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1. Introduction 
 

For the study of the bearing capacity, several methods of 

analysis have been used: limit equilibrium method 

(Terzaghi 1943, Meyerhof 1951), slip line method 

(Sokolovskii 1965), limit analysis method (Sloan 1988, 

Sloan and Kleeman 1995), numerical method (Griffiths, 

1982), stochastic approach (Shahin and Cheung 2011) and 

computational intelligence (Tajeri et al. 2015, Alavi and 

Sadrossadat 2016). 

Traditional formulations of the bearing capacity are 

based on the Mohr-Coulomb parameters (cohesion and 

friction angle) that are very efficient in the field of soil 

mechanics with a linear behavior. In rock mechanics, the 

current methods to estimate the bearing capacity adopt the 

non-linear failure criterion proposed by Hoek and Brown 

(1980, 1997, 2002), which is applicable to the rock mass 

with a homogeneous and isotropic behavior.  

The analytical method for shallow foundation and 

boundary condition that solves the internal equilibrium 

equations combined with the failure criterion was proposed 

by Serrano & Olalla (1994) and Serrano et al. (2000) 

applying the Hoek and Brown (1980) and the modified 

Hoek and Brown failure criterion (1997), respectively. It is 

based on the characteristic line method (Sokolovskii 1965),  
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with the hypothesis of the weightless rock, strip foundation 

and associative flow law. The formulation of the bearing 

capacity proposed by Serrano et al. (2000) introduces a 

bearing capacity factor (Nσ0) which makes the failure 

pressure proportional to the uniaxial compressive strength 

(UCS) of the rock.  

The similar structure of the equation that relates the 

ultimate bearing capacity to the UCS is observed in other 

formulations, such as Carter and Kulhawy (1988), based on 

lower bound solution adopting the hypothesis of the 

weightless rock.  

Merifield et al. (2006) applied the limit theorems (upper 

and lower bound), as an extension of the formulation 

developed by Lyamin and Sloan (2002a, 2002b), to 

determine the ultimate bearing capacity of a strip 

foundation on a fractured rock mass whose behavior is of 

the Hoek and Brown type. The authors presented the results 

in terms of a bearing capacity factor Nσ0 and Nσ 

(considering conditions of the weightless rock mass and 

considering the material self-weight) in graphical form, 

depending mainly on the Hoek and Brown parameters 

(2002) mi and GSI.  

However, geotechnical engineers often deal with bilayer 

rock mass composed of layers of different quality. Currently 

the estimation of the bearing capacity of shallow foundation 

on rock mass formed by two-layers is performed applying 

the usual formulation for homogeneous and isotropic rock 

mass, adopting geotechnical parameters as the average 

weighted of the rock mass, according to the experience of 

each designer (Marinos and Hoek 2001, Marinos et al. 

2006, Budetta and Nappi 2011, Özbek and Gül 2014, 

Marinos and Carter 2018, Santa et al. 2019); or through the 

numerical calculation that allows to model different layers 
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of the rock mass. 

It is emphasized that in soil mechanics the bearing 

capacity of two-layered soil has been extensively studied by 

different authors (Meyerhof 1974, Hanna and Meyerhof 

1980, Hanna 1982, 1987, Andrawes et al. 1996, Zhu 2004, 

Kuo et al. 2009, Kiru and Madhav 2010, Uncuoğlu E. 2015, 

Misir and Laman 2016) introducing different corrections 

factors developed both for granular and cohesive soils.  

Shoaei et al. (2012) released a review of available 

approaches for ultimate bearing capacity of two-layered 

soils, summarizing the methods applied by different authors 

for the estimation of the bearing capacity of a bilayer soil.  

The available methods for estimating the bearing 

capacity of a bilayer soil usually apply one of the three 

methodologies: (a) providing a new bearing capacity factors 

to apply in the traditional Terzaghi equation (Hanna 1982); 

(b) proposing a new equation for the calculation of the 

bearing capacity that considers the soil bilayer (Hanna and 

Meyerhof 1980, Hanna 1982, Okamura et al. 1998, Farah 

2004); (c) estimating a reducing factor to be applied in the 

bearing capacity calculated considering a homogeneous soil 

(Zhu 2004). Independent of the methodology the thickness 

of the upper layer and the footing width widely influence 

the bearing capacity of a bilayer soil. 

Satyanarayna and Garg (1980) proposed an empirical 

method for the bearing capacity estimation for weighting of 

strength parameters, cohesion and friction (c and φ), 

according to the thickness of each layer. The variation of 

the bearing capacity of soft clay underlain by stiff clay can 

be estimated in charts. Hanna (1981) compared bearing 

capacity results obtained by experimental study with those 

obtained by the method proposed by Satyanarayna and Garg 

(1980) and observed that discrepancies ranges from 70 to 

85%. 

Meyerhof (1974) proposed a method to estimate the 

bearing capacity of a bilayer cohesionless soil formed by a 

weak sand layer overlying a strong layer, assuming that the 

bottom layer acts as a rigid base. Hanna (1982, 1987) also 

analyzed the bearing capacity of two-layer sand, comparing 

experimental results with those obtained by finite element 

method observing a good agreement between both methods. 

