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1. Introduction 
 

Since the cavity expansion theory (CET) was applied 

into the analysis of foundation engineering in 1970s (Vesic, 

1972), and the cavity expansion theory has been widely 

used in the field of geotechnical engineering, including in-

situ soil test, tunnel excavation, anchor and the bearing 

capacity of pile foundation, etc. This theory (CET) was 

investigated by considering different stress state, 

consolidation history of soil mass and boundary conditions, 

such as the following aspects: theoretical analysis (Vesic 

1972, Collins and Yu 1996, Yu and Rowe 1999, Wang et al. 

2012a, Wang et al. 2012b, Mo et al. 2014, Xiao and Liu 

2016a, Xiao et al. 2016b, Li et al. 2017, Mo and Yu 2017, 

Zou et al. 2017, Zou and Xia 2017, Pan et al. 2018, 

Sivasithamparam and Castro 2018, Zhou et al. 2018, Li et 

al. 2019, Li and Zou 2019, Sivasithamparam and Castro 

2020, Zhang and Li, 2020); engineering problem (Vesic 

1977, Randolph et al. 1979, Merifield et al. 2001, 

Manandhar and Yasufuku 2013, Castro et al. 2014, 

Wijewickreme and Weerasekara 2015, Zou et al. 2016, 

Khanmohammadi and Fakharian 2018, Kwon et al. 2018, 

Chen et al. 2019a, b, Qian et al. 2020); numerical analysis 

and in-situ soil test (Gibson and Anderson 1961, Teh and 

Houlsby 1991, Nash et al. 1992, Hight et al. 1992, Einav 

and Randolph 2005, Mo et al. 2017); and others. 
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For the cavity expansion analysis, it has already been 

well covered in the literature by a large number of 

researchers under the drained condition, e.g., Yu and 

Houlsby (1991) proposed a closed-form solution for cavity 

expansion problem in finite dilatant soil mass. Yu and 

Carter (2002) proposed a rigorous solution for created 

cavity (zero radii) problem in purely frictional and cohesive 

frictional soil mass based on the similarity solution 

techniques. Manandhar and Yasufuku proposed an 

analytical solution for the end-bearing capacity of tapered 

piles problem in purely frictional soil mass based on the 

spherical cavity expansion theory (Manandhar and 

Yasufuku 2012). Manandhar et al. (2012) proposed an 

analytical solution for the skin friction of tapered piles 

problem in sands based on the cavity expansion theory 

(Manandhar et al. 2012). Chen and Abousleiman (2013) 

proposed an exact drained solution for cylindrical cavity 

expansion problem in soft soils based on the modified Cam 

Clay model. Li et al. (2017) proposed a unified drained 

solution for spherical cavity expansion problem in clay and 

sand based on a critical state model, and so on. A drained 

cavity expansion analysis definitely will be more suitable 

for the interpretation of the soils with very high 

permeability. However, for the interpretation of the soft 

soils with very low permeability, an undrained cavity 

expansion analysis definitely will be more suitable. 

However, most of the published papers for cavity 

expansion problem not taken into account the strength 

degradation behaviour of soil mass, these analyses not 

accord with field situation in practice, the strength 

degradation of soil mass is caused by structural damage of 

soil mass in the process of loading analysis (cavity 

expansion process) (Zou and Xia 2017), besides, most of 

the published papers for cavity expansion problem not taken 

into account the initial anisotropic in-situ stress of soil 
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mass, the assumption of isotropic condition was usually 

used in calculation to simplify the calculation, but, the 

initial in-situ stress may be anisotropic due to the influence 

of consolidation history of soil mass (Anderson 1980). Zou 

and Xia (2017) proposed a solution for cavity expansion 

problem in strain-softening soil mass based on the unified 

strength failure criterion, however, the initial stress state in 

the soil mass was not explicitly defined and only just 

referred to by an indirect parameter b. Although Pan et al. 

(2018) considered soil structure, it was also in isotropic soil 

mass, based on this, this paper will consider initial stress 

anisotropy and spherical expansion. 

