circular void that represents the tunnel 

(Fig. 6).  

Appendix A sets out the stepwise sequence of 

calculations to obtain ground response curve, based on the 

proposed approach. 
 

 

 

4. Application examples 
 

To evaluate the efficiency of the proposed method, first 

of all, some examples are selected from Alejano et al. 

(2010) (which was quantitatively verified by other methods 

and had exact predictions). The input data of the examples 

are available in Table 1.  

Figs. 7 and 8. show ground response curves (GRC) (the 

radial displacement vs. the radial stress) and the 

corresponding plastic radius, respectively; predicted by the 

Alejano et al. (2010) method and by the analytical proposed 

method for different quality of rock mass. Table 2 shows 

the exact maximum values of the displacements and the 

plastic radii for each case. 

 

 
(a) GSI = 75 

  
(b) GSI = 60 (c) GSI = 50 

  

(d) GSI = 40 (e) GSI = 25 

Fig. 7 The radial displacement (Ur) vs the radial stress (Pi (MPa) or σrr(𝑗)) by Alejano et al. (2010) and proposed methods 

for different quality of rock mass 
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(a) GSI = 75 

  
(b) GSI = 60 (c) GSI = 50 

  
(d) GSI = 40 (e) GSI = 25 

Fig. 8 The plastic radius re (m) vs the radial stress (Pi (MPa) or σrr(𝑗)) by Alejano et al. (2010) and proposed methods for 

different quality of rock mass 

Table 2 Plastic radius and the maximum radial displacement of proposed and Alejano et al. (2010) methods 

 GSI = 75 GSI = 70 GSI = 60 GSI = 50 GSI = 40 GSI = 30 GSI = 25 

Plastic radius, re (m) 

(proposed method) 
3.24 3.804 4.28 4.64 5.02 5.43 5.88 

Plastic radius, re (m)  
(Alejano et al. 2010) 

3.22 - 4.2 4.65 4.96 - 5.735 

The max. dis., ur max (mm) 

(proposed method) 
1.8 3.44 7.6 15.62 28.16 49.34 78.05 

The max. dis., ur max (mm) 
(Alejano et al. 2010) 

1.7 - 7.3 15 27.4 - 75.3 

Table 3 Characteristic of different quality of rock mass (Park et al. 2008) 

 Case 1 Case 2 Case 3 

Young’s Modulus, E (MPa) 1380 40000 480 

Poisson’s ratio, v 0.25 0.2 0.25 

Initial stress, 𝐩𝟎 (MPa) 3.31 108 5 
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Table 4 Plastic radius and the maximum radial displacement 

of proposed and Park et al. (2008) methods 

 Case 1 Case 2 Case 3 

Plastic radius, re (m) (proposed 

method) 
19.53 8.96 18.05 

Plastic radius, re (m) (Park et al. 2008) 19.21 8.76 17.85 

The max. dis., ur max (mm) (proposed 

method) 
28.1 6.56 25.5 

The max. dis., ur max (mm) (Park et al. 

2008) 
27.3 5.6 23 

 
 

In continue, more examples are solved from Park et al. 

2008. The Input data and the results are now available in 

Table 3, and results are Fig. 9, and Table 4, respectively. 

As observed, the predictions of proposed method, by  

 

 

 

using the elastoplastic stiffness matrix are in good 

agreement with those of the other analytical approaches. 

Furthermore, due to plane strain condition, using of 3D 

Hoek-Brown failure criterion does not have any advantage 

over conventional 2D failure criterion.  

 

 

5. Relationship between a tunnel convergence and 
the uniaxial strength of rock mass 
 

Hoek (1999) showed that the ratio of the uniaxial 

compressive strength of the rock mass 𝜎𝑐𝑚 to the in-situ 

stress 𝑝0 can be used as an indicator of potential tunnel 

squeezing problems. Then, Hoek and Marinos (2000) 

presented a relationship between the squeezing potential  

Table 3 Continued 

 Case 1 Case 2 Case 3 

Radius of tunnel, 𝐫𝒊 (m) 5.35 4 5 

σc (MPa) 30 300 7.5 

mp 4.5 7.5 0.55 

sp 0.02 0.1 0 

mr 0.45(*1) 1.0 0.55 

sr 0.002(*1) 0.01 0 

φp 40 55 22.4 

ψpeak 5 13.75 0 

ψr 0 0 0 

η∗ 0.004742 0.004 0.01 

 
(a) Case 1 

  
(b) Case 2 (c) Case 3 

Fig. 9 The radial displacement (Ur) vs the radial stress (Pi (MPa) or σrr(𝑗)) by Park et al. (2008) and the proposed methods 

for different quality of rock mass 
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and the percentage “strain” of the tunnel i.e,. the ratio of 

tunnel closure to tunnel diameter.  