Zhu (2004) proposed a chart for the estimation of a 

bearing capacity factor for two-layer clay soil as a function 

of the H/B (depth of the upper layer / width of the 

foundation) and the relation between the undrained 

cohesion of the upper and bottom layers (C1/C2). The 

analysis performed by Zhu (2004) will be presented in 

section 2 in detail considering that the results of this study 

are presented in the similar form.  
Kuo et al. (2009) utilized the artificial neural network 

(ANN) technique for predicting the bearing capacity of strip 
footing on multi-layered cohesive soils.  

It is emphasized that the mechanical behavior of a 

bilayer material is determined by the location of the weak 

stratum (whether being the upper layer or the bottom layer) 

and the thickness of the upper layer. Depending on these 

two variables, the size and the shape of the stress bulb 

change significantly as it can be seen in the schematic 

representation of the Fig. 1; when the bottom layer is the 

strong stratum, the stress bulb tends to be reduced, on the 

contrary, if the bottom layer is a weak layer, the depth of  

 

Fig. 1 Depth of influence of the stress bulb 

 

 

influence of the bulb tends to expand (Hanna 1987). 

In the present study, the bearing capacity of bilayered 

rock masses considering different geotechnical parameters 

is estimated using finite difference method in order to 

determine a bearing capacity factor (referred to as a Bilayer 

factor, BF) for a rock mass that shows two layers with 

different overall geotechnical quality. Therefore, this 

correlation factor (BF) allows estimating the bearing 

capacity of a rock mass that is formed by two layers with 

distinct GSI, depending on the bearing capacity of the rock 

mass formed only by the upper layer, considered as 

homogeneous and isotropic. Different thicknesses of the 

upper layer are analyzed, as well as the influence of the 

location of the weak layer (upper or bottom layer). Finally, 

the size and the shape of the failure wedge is analyzed 

considering the outputs of the displacements (horizontal and 

vertical) developed below the foundation obtained by the 

finite difference method. 

 

 

2. The bearing capacity of two-layer clay soil (Zhu 
2004) 
 

The chart proposed by Zhu (2004) is described in this 

section, where the variation of the bearing capacity factor is 

represented as function of the correlation between the 

undrained cohesion of the upper and bottom layers (C1/C2) 

and the relation between the thickness of the upper layer 

and the foundation width (H/B) (Fig. 2). 

The author proposed a bearing capacity coefficient Nc* 

that multiplied by the value of the undrained shear strength 

of the top clay layer (C1) allows to know the bearing 

capacity of a bilayer soil formed by two cohesive layers. 

The calculations were performed by the commercial finite 

element analysis software ABAQUS. 
 

 

 

Fig. 2 Bearing capacity factor Nc* (modified from Zhu 

2004) 
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According to the author, in Fig. 2 it can be observed that 

for cases where the top layer is weaker than the bottom 

layer (C1/C2 < 1), the value of Nc* decreases with the 

increase of H/B. For cases where the top layer is stronger 

than the bottom layer (C1/C2 > 1), the value of Nc* 

increases as H/B increases.  

Nc* approaches (2+π) for all cases (that is the exact 

solution for a strip footing over homogenous clay soil), 

which indicates that with the increase of the H/B the failure 

mechanism is limited in the top layer and the whole soil can 

be treated as a homogenous soil using the properties of the 

upper soil only. The H/B value that limits the influence of 

bottom layer in the bearing capacity depends on the location 

of the weaker layer. When the upper layer is the weaker, 

Nc* is greater than 2+π, from H/B=0.75 the bearing 

capacity of bilayer soils is similar to obtained for the 

homogeneous case; while, in the cases that Nc*<(2+π) 

depending on the relationship between the values of C1 and 

C2 the bottom layer can condition the bearing capacity of 

bilayer soils up H/B=2. The additional vertical axes is 

added to the graph by dividing the values of Nc* by (2+π) in 

order to obtain the convergence of all curves to the value of 

1 that is further taken as a criteria for the development of 

the graphs presented in this paper. 

 

 

3. Numerical model 
 

Numerical calculations were developed using 2D 

models in the finite difference method employing 

commercial code FLAC, applying the plane strain condition 

with a symmetrical model, where only half of the strip 

footing is represented (Fig. 3). The boundaries of the 

models are located at a distance that does not interfere in 

the result. In all simulations the rock mass is considered 

weightless, and the associative flow-rule and the rough 

interface at the base of the foundation are adopted. 

