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1. Introduction 
 

The lateral displacement analysis of soil mass around a 

pile is a fundamental and significant problem in foundation 

engineering. It is often assumed that lateral displacement 

analysis of soil mass around a pile is analogous to a cavity 

expansion problem (Hill, 1950). Since its inception in the 

1950s (Hill, 1950), the cavity expansion theory has attracted 

great interest from geotechnical engineering. Numerous 

research studies have been conducted and papers were 

written (e.g., Vesic 1972, Carter and Yeung 1985, Carter et 

al. 1986, Yu 2000, Wang and Yin 2011, Chen and 

Abousleiman 2012, Silvestri and Abou-Samra 2012, 

Keawsawasvong and Ukritchon 2016, Kumara et al. 2016, 

Ukritchon et al. 2016, Xiao et al. 2016, Kim and Choi 2017, 

Zhou et al. 2017, Zou et al. 2017, Ahn et al. 2018, Fattah et 

al. 2018, Khanmohammadi and Fakharian 2018, Ko et al. 

2018, Kwon et al. 2018, Zou et al. 2018, Zou and Wei 

2018, Chen et al., 2019a b, Li et al. 2019a, b, Li and Zou 

2019, Zou et al. 2019, Zou and Zhang 2019) that have 

focused on the mechanism and theoretical models, A few 

papers have been searched the way to combine cavity 

expansion theory and pile installation problem. For 

instance, the process of pile installation has been simulated 

to be a cylindrical cavity problem in undrained condition 

(Randolph et al. 1979),  
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Randolph (2003) proposed a conceptual and analytical 

framework to estimate pile capacity. Carter et al. (1979) 

proposed an approach for predicting the disturbance of soil 

mass around the pile due to pile driving. An approach based 

on quasi-static cavity expansion was proposed by Yu and 

Houlsby (1991) in an infinite dilatant elastic-plastic soil 

mass, and the stress and displacement fields were given 

during the cavity expansion process. Sagaset and Whittle 

(2001) proposed an approach for predicting ground 

movements, when the jacked piles was installed in clay. An 

approach of lateral displacement was proposed by Chai et 

al. (2005), and this approach was based on the Mohr-

Coulomb criterion and isotropic soil mass. 

Although these aforementioned cavity expansion 

approaches have been solved a lot of engineering problem, 

these approaches also were based on the assumption of 

isotropic initial in-situ stress. In fact, the initial stress is 

likely to be anisotropic in natural clay due to the change of 

sediment and consolidation environments (Zhou et al., 

2014), and the initial stress anisotropy and initial stress-

induced anisotropy have prominent effects on the soil mass 

behaviour (Li et al., 2016). More recently, a few published 

results presented the effect of anisotropy in natural soil 

mass. For example, Zhou et al. (2014) proposed an 

analytical approach for undrained elasto-plastic cylindrical 

cavity expansion problem in saturated soil mass under 

anisotropic initial stress. An anisotropically elasto-plastic 

approach to the undrained cylindrical cavity expansion in 

K0-consolidated clay was proposed by Li et al. (2016), and 

an approximate numerical solution was proposed for 

practical purposes. 

The lateral displacement was calculated by Chai et al. 

(2005), the values of lateral displacement at the bottom of 

the columns were larger than the measured data. The reason 

may be the effect of hydraulic fracture at the pile tip (Chai 
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et al., 2005). Here, an attempt about the hydraulic fracture 

problem around the pile is presented for understand the 

mechanism. 

In summary, many published literatures have principally 

focused on theoretical approach based on the assumption of 

isotropic initial stress. Only a few published results 

presented the effect of initial stress anisotropy in natural 

soil mass and hydraulic fracture of soil mass at pile tip. The 

main objective of this study is to develop a theoretical 

approach for predicting lateral displacement caused by pile 

installation, and the approach is based on cavity expansion 

theory considering the effect of anisotropic initial stress in 

undrained soil mass. With the development of strength 

criterion of soil mass, the MCC model is introduced into the 

solution of cavity expansion theory in clay (Xiao et al. 