Comparing with other elasto-plastic models, the Tresca 

model is one of the most widely used models in the field of 

soil mechanics at present. Its main characteristics are: the 

clear basic concepts, better suited for geomaterials, as well 

as only one parameter (it can be easily obtained by 

conventional soil testing), which is easy to popularization in 

geotechnical engineering practice. At the same time, the 

initial in-situ stress state of natural soil mass may be 

anisotropy caused by consolidation history, and the strength 

degradation of soil mass caused by structural damage of soil 

mass in the process of load analysis (cavity expansion 

process). The main purpose of this paper is to study the 

influence of strength degradation and initial stress 

anisotropy on cavity expansion problem. In addition, the 

improvement and correction of its limitations based on the 

Tresca model is still an important direction for geotechnical 

material model, which needs further study. 

Finally, this study is focus on undrained condition, 

initial anisotropic in-situ stress, the influence of strength 

degradation, and the Tresca yield criterion. The published 

solutions are conducted to verify the suitability of this 

solution, the parametric studies are investigated in order to 

the significance of this study for in-situ soil test. 
 
 

2. Theory and methodology 
 

2.1 Problem definition and assumptions 
 

2.1.1 Problem definition 
In Fig. 1, the cylindrical and spherical cavities are 

assumed to be initially subjected to an initial horizontal 

pressure p0(σh0)
 
(inner and exterior), an initial vertical stress 

σv0 and an initial pore water pressure uw0. The parameter K0, 

which is equal to the ratio of the effective horizontal stress 

(σ'h0= σh0- uw0) and effective vertical stress (σ'v0= σv0- uw0), is 

used to reflect the initial anisotropic in-situ stress behaviour 

of soil mass. An initial radius of a0 expands to a radius of a 

when the initial inner pressure is gradually increased from 

p0 to p, which leads to an intermediate state as illustrated in 

Fig. 1. Upon loading, the cylindrical/spherical cavity first 

experiences elastic deformation and then plastic yielding 

when the yield condition is met at any point around the 

cavity, and a plastic region will then be formed from the 

current radius a to the elastic-plastic (EP) boundary rb. The 

radial displacement of rb is Urb=rb− rb0. 
 

2.1.2 Assumptions 
Some assumptions are expressed as: 

 

Fig. 1 The mechanism of cavity expansion 

 

 

(1) For soil mass obeying the Tresca yield criterion, the 

radial and tangential stresses (σr and σθ) should obey the 

following yield criterion (Shuttle 2007): 

 
(1) 

where su is the shear strength. 

(2) For undrained saturated clay, the volumetric strain of 

soil mass is always zero in the process of cavity expansion, 

the change rate of the cavity boundary is uniform. 

 

2.2 Elastic region (r≥rb) 
 

In elastic region, the equilibrium equation is expressed 

as, 

 

(2) 

where the parameter k are equal to 1 for a cylindrical cavity 

expansion and 2 for a spherical cavity expansion, the pore 

water pressure is uw, σ'r and σ'θ are the effective radial and 

tangential stresses, respectively. 

The stress and displacement of soil mass are expressed 

as follows in elastic region, 

 

(3) 
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The boundary values are expressed as, 
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(7) 

 
(8) 

The displacement of soil mass around the cavity is 

expressed, 

 

(9) 

 

2.3 Elasto-plastic analysis (a ≤ r ≤ rb) 
 
Substituting the Tresca yield criterion (Eq. (1)) into the 

equilibrium equations (Eq. (2)), the equilibrium equation 

can also be expressed as, 

 
(10) 

 
(11) 

For undrained condition, the volumetric strain vanishes. 

The following relation between the current and initial 

positions of a particle around the cavity (Fig. 1), r and r0, 

and of the cavity wall, a and a0 are given (Vesic 1972, Chen 

and Abousleiman 2012), 

 (12) 

At EP boundary, 

 
(13) 

Following Collins and Yu (1996), the radial speed of the 

particle around the cavity can be expressed, 

 

(14) 

So, the radial and tangential strain rates are expressed 

as, 

 

(15) 

 

(16) 

The volumetric strain can be written as, 

 
(17) 

For undrained condition, 

 
(18) 

Corresponding to the deviator stress q (Cao et al. 2001), 

the shear strain can be expressed as, 

 

(19) 