 

 

 

Fig. 3 2D model used 

 

Table 1 Summary of the geotechnical parameters adopted 

mi UCS (MPa) GSI 

5 5 10 

15 30 30 

30 100 50 

  85 

Table 2 Summary of the studied cases in function of GSI* 

Cases 

GSI 

Rock mass Layer 1 

(GSIUP) 

Layer 2 

(GSIBO) 

1 10 Homogeneous 

2 30 Homogeneous 

3 50 Homogeneous 

4 85 Homogeneous 

5 10 30 Bilayer 

6 30 10 Bilayer 

7 10 50 Bilayer 

8 50 10 Bilayer 

9 10 85 Bilayer 

10 85 10 Bilayer 

11 30 50 Bilayer 

12 50 30 Bilayer 

13 30 85 Bilayer 

14 85 30 Bilayer 

15 50 85 Bilayer 

16 85 50 Bilayer 

*All hypothesis are calculated for the nine combinations of 

mi and UCS from Table 1 

 

Table 3 Summary of the studied cases in function of GSI* 

 
Distance from the foundation level to the second layer 

(H) (Fig. 4) 

Weak upper layer 

0.33B 

0.44B 

0.67B 

B 

1.44B 

3B 

Weak bottom 

layer 

0.44B 

B 

1.44B 

2B 

3B 

*All hypothesis are calculated for the nine combinations of 

mi and UCS from Table 1 

 

 

Fig. 4 Scheme of bilayer model 
 

 

Numerically it is assumed that the ultimate bearing 

capacity is reached when the continuous medium does not 
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admit more load because an internal failure mechanism is 

formed. The load is applied through velocity increments, 

and the ultimate bearing capacity is known from the relation 

between stresses and displacements of one of the nodes (in 

this case the central node of the foundation is considered). 

A convergence study is carried out as well, consisting in 

analyzing values of the ultimate bearing capacity obtained 

under different increments of the velocity that is used, with 

the decrease in the value of velocity increments, and the 

result converges towards the final value by the upper limit 

in the theoretical method. For each case with a different 

combination of geometrical and geotechnical parameters, a 

convergence study is carried out with different values of 

velocity increments.  

The study analyzes a rock mass with two layers with 

different values of GSI (Geological Strength Index); 

adopting that both layers present the same mi and UCS. 

Table 1 summarizes the range of values of the geotechnical 

parameters applied in the models and it can be seen that a 

wide variety of types and states of rock masses are covered. 

Based on four GSI values from Table 1, sixteen types of 

rock mass listed in Table 2 are generated for the numerical 

analysis considering. The bilayer cases are calculated 

considering eleven different locations of the weak layer 

defined in function of the width of foundation (Table 3). All 

hypothesis listed in Table 2 and 3 are calculated for the nine 

combinations of mi and UCS from Table 1. For the 

hypothesis of the weak layer in the upper surface zone more 

cases are analysed due to the exponential variation of the 

bearing capacity observed in such cases. 

The footing width (B) theoretically does not affect the 

bearing capacity, once the material self-weight is not 

considered in the model. Therefore, the adoption of other 

values for the foundation width is only a change of scale. 

The model adopting the footing width (B) of 4.5 m is 

analyzed in this paper. 

To check the results and validate the charts, due to the 

variation observed in the trend of the results for the values 

of GSI (Table 2), some additional calculation models for 

specific charts presented further in section 4.2.1 are also 

performed with the following GSI values 12, 15, 17, 20, 35, 

40, 45, 60 and 70 whose results are discussed further. 
 

 

4. Analysis and results 
 

4.1 Comparison of results obtained with “weighted 
average” and a bilayer model performed by FDM  
 

In this study, three different methodologies were used 

for the estimation and comparison of the bearing capacity of 

a bilayered rock mass by numerical method (finite 

difference method applying the commercial code FLAC).  

It is important to note that there is a thickness of the 

upper layer that makes that the bottom layer does not affect 

the bearing capacity, it is the Hmax. It varies in each example 

and it is estimated according to the stress bulb obtained by 

method (3). Using the value of H and the Hmax in the 

methods (1) and (2) the proportion of each layer (GSI) in 

the Hmax is determined.  

In the method (1) used, PhPRO, the bearing capacity of  

Table 4 Example with GSI = 10/30 

 
GSIUP = 10 / GSIBO = 30 

(Hmax=1.44B)* 

GSIUP = 30 / GSIBO = 

10 (Hmax=2B)* 

H/B 0.33 0.44 0.67 1 0.44 1 1.44 

H/Hmax (%) 23 31 47 69 22 50 72 

GSI weighted average 

(Method 2) 
25.4 23.9 20.7 16.1 14.4 20.0 24.4 

 Ultimate Bearing Capacity (MPa) 

Method 1 (PhPRO) 5.99 5.53 4.57 3.19 2.68 4.36 5.69 

Method 2 (PhGSI) 5.58 5.05 4.01 2.70 2.28 3.8 5.22 

Method 3 (PhB) 3.31 2.39 1.71 1.41 2.55 4.58 6.57 

*The value of Hmax can be observed in Fig. 5, 

corresponding to the thickness where the bottom layer does 

not affect the bearing capacity 

 