2011, Chen and Abousleiman 2012, Li et al. 2016). The K0-

based modified Cam-clay (K0-MCC) model (Li et al. 2016) 

is applied for the analysis of clay, the pile shaft and pile tip 

of the expansion process are simulated as the cylindrical 

and spherical cavity expansion in undrained condition 

respectively, and the effect of boundary between cylindrical 

and spherical cavity expansion is neglected. A solution is 

applied for predicting lateral displacement during the 

process of single pile and multi-pile installation, and the 

solution accounts for the effect of hydraulic fracture of 

anisotropic soil mass at the pile tip. The reliability of the 

approach is validated by comparing with the data measured 

by Chai et al. (2005), and some parameters of lateral 

displacement are selected for the parametric analysis. The 

innovations of this study can be concluded as follows: 

(1) A novel approach for predicting lateral displacement 

caused by single pile installation is applied based on the 

both spherical and cylindrical cavities expansion, and 

considers the effect of hydraulic fracture to pile tip of single 

pile is considered. 

(2) The novel approach of lateral displacement in the 

process of multi-pile installation is applied and considers 

the effect of anisotropic initial stress. 

 

 

2. Theory and methodology 
 

2.1 Problem definition and assumptions 
 

The mechanical model of single pile installation is 

shown in Fig. 1. The anisotropic initial in-situ horizontal 

and vertical stresses are σh0 and σv0, respectively. With the 

increase of the internal pressure σa, a plastic region around 

the cavity occur from the cavity wall to the radius Rp. The 

initial and final radius of the cavity is Ru0 and Ru, 

respectively. The current position and initial position of a 

point in the plastic region are represented by Rx and Rx0. Rp0 

and Rp are the initial and final position of the EP boundary. 

The radial displacement of the EP boundary is δrp. 

For the K0-consolidation saturated clay, the initial 

effective radial and tangential stresses and vertical stress of 

soil mass around the pile can be expressed, 

0 0 0 0r zK     
 

(1) 

where K0 is coefficient of earth pressure at rest. 

 

Fig. 1 Mechanical model for pile installation 
 
 

In both the elastic and plastic regions, the equilibrium 

equation can be written as, 

0rr u
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where ζ=1 and ζ=2 are the cylindrical and spherical cavities 

expansion problem, respectively, u is the pore water 

pressure. 

 

2.2 Elastic analysis 
 

According to Hooke’s law, the elastic stress-strain 

relationship of soil mass can be expressed, 
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where 2 (1 )E G     is the elastic modulus, the shear 

modulus G defined as follows, 
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where κ is a known as the slope of loading-reloading line in 

the '- ln p  plane,   is the specific volume, e is void 

ratio of soil mass,   is undrained effective Poisson’s 

ratio. 

In the elastic region, the stress and displacement of soil 

mass around the pile can be expressed as, 
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(5) 

 
(6) 

In undrained condition, the volume of soil mass keep 

not change, therefore, 
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0d   (7) 

According to the Eq. (7), so the excess pore water 

pressure is zero in elastic region, 

0u   (8) 

 

2.3 Elasto-plastic analysis 
 

In plastic region, the K0-MCC yield function can be 

expressed as (Sun et al. 2004, Li et al. 2016), 

2

1 0cp
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(9) 

where p'c is yield stress of K0-consolidation clay, p' is the 

mean effective stress, η*  is the relative stress ratio, M* is 

the relative stress ratio at critical state, it can be defined as 

follows, 
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where δij is Kronecker's delta, σ'ij0 and η0 are the value of σ'ij 

and η(=q/p') at the initial of the anisotropic consolidation, 

respectively. 

Based on the Eqs. (7) and (8), the stress continuity 

conditions at the EP boundary can be considered, 

0pp p 
 

(17) 

With the combination of Eqs. (17) and (9), the relative 

stress ratio at the elastic-plastic boundary Rp can be 

obtained, 

1p M OCR  
 

(18) 

where OCR is the over-consolidation ratio, defined as 

0 0=p /cOCR p  , and the 0pc
  is the maximum mean pre-

consolidation stress. 