Combining Eqs. (18) and (13), the shear strain can also 

be expressed as, 

 

(20) 

The shear strength of soil mass is affected by structure 

of soil mass, and the following relationship is expressed as 

(Einav and Randolph, 2005), 

 

(21) 

where su0 is initial shear strength, ξ95  and δrem are the 

coefficient of strength degradation, δrem may be taken as the 

inverse of the sensitivity of soil mass, and ξ95 is the 

cumulative plastic shear strain of soil strength degradation 

to 95%, ξ is the cumulative plastic shear strain, μ is the 

coefficient of strain rate, and the value of μ changes from 

0.05 to 0.2 (Einav and Randolph, 2005),  is the 

absolute value of maximum shear strain rate, 0

max  is the 

shear strain rate at reference point. 

Combining Eqs. (12), (18) and (19), the shear strength 

of soil mass also is expressed as, 

 

(22) 

Combining Eqs. (11) and (13), the ratio of the radius of 

the plastic region (rb) to the radius of cavity wall (a) can be 

given as follows, 

 

(23) 

At EP boundary, the stress of soil mass around the 

cavity can be expressed as (Chen et al. 2012), 

 
(24) 
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The stress can also be derived by considering the EP 

boundary condition and the Tresca yield function, 

 

(27) 

 
(28) 

So, 

 
(29) 

 

(30) 

 

2.4 Total stresses 
 

Based on the Eq. (27), the total stress distribution 

around the cavity in plastic region can be obtained, 

 

(31) 

 

(32) 

2.5 Pore water pressure 
 

For undrained condition, the volumetric strain of soil 

mass vanishes in the cavity expansion process. So, the 

change of p' is also zero. This means that the excess pore 

pressure (Δup) is equal to the change of the mean total 

stress. Therefore, the excess pore water pressure can be 

obtained as, 

 

(33) 

 

 

3. Validation and parametric study 
 

3.1 Validation 
 

The solution of Shuttle (2007) also is conducted to 

verify the suitability of this study. The chosen parameters 

are (the parameters of Liu et al. (2017) can be used for 

reference), su0/σ'v0=1.0, Ir=G/su0=100. The initial stress state 

is assumed to be isotropic (K0=1). Shuttle (2007) proposed 

a cylindrical (k=1) elasto-plastic cavity expansion solution 

based on the Tresca yield criterion. In order to verify the 

correctness of this study, μ=0, δrem=1, namely, without 

considering the strain rate and strength degradation of soil 

mass. The results of the presented solution compared with 

the Shuttle’s solution (2007) are shown in Fig. 2 and Fig. 3. 

It can be seen from the Fig. 2 that the presented 

normalized cylindrical cavity pressure along the radial 

distribution is gradually equal to the Shuttle’s solution 

without considering the strain rate and the strength 

degradation (μ=0, δrem=2). The difference may be that the 

hoop strain of Shuttle’s paper (Shuttle, 2007) in the small-

strain isotropic elastic region is expressed by the expression 

of large deformation analysis εθ=ln(r/r0) (Chen and 

A b o u s l e i m a n  2 0 1 3 ) ,  a n d  s u b s t i t u t i n g 

εr,yield=su/2G=1/2Ir=ln(r/r0) into the Shuttle’s equation of 
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Fig. 2 The normalized cylindrical cavity pressure along 

the radial distribution 

 

 

Fig. 3 The normalized radial and tangential stress along 

the radial distribution 
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xe x x x     , so rp≠rs. So the difference is 

generated. 

It can be seen from the Fig. 3 that the presented 

normalized radial and tangential stress along the radial 

distribution is consistent with the Shuttle’s solution without 

considering the strain rate and the strength degradation 

(μ=0, δrem =1), the rationality of this study is also verified. 

 

3.2 Parametric study 
 

To estimate the influences of the various parameters, the 

value of the parameters are taken from Einav and Randolph 

(2005) and Zhou and Randolph (2007), ξ95=10~20, 
0 6 1

max =3 10 s   , 0.05 ~ 0.2  , the field penetration rate 

is 20 mm/s. δrem=0~1. The other chosen parameters are su0/ 

σ'v0=1.0, Ir=G/su0=50~500, σ'v0=100 kPa, a0=0.1 m. 