Table 5 Example with GSI = 30/50 

 
GSIUP = 30 / GSIBO = 50 

(Hmax=1B)* 

GSIUP = 50 / GSIBO = 

30 (Hmax=1.44B)* 

H/B 0.33 0.44 0.67 0.44 1 

H/Hmax (%) 33 44 67 31 69 

GSI weighted 

average (Method 2) 
43.4 41.2 36.6 36.1 43.9 

 Ultimate Bearing Capacity (MPa) 

Method 1 (PhPRO) 15.58 14.23 11.42 11.12 15.88 

Method 2 (PhGSI) 14.55 13.11 10.48 10.2 14.9 

Method 3 (PhB) 13.6 11.55 9.79 10.79 15.45 

*The value of Hmax can be observed in Fig. 5, 

corresponding to the thickness where the bottom layer does 

not affect the bearing capacity 
 

Table 6 Example with GSI = 30/85 

 
GSIUP = 30 / GSIBO = 85 

(Hmax=1.44B)* 

GSIUP = 85 / GSIBO = 

30 (Hmax=2B)* 

H/B 0.33 0.44 1 1.44 0.44 1 1.44 

H/Hmax (%) 78 50 28 69 22 50 72 

GSI weighted average  

(Method 2) 
72.4 68.2 58.4 46.8 42.1 57.5 69.6 

 Ultimate Bearing Capacity (MPa) 

Method 1 (PhPRO) 72.5 66 52.5 33.2 25.9 49.6 68.2 

Method 2 (PhGSI) 52.6 43.75 29.77 17.02 13.7 27.4 46.54 

Method 3 (PhB) 15.25 11.60 8.80 7.55 21.94 45.3 67 

*The value of Hmax can be observed in Fig. 5, 

corresponding to the thickness where the bottom layer does 

not affect the bearing capacity 
 

 

each level is calculated independently as if each layer forms 

a homogeneous and isotropic rock mass, and then the global 

bearing capacity is estimated by weighting the bearing 

capacity of each layer by the proportion of thickness each 

layer in the Hmax. 

In the method (2), PhGSI, it is adopted an average 

weighted value of GSI for the rock mass, that is determined 

according to the proportion of thickness of each stratum in 

the Hmax. 

In the method (3), PhB, it is used a model with two 

different layers. 
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The first two methods can be adopted as well in the 

application of the usual analytical formulations that 

consider the rock mass as homogenous and isotropic of the 

Hoek and Brown failure type. 

It is important to note that those methodologies (1 and 

2) does not consider which layer is on the surface, although 

the upper layer is the one that most influences the bearing 

capacity. 

Tables 4, 5 and 6 show the results of bearing capacity 

obtained by three methods previously described (method 1, 

method 2 and method 3) for six examples that were studied 

according to the parameters given in Table 1. In these six 

examples the geotechnical parameters adopted are mi=5, 

UCS=30MPa and the following combinations of 

GSIUP/GSIBO 10/30 and 30/10; 30/50 and 50/30; 30/85 and 

85/30 (Tables 4, 5 and 6, respectively). It is recalled that all 

cases are calculated adopting weightless rock mass, 

associative flow rule, rough foundation base interface and 

the width of the strip foundation B=4.5 m as previously 

described in section 3. 

According to the results obtained and presented in Table 

4, Table 5 and Table 6 there are great differences between 

values of bearing capacity obtained by three methods 

previously described. When the upper layer is a weaker 

stratum, method 1 and 2 (PhPRO and PhGSI) overestimate the 

bearing capacity. This happens because these methods do 

not take into account the locations of the weak and strong 

layer, and as outlined previously, the upper layer is one that 

most influences the bearing capacity. It can also be 

observed that the greater the GSI difference between the 

layers, the variation between values of the bearing capacity 

obtained by the three different methods (PhB, PhGSI and 

PhPRO) is also higher. However, the value obtained by 

method 2 (PhGSI) is more similar to value obtained by 

method 3 (PhB) than the results obtained for method 1 

(PhPRO). 

In the cases that the upper layer is stronger than the 

bottom layer, it can be observed that the results from 

method 2 (PhGSI) is lower than those obtained by method 3 

(PhB); and the method 1 (PhPRO) is very close to method 3 

(PhB). It is concluded that if the upper layer is the most 

competent, the estimation by the “weighted average” is 

quite acceptable. However, in the cases where the upper 

layer is the weak stratum, the variation between the results 

of the methods is very significant, which is explained by not 

considering the location of both layers and being the upper 

layer the one that most conditions the bearing capacity. 

Due to the variability of the results of the bearing 

capacity estimated considering the bilayer rock mass as a 

homogeneous and isotropic material, the necessity to 

develop a method that allows to calculate the bearing 

capacity of shallow foundation on a bilayer rock mass is 

evident. 