For this purpose, a wide range of conditions for the 

effective parameters (including rock mass and tunnel 

properties) were considered. But, a small range for the 

Geological Strength Index i.e., 10 < GSI < 35 was assumed 

which is representative of poor rock mass quality showing 

typically the elastic-perfectly plastic stress-strain law. As a 

result, Duncan Fama (1993), and Carranza-Torres and 

Fairhurst (1999) approaches were used to obtain data to 

present the relationship. Furthermore, these approaches had 

not been developed according to the modified Hoek-Brown 

failure criterion (Hoek et al. 2002) nor the Elasticity 

Modulus by Hoek and Diederichs (2006).  

Therefore, based on the method presented, it is worth 

developing a relationship for different rock mass quality 

exhibiting different post-failure stress-strain behavior, and 

updating it according to the recent advances. Fig. 10 gives 

the analyses result of all of tunnel cases following a clearly 

defined pattern. The fitted relationship is 

ε = 0.036 (
σcm
p0
)
−1.958

        R − square 

=  0.9986   (by Matlab) 
(41) 

where  σcm = sp
𝑎σci 

This relationship is for the conditions of a circular 

tunnel in a hydrostatic stress field which are seldom met in 

the field. As Hoek and Marinos (2000) stated, while these 

predictions are acceptably accurate for application to actual 

tunnels and for preliminary design, there remains a need to 

use a more sophisticated method of analysis for final 

design. 

 

 

6. Conclusions 
 

This study presented a new analytical-numerical  

 

 

procedure to calculate the stresses and strains around a 

circular tunnel subjected to a hydrostatic stress in-situ 

stress. The circular plastic zone meshed into annular rings, 

and the calculations started from the tunnel wall by 

incrementing the stresses (from the initial values prior to 

excavation to the final values after excavation) and the 

corresponding strains increments were obtained. An elastic-

plastic stiffness matrix was used in which the 3D Hoek-

Brown failure criterion (Ziang and Zhao 2015) and 3D the 

Mohr-Coulomb stress function as potential function were 

employed, respectively. The calculation procedures can be 

repeated for the next rings where the final status of stresses 

is found by the stress equilibrium differential equation 

through using the finite difference method.  

The predicted results by the proposed approach for 

different rock mass quality (exhibiting different post-failure 

stress-strain behavior) were in good agreement with those 

of other well-known analytical approaches.   

Finally, according to the predicted results data, a 

relationship was proposed to give the closure of the tunnel 

in terms of uniaxial strength of the rock mass and of tunnel 

depth. 
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Appendix A. The stepwise procedures to calculate 
GRC and Plastic radius 
 
Preliminary Calculations 

 

(1) Find 𝜎𝑟𝑒  from 2(𝑝0 − 𝜎𝑟𝑒) = 𝜎𝑐𝑖 (𝑚𝑝
𝜎𝑟𝑒

𝜎𝑐𝑖
+ 𝑠𝑝)

𝑎

  

by implicit way. 

(2) σr1 = σre 

(3) σθ1 = 2p0 − σr1 

(4) σy = p0 (constant for all indices) 

(5) σrθ = 0 (constant for all indices) 

(6) εθ1 = εθe =
1

2G
[(1 − ν)(σθ1 − p0) − ν(σr1 − p0)]  

ν is Poisson’s ratio. 

(7) εr1 = εre =
1

2G
[(1 − ν)(σr1 − p0) − ν(σθ1 − p0)] 

(8) ε𝜃(1)
𝑝

= 0 (plastic tangential strain in the first step) 

(9) ε𝑟(1)
𝑝

= 0 ((plastic radial strain in the first step) 

(10) m1 = mp, s1 = sp, ψ̅1 = ψp  , a1 = ap, c
′
1 =

c′𝑝 , 𝜑
′
1
= 𝜑′

𝑝
 (peak value ) 

(11) dσrr = σre (n − 1)⁄ ; n  is number of 

increments in each ring and is assumed as an arbitrary 

value. 

(12) dσyy = dσrθ = 0 

Sequence of calculation for each ring 

(1) σr(j+1) = σr(j) − dσrr   (for first step, σr(j) =

σr1) 

(2) Find σθ(j+1) from equations of below box (i.e., 

3D Hoek- Brown failure criterion) by implicit way 

σm
′ =

1

3
(σθ(j+1) + σr(j+1) + σy(j+1)) 

√J2
′ = √

1

6
[(σθ(j+1) − σy(j+1))

2
+ (σθ(j+1) − σr(j+1))

2
+ (σy(j+1) − σr(j+1))

2
] 

θ𝑗+1 = Arccos(
2σθ(j+1) − σy(j+1) − σr(j+1)

2√3√J2
′

) 

 