Based on the Eq. (11), η*
P can be obtained, 
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(19) 

where ηijp is the value of the stress ratio ηij at the elastic-

plastic boundary. 

With the combination of Eqs. (5), (18) and (19), Li et al. 

had solved the cylindrical cavity problem, the effective 

radial, tangential and vertical stresses at the EP boundary 

can be expressed based on Li's solution (Li et al. 2016), 
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Based on the Eq. (6), the radial displacement δrp at the 

EP boundary can be expressed, 
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(21) 

According to the cavity expansion of undrained 

conditions, the volume of soil mass around the pile remains 

constant, and the process of cavity expansion is shown in 

Fig. 1. With the increase of the internal pressure σa, the 

current position and initial position of cavity (the cavity’s 

current position rx and initial position rx0) can be derived, 

1 1 1 1
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(22) 

According to Chai et al. (2005), 
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where Ru0 is initial radius of cavity corresponding to initial 

elastic modulus E0, the power of 1/3 was obtained by best 

fitting the field data cited (Chai et al., 2005). 

With the combination of Eqs. (21), (22) and (23), the 

ratio of the radius of the plastic zone (Rp) to the radius of 

cavity (Ru) can be given, 
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(24) 

under the condition of the final radius of single pile and the 

properties of soil mass in the field, the plastic region caused 

by pile construction can be estimated without the initial 

radius. 
 

2.4 Development of a modification approach of pile 
tip 
 

When the limited length of pile installation is simulated, 

the effect of the free surface and pile tip have to be 

considered. For simplicity, it is often proposed to take into 
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account the effect of the free surface in an approximate 

method by using a virtual image approach (Sagaset et al. 

1997), in this study, the detailed analysis and calculations 

are not carried out. Because the predicted values at the 

bottom of columns were larger than the measurement date 

(Chai et al. 2005), this is probably the effect of hydraulic 

fracture at pile tip. So, the effect of hydraulic fracture to 

pile tip is considered. 

The total stresses (σrx, σθx, σzx) and excess pore pressure 

Δurx were proposed based on the approximate 

anisotropically cylindrical solution (ζ =1) in the plastic 

region of pile tip (Li et al. 2016), the anisotropically 

cylindrical and spherical solution (ζ =2) can be obtained (Li 

et al. 2016), 
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where λ is the slopes of compression line, σθx is the total 

radial stress, σzx is the total radial stress, Δurx is the excess 

pore pressure and p'f and qf are the mean and deviator 

stresses in the critical state, respectively. 

The change of the tangential stress of soil mass can be 

expressed, 

0x x zxK     
 

(31) 

The change of the tangential effective stress of soil mass 

can be expressed, 

x x u     
 

(32) 

According to Eq. (25), the tangential stress may be 
negative. Therefore, in the case, the negative tangential 
stress exceeds tensile strength (usually very small), the first 
cracks can be created in the soil mass, this can be 
determined by the critical condition that the effective 
tangential stress is equal to zero, one can be written as 
follows, 

0 0zx xK    
 

(33) 

When cracks can be created, the σθx must to be 

corrected, the σθx is replaced by measured data (K0σθx) in the 

process of pile installation, all measured data are taken from 

Chai et al. (2005) and Chai and Carter (2011), the effective 

radial stress at the elastic-plastic boundary rp   is obtained, 

and the final position of the EP boundary Rp can be 

determined again, the effect of correction can be shown in 

Fig. 4. 

 

 

3. Lateral displacement caused by multi-pile 
installation 
 

3.1 The superposition principle to calculate lateral 
displacement of multi-pile 
 

It is usually necessary to calculate the lateral 

displacement caused by the installation of multi-piles in 

foundation engineering, the aforementioned equations is the 

case of single pile installation. Based on the Chai’s paper of 

the soil-cement column installation, Chai et al. (2005) 

considered that the lateral displacement of multi-pile can be 

solved according to the superposition principle, the 

calculation model of single row pile is shown in Fig. 2, it 

should be noted that multi-pile installation’s partial "plane 

strain" effect on the lateral displacement is neglected and 

the displacement of chai’s method was based on the Vesic’s 

solution (Vesic 1972). In order to verification later, the 

chai’s method needs to be introduced here again. 