 

4.2 FDM analysis  
 

Taking into account that available methodologies for the 

bearing capacity estimation of a shallow foundation do not 

present a satisfactory result for cases of a bilayer rock mass, 

and the great development of different methodologies for  

 
Fig. 5 Correlation between H/B and BF as function of 

GSIUP/GSIBO and (
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
) 

 

 

Fig. 6 Detail of two zones from Fig. 5 

 

 

the consideration of the influence of two layer in the 

bearing capacity in the field of soil mechanics, in this paper 

a methodology is proposed to estimate the bearing capacity 

of a shallow foundation on rock mass formed by two layers 

with different GSI value depending on the bearing capacity 

of the rock mass in function of only GSI of the upper layer 

(GSIUP). The values of the rock type (mi) and UCS of the 

bilayer rock mass are maintained the same for the upper and 

bottom layers. 

In this Section the results obtained by method 3 

described in Section 4.1 that is defined as FDM model. 

 

4.2.1 Results 
The coefficient BF is introduced and is defined as the 

ratio between the bearing capacity of the bilayer rock mass 

(PhB) and the bearing capacity of the homogenous and 

isotropic model formed by the upper layer (PhUP). 

Therefore, when BF = 1 the bearing capacity of the bilayer 

rock mass is equal to the bearing capacity of the 

homogenous and isotropic material formed by the upper 

layer (PhB = PhUP), in this case it means that the bottom layer 

is located at a distance that does not interfere in the bearing 

capacity. When BF ≥ 1, it is known that the weak layer is the 

upper layer, because it means that the value of PhB is higher 

than the obtained one for the upper layer (PhUP). And finally, 

BF ≤ 1 is associated with the cases that the PhB is less than 

PhUP, so the bottom layer is the weak stratum. 

To represent the value of BF when the thickness of the 

upper layer (H) is so small that the relation H/B≈0 and the 

15



 

Ana S. Alencar, Rubén A. Galindo and Svetlana Melentijevic 

 

 

 

Fig. 9 Correlation between H/B and BF as function of mi, 

for UCS =30MPa and GSI= 10/30 
 

 

rock mass is almost homogenous and isotropic, the 

maximum variation that occurs between the bearing 

capacity of two layers is considered (
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
) (PhBO and PhUP, 

bottom and upper layer respectively). From that point 

(H/B≈0) to the first point numerically calculated 

(H/B=0.33) a line should be drawn; in Fig. 5 it can be 

observed that the path of the lines between H/B = 0 and the 

first point obtained by the numerical model is well adjusted 

with other points calculated numerically. 

  

 

Table 7 Results of the bearing capacity of a homogeneous 

rock mass 

GSI 

UCS (MPa) 

5 100 

Ultimate bearing capacity (MPa) 

10 0.225 4.51 

30 1.23 24.57 

50 3.28 65.46 

85 15.35 306.55 

 

 

Fig. 10 Correlation between the bilayer rock mass 

bearing capacity depending on the UCS 
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Fig. 7 BF as function of (
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
) 

 
Fig. 8 Correlation between H/B and BF as function of mi 
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The results obtained can be expressed according to two 

aspects: (1) the GSI values of the two layers (GSIUP/GSIBO); 

(2) the ratio between the bearing capacity of the layers 

(
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
).  In the legend (1) (GSIUP/GSIBO) the relationship 

depends on the absolute values of the GSI, not the ratio 

between the GSI values; while the legend (2) represents the 

relationship between values of the bearing capacity 

obtained for the upper (PhUP) and bottom (PhBO) layer and 

not the absolute value. In Fig. 5 the results are presented for 

the value of BF determined for the bearing capacity obtained 

for the case with mi = 5 and UCS = 100 MPa, showing two 

different path of the relationship for BF<1 and BF>1.  

For BF < 1 the most generic way to represent the 

relationship is based on the relation between the values of 

the bearing capacity. It is observed that the trend is almost 

linear, and it is independent of the GSI value. It can be 

observed that the smaller the difference between the bearing 

capacity of the two layers the curves are closest to BF = 1 

(Fig. 5). It is recalled that if the two layers present the same 

GSI it is the homogeneous case and BF = 1.   

However, for BF > 1, the behavior is exponential and 

some curves with a very similar value of (
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
) follow 

different trajectories in the graph presented in Fig. 5 (i.e., 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
) = 0.07 (10/50) and (

𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
) = 0.08 (35/85)). In Fig. 6 a 

detail of two different parts of the Fig. 5 is presented for BF 

> 1. It can be seen inside the circle A, that there is a zone of 

very low values of H/B (H/B < 0.4), that the curves are 

moving away from BF = 1 with the decrease of the value of 

(
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
) (the same trend is observed in case of BF < 1). Inside 

the circle B (Fig. 6), it is noted that six curves overlap and 

convert into three curves again, and that the value of the 

ratio (
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
) does not define the location of each of the 

curves. In this case, the determining factor is the GSI value 

of the upper layer (GSIUP). This happens because, as it can 

be seen in Fig. 7, depending on the value of the GSIUP 

below a ratio of (
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
), the value of BF becomes constant, 

and all the cases studied (Table 2) are in this part of the 

graph. For the development of these complementary graphs 

(Fig. 7) other cases with distinct GSI values were analyzed 

(i.e. 12, 15, 17, 20, 35, 40, 45, 60 and 70) from those 

originally planned in Table 1 (10, 30, 50, 85) and applied 

only for the bottom layer. The two additional cases of H/B, 

in which BF has a greater variation range are analyzed (H/B 

= 0.44 and 0.67) (according to observed in Fig. 5). From 

Fig. 7, it can be concluded that the higher the H/B value, the 

lower the variability of BF.  