A( θ𝑗+1) = 2 cos(
π

3
− θ𝑗+1) 

f({σ′}, {m}) =
1

m(𝑗)σci
1 𝑎(𝑗)−1⁄ (√3J2

′ )
1 𝑎(𝑗)⁄

+
A( θ(𝑗+1))

√3
√J2

′ −
s(𝑗)σci

m(𝑗)

− σm
′  

(3) dσθθ = σθ(𝑗+1) − σθ(𝑗)  (for first step, σθ(j) = σθ1) 

(4)  dσmn =

[
 
 
 
dσθθ
dσyy
dσrr
dσrθ]

 
 
 
 

(5) Calculate the differential of failure criterion and 

potential function to the stresses according to the following 

box  

∂f

∂σ
=

∂f

∂√J2
′

∂√J2
′

∂σ′
+

∂f

∂σm
′

∂σm
′

∂σ′
+

∂f

∂A( θ)

∂A( θ)

∂σ′
 

∂p

∂σ
=
∂p

∂J2
′

∂J2
′

∂σ′
+
∂p

∂σm
′

∂σm
′

∂σ′
+

∂p

∂app

∂app

∂σ′
 

g(θ𝑗+1) =
sin𝜑′

(𝑗+1)

cosθ(𝑗+1) +
sinθ(𝑗+1)sin𝜑

′
(𝑗+1)

√3

 

gpp(θ𝑗+1) =
sinψ(𝑗+1)

cosθ(j+1) +
sinθ(j+1)sinψ(𝑗+1)

√3

 

app = (
c′(𝑗+1)

tan𝜑′(𝑗+1)
+ σm

′ ∗)
g(θ𝑗+1)

gpp(θ𝑗+1)
− σm

′   

H = −[
∂f

∂εp
] [
∂p

∂σ
] 

(6) [𝐷𝑒𝑝] = [De] −
[De][

∂p

∂σ
][
∂f

∂σ
]
T
[De]

[
∂f

∂σ
]
T
[De][

∂p

∂σ
]+H

 

(7) dεkl = (𝐷𝑚𝑛𝑘𝑙
𝑒𝑝

)
−1
 dσmn 

(8) dεkl =

[
 
 
 
dεθθ
dεyy
dεrr
𝑑εrθ]

 
 
 
 

(9) ε𝜃(𝑗+1)
𝑝

= ε𝜃(𝑗)
𝑝

+ dεθθ 

(10) 𝜀𝜃(𝑗+1)
𝑡 = εθe + ε𝜃(𝑗+1)

𝑝
 (total tangential strain in 

increment j+1)  

(11) ε𝑟(𝑗+1)
𝑝

= ε𝑟(𝑗)
𝑝

+ dεrr 

(12) 𝜀𝜃(𝑗+1)
𝑡 = ε𝑟

𝑒 + ε𝑟(𝑗+1)
𝑝

 (total radial strain in 

increment j+1) 

(13) η𝑗+1 = ε𝜃(𝑗+1)
𝑝

− ε𝑟(𝑗+1)
𝑝

 

(14)  

{
 
 
 
 

 
 
 
 If  η𝑗+1 < η

∗, then  ψ̅j+1 = ψp − ( ψp −ψr)
η𝑗+1
η∗

,   mj+1 = mp − (mp −mr)
η𝑗+1
η∗

,

   sj+1 = sp − (sp − sr)
η𝑗+1
η∗

, aj+1 = ap − (ap − ar)
η𝑗+1
η∗
 

, c′j+1 = c
′
p − (c

′
p − c

′
r)
η𝑗+1
η∗

, 𝜑′
j+1

= 𝜑′
p
− (𝜑′

p
− 𝜑′

r
)
η𝑗+1
η∗

 
If   η𝑗+1 ≥ η

∗, then  ψ̅j+1 = ψr,   mj+1 = mr,    sj+1 = sr,  aj+1 = ar ,

c′j+1 = c
′
r , 𝜑

′
j+1

= 𝜑′
r

 

(15)  

{
If  σr(j+1) > pi , then increase j by 1 and repeat the calculation sequence.

If  σr(j+1) < pi, then go to the next step.
 

Note: pi is the radial pressure.   

(16) 𝑢𝑟 = 𝜀𝜃(𝑗+1)
𝑡 × 𝑟𝑎   (𝑟𝑎 is tunnel radius) 

(17) Find the location of the next ring (i+1) i.e., 

ri+1=1.01ri (Consider r0 = ra) 

(18) Use equilibrium equation (i.e., Eq. (28)) and the 

failure criterion to obtain pi  value (or σr(i) ) of the ring 

(i+1).  

(19) If pi > σre, repeat steps (17) to (18), Otherwise 

go to step (20) 

(20) The plastic radius is re = ri+1  
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