 

3.2.1 The influence of strength degradation 
The parameter of initial stress state is assumed to be 

isotropic (K0=1), Ir=G/su0=200, ξ95 and δrem are the 

coefficient of strength degradation, ξ95=10~50, μ=0.1, 

δrem=0.5. 

 
(a) 

 
(b) 

Fig. 4 The normalized cavity pressure with ξ95 along the 

radial distribution, (a) k=1 and (b) k=2 
 

 
(a) 

 
(b) 

Fig. 5 The normalized radial and tangential stress with ξ95  

along the radial distribution, (a) k=1 and (b) k=2 
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(a) 

 
(b) 

Fig. 6 The normalized cavity pressure with δrem along the 

radial distribution, (a) k=1 and (b) k=2 

 

 
(a) 

 
(b) 

Fig. 7 The normalized radial and tangential stress with 

δrem along the radial distribution, (a) k=1 and (b) k=2 

 
(a) 

 
(b) 

Fig. 8 The normalized cavity pressure with K0 along the 

radial distribution, (a) k=1 and (b) k=2 

 

 

The parameter of initial stress state is assumed to be 

isotropic (K0=1), Ir=G/su0=200, ξ95 and δrem are the 

coefficient of strength degradation, ξ95=50, δrem=0~1, μ=0.1. 

As shown in Fig. 4 and Fig. 6, the influence of the 

parameter δrem on the normalized cavity pressure along the 

radial distribution is investigated for k=1 and k=2, the 

influence of the parameter δrem on the normalized cavity 

pressure is not obvious along the radial distribution. In local 

enlarged results of Fig. 4(a), it is worth noting that the 

normalized cavity pressure increases with ξ95 increasing 

from 10 to 50. The normalized cavity pressure first 

increases nonlinearly with the increase of the a/a0, and later 

decreases nonlinearly with the increase of the a/a0, 

reflecting the strength degradation property. As shown in 

Fig. 5 and Fig. 7. The influence of the parameter δrem on the 

normalized radial and tangential stress along the radial 

distribution are investigated for k=1 and k=2, the influence 

of the parameter δrem on the normalized radial and tangential 

stress is also not obvious along the radial distribution. In 

local enlarged results of Fig. 5(a), it also is worth noting 

that the normalized radial and tangential stresses increases 

with ξ95 increasing from 10 to 50. In local enlarged results 

of Fig. 6(a), it is worth noting that the normalized cavity 

pressure increases with δrem increasing from 0.1 to 1.0, and 

in local enlarged results of Fig. 7(a), it also is worth noting 

that the normalized radial and tangential stresses increases 

with δrem increasing from 0.1 to 1.0. To avoid duplication, 

similar local enlarged results have not been included in 

other figures. 
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(a) 

 
(b) 

Fig. 9 The normalized radial and tangential stress with K0 

along the radial distribution, (a) k=1 and (b) k=2 

 

 
(a) 

 
(b) 

Fig. 10 The normalized cavity pressure with Ir along the 

radial distribution, (a) k=1 and (b) k=2 

 
(a) 

 
(b) 

Fig. 11 The normalized radial and tangential stress with Ir 

along the radial distribution, (a) k=1 and (b) k=2 
 

 

3.2.2 The influence of initial stress state 
The parameter of initial stress state is assumed to be 

anisotropic (K0≠1), Ir=G/su0=200, δrem=0.5, ξ95=50, μ =0.1. 
As shown in Fig. 8. The influence of the parameter K0 

on the normalized cavity pressure along the radial 

distribution is investigated for k=1 and k=2. The normalized 

cavity pressure increases with the increase of the parameter 

K0. The normalized cavity pressure first increases 

nonlinearly with the increase of the a/a0, and later decreases 

nonlinearly with the increase of the a/a0, reflecting the 

strength degradation property. As shown in Fig. 9,the 

influence of the parameter K0 on the normalized radial and 

tangential stress along the radial distribution are 

investigated for k=1 and k=2, the influence of the parameter 

K0 on the normalized radial and tangential stress is also not 

obvious except the surrounding of elastic-plastic interface. 