Analyzing a depth of H = 0.44B in Fig. 7, it can be 

concluded that if the condition of 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
  < 0.3 complies, BF 

is constant and dependent on GSIUP. Due to the fact that the 

bearing capacity increases exponentially with the increase 

in the GSI value, the relation 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
 < 0.3 is fulfilled for 

quite similar GSI value, such as the case with the upper 

layer GSIUP = 10 and the bottom GSIBO ≥ 20; GSIUP = 30 

and GSIBO ≥ 50; or GSIUP = 50 and GSIBO ≥ 70.  

Fig. 5 shows also that when the upper layer is weak, the 

bottom layer stops to influence the bearing capacity when 

H/B > 1; while in cases that the upper layer is more 

resistant for H/B = 1 the bottom layer still conditions the 

result of the bearing capacity. This is justified because the 

stress bulb tends to extend from a more resistant layer to a 

weaker one, reaching greater depth, confirming the theory 

represented in Fig. 1. 

As it was possible to verify, the structure of Fig. 2 

(modified from Zhu 2004) is the same as the adopted one in 

the present study, where the bearing capacity of a shallow 

foundation on a bilayer rock mass is estimated multiplying 

the factor BF by the bearing capacity of the upper layer 

considering the rock mass as homogeneous and isotropic. 

Even so, in the case of Nc* as it is multiplied by the 

cohesion of the upper layer, to know its bearing capacity, it 

is necessary to apply a coefficient (in case 5.146), and for 

that reason the curves of the chart of Zhu (2004) converge 

for 5.146 and not for 1 as in the case of BF (the right axis of 

Fig. 2 was modified to facilitate comparison with BF 

presented in Fig. 5). 

It can be observed that the curves trend of Fig. 2 are 

similar to that obtained in the present study summarized in 

Fig.  5. For the cases with the weak upper layer (top of the 

charts) an exponential tendency is observed that converges 

to the result of the bearing capacity of a homogeneous and 

isotropic rock mass when the bottom layer is located at a 

depth greater than 1B. The part of the graphs below the 

BF=1 shows a more linear trend, that only converges to the 

result of the homogeneous and isotropic case when the 

thickness of the upper layer is of the order of 2B (Fig. 5).  

In relation to the Nc* value, it is observed that the 

percentage ratio of this coefficient is in the same order of 

magnitude as that obtained in the present study. In both 

graphs (Fig. 5 and Fig. 2) the mean values of increase and 

reduction of the bearing capacity, go from a reduction of 

0.2*PhUP, until the value of PhUP up to 100% (values outside 

these ranges are found for very low values of H/B or 

associated with extreme values of correlation between the 

two layers). 

On the other hand, knowing the shape of the curves 

(exponential for BF > 1 and linear for BF <1) in a chart BF-

H/B (Fig. 5) (a function of the relation between the bearing 

capacity of both layers or the GSI of the upper layer), a 

sensitivity study is carried out to know qualitatively and 

quantitatively how other geotechnical parameters influence 

the value of BF. 
 

4.2.2 Sensitivity analysis  
In the numerical models three types of rock mass (mi) 

are used for the study (Table 1). In Fig. 8 (which represents 

the cases of GSI 30/50 and 30/85) each one of the curves is 

associated with a value of mi. It can be noted that the curves 

are significantly distanced for BF > 1 and H/B < 0.4, which 

means that the rock type only influences the BF value for 

very low relation of H/B. It is emphasized that this happens 

because the rock type (mi) significantly influences the 

relation between the results of the bearing capacity 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
  

and in this area of the graph this relationship is determinant 
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in the value of BF. 

According to the results presented in Fig. 9, with the 

decrease of the mi value, the value of BF tends to be greater, 

under equal conditions, comparing cases with different mi 

values associated to a low (mi = 5) and high (mi = 30) value, 

the variation of the BF can exceed 50% (Fig. 9). It is also 

observed that the value of mi does not have an influence on 

results for H/B>0.4. 

Regarding the influence of the UCS on the bearing 

capacity of shallow foundation on rock mass, it is important 

to emphasize that the general formulations for the 

calculation of bearing capacity in rock mechanics (Carter 

and Kulhawy 1988, Serrano et al. 2000, Merifield 2006) 

usually applies a bearing capacity factor (Nσ) to the uniaxial 

compressive strength of the rock, being the bearing capacity 

expressed as UCS*Nσ. 

To obtain the value of BF the result of the bilayer model 

(PhB) is divided by the result of homogeneous model formed 

only by the upper rock layer (PhUP), presenting both models 

the same UCS, and therefore BF is estimated as function of 

Nσ that is independent of the UCS value. Considering that, 

the variation of the UCS influence the bearing capacity, 

however it does not influence the value of BF (Fig. 10). 

Therefore, from Table 7 can be concluded that the 

results obtained in the case of mi = 5 and UCS = 100 MPa 

are 20 times greater than those estimated with UCS = 5 

MPa for the same rock type (mi = 5). In Fig. 10 each point 

represents the results of the bearing capacity of bilayer 

model where only the value of the UCS changes (it is 

recalled that in the studied bilayer model the UCS value is 

the same in the both upper and bottom layer), so each point 

is associated with a combination of GSIUP and GSIBO, H/B 

and mi = 5. Fig. 10 shows that in the bilayer model the 

bearing capacity is directly proportional to the UCS, and  

according to the results obtained the coefficient BF is not  

 

 

 

influenced by the value of the UCS.  
 

4.2.3 Bilayer factor (BF)  
According to the analysis in the previous section, UCS 

does not affect the BF coefficient; the rock type (mi) slightly 
modifies the value of BF when BF > 1 and H/B < 0.4. Under 
hypotheses previously stated the charts for the estimation of 
BF are proposed in Fig. 11.   

Fig. 11(a) is developed assuming 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
 < 0.3 for BF>1 

and three different values of GSIUP (10, 30, 50). This Fig. 

11a is valid as well for values of 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
   > 0.3 according to 

Fig. 7 depending on the GSIUP and the H/B relation, 

because the chart of BF-H/B can be used as long as the 

value of BF is already in the horizontal part represented in 

Fig. 7. In the cases that 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
 > 0.3, in a conservative way, 

it can be assumed that the bearing capacity of the bilayer 

rock mass is equal to PhUP or interpolate the BF from Fig. 7. 

It is emphasized that for BF = 1 the bottom layer does 

not influence the bearing capacity; for BF > 1 the upper 

layer is the weak layer and for BF < 1 the bottom layer is the 

weak stratum, according to the analysis made in section 4.2. 

In Fig. 11 the value of BF can be estimated by three 

different ways depending on the area of the graph where is 

located: 

• BF < 1: knowing the relation between PhUP and PhBO, 

the curve that best fit is found or interpolated (Fig. 11(b)). 

• BF > 1 and H/B < 0.4: BF values also depend on the 

rock type (mi), it is recommended to draw a straight line 

between the two points, H/B = 0 (estimated by the relation 

of 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
) and the first correspondent point in the curve 

represented in the Fig. 11(a); 

  
(a)  BF > 1 (b) BF < 1 

Fig. 11 Correlation between BF and H/B 

Table 8 Examples of BF application 

Example GSIUP GSIBO H/B 
PhUP (MPa) 

(Serrano et al. 2000) 
PhBO (MPa) 

(Serrano et al. 2000) 

𝑃ℎ𝑈𝑃
𝑃ℎ𝐵𝑂

 BF 
PhB (MPa) 

(BF and Serrano et al. 2000) 

1 30 40 0.44 1.19 2.01 0.59 1.34 1.59 

2 30 50 0.2 1.19 3.24 0.37 2.19 2.61 

3 30 50 0.6 1.19 3.24 0.37 1.28 1.52 

4 50 30 1 3.24 1.19 2.72 0.8 2.59 

1

1.1

1.2
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• BF > 1 and H/B > 0.4: BF is defined depending on the 

GSIUP (Fig. 11(a)). 

 

4.2.4 Application examples  
For the estimation of the bearing capacity of shallow 

foundation on bilayer rock mass using the BF factor is 

necessary to calculate the bearing capacity of each layer, 

assuming the rock mass as homogeneous and isotropic, 

through the method that the designer considers most 

appropriate (such as Carter and Kulhawy 1988, Serrano et 

al. 2000, Merifield et al. 2006).  

Table 8 summarizes the results of four studied cases. 

The bearing capacity of the following examples is  

calculated by the method proposed by Serrano et al. (2000),  

 

 

 

adopting mi = 5 and UCS = 5 MPa. 

In example 1, the relation between PhUP and PhBO is 

equal to 0.59 which means that the graph of BF-H/B 

proposed in Fig. 11 should not be used. In these cases, the 

approximate value of BF can be estimated using Fig. 7.   

In example 2, for the value of H/B = 0.2 the value of BF 

is not defined in Fig. 11 because it depends on the rock 

type. On the other hand, 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
 = 0.37, however, it can be 

observed in Fig. 7 that for GSIUP = 30 for this ratio of 

bearing capacity 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
 the value of BF is already constant. 

So, to know the value of BF in this case, it is necessary to 

define the maximum value of BF (H/B ≈ 0, 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
 = 2.72), 

 

Fig. 12 The variation of the horizontal and vertical displacements obtained by FDM under the foundation (weak upper 

layer) (mi = 5 and UCS = 30 MPa) 

 

Fig. 13 The variation of horizontal and vertical displacements obtained by FDM under the foundation (weak bottom layer) 

(mi=5 and UCS=30 MPa) 
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join it with the first point of the corresponding curve in Fig. 