However, in local enlarged results of Fig. 9(a), it also is 

worth noting that the normalized radial and tangential 

stresses increases with K0 increasing from 0.1 to 5.0. The 

results imply that the value of the normalized radial and 

tangential stresses produced by the conventional solution 

(isotropic condition) is wrong for those obtained by the 

presented solution (anisotropic condition) in the same 

parameters, and the conventional solution will lead to an 

underestimation (1.0 ≤ K0 ≤ 5.0) or overestimation (0.1 ≤ K0 

≤ 1.0) of the normalized radial and tangential stresses and 

gives incorrect solution in engineering application, such as,  
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Fig. 12 The normalized excess pore water pressure with 

ξ95 along the radial distribution 

 

 

Fig. 13 The normalized excess pore water pressure with 

K0 along the radial distribution 

 

 

Fig. 14 The normalized excess pore water pressure with 

Ir along the radial distribution 

 

 

in-situ soil test, tunnel excavation, anchor and the bearing 

capacity of pile foundation, etc. 

 

3.2.3 The influence of the soil rigidity index 
The parameter of initial stress state is assumed to be 

isotropic (K0=1), Ir=G/su0=50~500, δrem=0.5, ξ95=50, μ=0.1. 
As shown in Fig. 10, the influence of the parameter Ir on 

the normalized cavity pressure along the radial distribution 

is investigated for k=1 and k=2. The normalized cavity 

pressure increases evidently with the increase of the 

parameter Ir. The normalized cavity pressure first increases 

nonlinearly with the increase of the a/a0, and later decreases 

with the increase of the a/a0, reflecting the strength 

degradation property. The strength degradation property is 

obvious with the increase of the parameter Ir. As shown in 

Fig. 11, the influence of the parameter Ir on the normalized 

radial and tangential stress along the radial distribution are 

investigated for k=1 and k=2, the influence of the parameter 

Ir on the normalized radial and tangential stress is also 

obvious in the plastic region with the increase of the 

parameter Ir. 

 

3.2.4 Excess pore pressure 
As shown in Fig. 12, the influence of the parameter ξ95 

on the normalized excess pore water pressure along the 

radial distribution is also not obvious for k=1 and k=2. As 

shown in Fig. 13, the normalized excess pore water pressure 

in the plastic region increases evidently with the increase of 

the parameter K0 (0.1≤K0≤2) for k=1 and k=2. As shown in 

Fig. 14, the influence of the parameter Ir on the normalized 

excess pore water pressure along the radial distribution is 

obvious for k=1 and k=2, the influence of the case (k=1) on 

normalized excess pore water pressure along the radial 

distribution is obvious than that the influence of the case 

(k=2) on normalized excess pore water pressure. 

 

 

4. Conclusions 
 

On the basis of the Tresca yield criterion and 

considering the influence of anisotropic initial stress state 

and strength degradation, the undrained elastic-plastic 

solution for cavity pressure, total stress distribution and 

excess pore pressure are described in this study. Compared 

with the previous solutions, the following improvements 

have been achieved: 

(1) The undrained elastic-plastic solution eliminates the 

limitation of the condition of isotropic initial stress state 

which is usually required by existing results, so it can be 

applied to more general cases. 

(2) Loading analysis, the undrained elastic-plastic 

solution considers the influence of strength degradation, 

which is usually neglected by existing results, so it can be 

applied into the structural damage of soil mass. 

(3) The parametric analysis imply that the stress will be 

miscalculated if the strength degradation, rigidity index and 

stress anisotropy factor are ignored in natural soil mass. The 

normalized cavity pressure first increases nonlinearly with 

the increase of the a/a0, and later decreases nonlinearly with 

the increase of the a/a0, reflecting the strength degradation 

property; The influence of the parameter K0 on the 

normalized radial and tangential stress is also not obvious 

except the surrounding of elastic-plastic interface; The 

normalized excess pore water pressure in the plastic region 

increases evidently with the increase of the parameter K0 

(0.1≤K0≤2) for k=1 and k=2. The influence of the case 

(k=1) on normalized excess pore water pressure along the 

radial distribution is obvious than that the influence of the 

case (k=2) on normalized excess pore water pressure. 
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