11 (H/B = 0.44, BF = 1.56), and linearly interpolate the 

value of BF; with this methodology it is obtained that H/B = 

0.2 and BF = 2.19.  

In examples 3 and 4, Fig. 11 can be applied directly. In 

example 3, using Fig. 11(a), once GSIUP < GSIBO, therefore 

BF is dependent on the value of GSIUP. In example 4, GSIUP 

> GSIBO, Fig. 11(b) is applied, knowing the BF value as a 

function of the ratio 
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
. 

 

4.2.5 Displacement analysis  
In the numerical calculation to estimate the bearing 

capacity, a stress path is formed until the failure is reached, 
taking into account the whole wedge of the ground below 
the foundation. Therefore, the graphic output of the 
displacements, both horizontal and vertical, developed 
below the foundation are used to understand how the failure 
mechanism affects the results. 

Fig. 12 shows the displacements contours (horizontal 
and vertical) for two cases for which the upper layer is the 
weak stratum, being the difference between case the 
thickness of the first layer (H=0.44B and H=0.67B). It can 
be observed that both displacements are concentrated in the 
upper layer. It can also be observed in Fig. 12 that the value 
of maximum displacements (vertical and horizontal) are 
associated with the thickness of the upper layer (H), being 
greater for smaller values of H. 

On the other hand, in Fig. 13 two cases are represented 
in which the bottom layer is weak for the H = 1B and H = 
1.44B. It can be seen that the bulb of maximum horizontal 
displacements is located in the area under the contact 
between the two layers, showing the maximum horizontal 
displacement in the bottom layer.  

In addition, it is also observed that the displacements 
reach greater depths for cases presented in Fig. 12 and Fig. 
13 compared to homogeneous case presented in Fig. 14 
considering the value of GSI as of the upper layer in the 
bilayer model.  

Comparing displacements presented in Fig. 12, Fig. 13 
and Fig. 14, it can be concluded that the location of the 
stress in soils and in rocks coincide, therefore according to 
the theory of soil mechanics (Fig. 1) the stress bulb deepens 
when the weaker layer is the bottom one (Fig. 13). 
 

 

5. Conclusions 
 

Taking into account the results of bearing capacity of a 
two-layer rock mass described in previous sections obtained 
through the finite difference method under the assumptions 
of plane strain condition, associated flow rule, rough 
interface at the foundation base and weightless rock mass, 
applying the same UCS value and the rock type in the upper 
and bottom layer of the bilayer model, the following can be 
concluded: 

• The UCS does not influence the value of BF, because 

this parameter influences the bearing capacity of each layer 

in the same proportion. 

• The rock type (mi) conditions the value of BF only if 

H/B < 0.4 and BF > 1. 

• For the BF = 1 the bottom layer does not influence the 

bearing capacity (representing homogeneous and isotropic 

rock mass); for BF > 1 the upper layer is weak (the stress 

bulb is reduced); and for BF < 1 the bottom layer is weak 

(the stress bulb tend to expand) (Fig. 1). 

• The curves show an exponential tendency for BF > 1 

(approximately for H/B > 1) and linear for BF < 1 

(approximately for the range of H/B between 1.5 and 2.2) in 

the chart of BF-H/B (Fig. 11), and they are based on the 

relation of the bearing capacity of the layers (
𝑃ℎ𝑈𝑃

𝑃ℎ𝐵𝑂
) or the 

GSI value of the upper layer (GSIUP). 

• When the upper layer is weak (BF > 1), the bottom 

layer does not affect the bearing capacity when 

approximately H/B > 1; while for the cases when the upper 

layer is more resistant (BF < 1) for H/B = 1 the bottom layer 

still conditions the result of bearing capacity. This is 

influenced by the stress bulb that tend to extend when going 

from a more resistant layer to a weaker one. 

• In the cases that the upper layer is weaker than the 

bottom one (GSIUP < GSIBO), the displacements (horizontal 

and vertical) are located in the upper layer. When the upper 

layer is more resistant (GSIUP > GSIBO), the maximum 

horizontal displacements are displaced for the bottom layer, 

reaching greater depths. 

• When the upper layer is more resistant (GSIUP > 

GSIBO), the estimation of the bearing capacity using the 

“weighted average” is quite satisfactory. However, in the 

cases that the upper layer is weak (GSIUP < GSIBO), the 

variation among the methods is quite significant, due to the 

fact that the location of the layers is not considered, and it is 

the upper layer that most influences the bearing capacity. 

• The shape of the curves in the chart BF-H/B is very 

similar to the ones presented in graphic proposed by Zhu 

(2004) for two-layer clay whose parameters are defined by 

the undrained shear strength. It can be observed an 

exponential trend when the upper layer is weak (GSIUP < 

GSIBO; C1 < C2) and an almost linear trend when the 

strongest layer is on the surface (GSIUP > GSIBO; Cu1 > 

Cu2), both for the soil and rock material. 
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