As shown in Fig. 2, the circle represents the pile cross 

section, yi indicates the distance from the i-th pile to the 0 

point in the y direction (along the row), δix  and δi, the i-th 

pile to the point A in the x  direction and radial direction 

expanded displacement, respectively. The value of δi can be 

obtained according to the EP region of the point A, and can 

be also calculated by the abovementioned presented 

equations. Thus, the lateral displacement at the point A can 

be expressed (Chai et al. 2005), 

2 2
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Fig. 2 Calculation model of single row pile (Chai et al. 

2005) 
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When D<Rp and D2+L2>Rp2, Chai pointed out that the 

point A is located in plastic region of partial piles 

surrounding soil mass and elastic region of other piles, the 

displacement δxA of the whole row of piles at the point A 

can be expressed (Chai et al. 2007), 
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(37) 

When D<Rp and D2+L2≤Rp2, Chai pointed out that the 

point A is located in plastic region of piles surrounding soil 

mass, the displacement δxA of the whole row of piles at the 

point A can be expressed, 
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(38) 

When D≥Rp, Chai pointed out that the point A is located 

in the elastic region of piles surrounding soil mass, the 

displacement δxA of the whole row of piles at the point A 

can be expressed, 
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(39) 

 

3.2 Calculation procedure 
 

The calculation procedure of lateral displacement can be 

concluded as follows: 

1. The physical and mechanical property index of 

surrounding subsoil are obtained from Chai et al. (2005) 

and Chai and Carter (2011), such as the void ratio of soil 

mass (e), the undrained effective Poisson's ratio (ν'), the 

elastic modulus (E), and so forth. 

2. The radius of cavity (Ru) is determined by Eq. (23), 

the initial radius of cavity need to be determined according 

to the initial elastic modulus E0 empirically. 

3. The radius of plastic region (Rp), the radial 

displacement (δrp) are calculated by Eqs. (21) and (24). 

4. The radius of plastic region (Rp) can be corrected 

considering the effect of hydraulic fracture in pile tip, the 

final position of the EP boundary (Rp) can be determined 

again by Eqs. (25)-(33). 

5. Calculate the lateral displacement of soil mass caused 

by the multi-pile installation, which are determined by Eqs. 

(34)-(39). 
 

 

4. Validation and discussions 
 

4.1 Validation 
 

To confirm the validity and accuracy of the proposed 

approach, the measured data are taken from Chai et al. 

(2005) and Chai and Carter (2011), and it is shown in Table 

1 and Table 2. The comparison results of lateral 

displacement caused by multi-pile installation (Chai et al. 

2005) for different way are shown in Fig. 3. 

It can be seen from Fig. 3 and Fig. 4 that the results of 

the presented approach agree well with the measured data 

(Chai et al., 2005). Furthermore, the difference of the 

presented approach and the measured data is less than the 

Chai proposed approach and measured data. For example, 

the presented approach's the mean of absolute values of 

difference is reduced by 14.12% compared with the 

previous approach value in the WJM. The modified 

presented study predict a smaller value of lateral 

displacement near the pile tip, which is closer to the 

measured data (Chai et al., 2005), it may consume some 

energy due to occur the crack of soil mass at pile tip and 

resulting in circumferential extrusion to the cracked soil 

mass, so the radial displacement is relatively smaller. 

 

4.2 Discussions 
 

In addition to validation, some parameters of the lateral 

displacement of multi-pile are selected for the parametric 

analysis. The effect of initial radius Ru0, over consolidation 

ratio (OCR) and coefficient of earth pressure at rest K0 on 

the lateral displacement of soil mass at the pile tip is 

analyzed in the dry jet mixing method (DJM). Here, Ru0 is 

taken as a variable and the other parameters unchanged. The 

Ru0 are taken as 0.15, 0.25, 0.35 and 0.45, and the Fig. 5 is 

obtained. Similarly, the OCR are taken as 2, 4, 6 and 8, and 

the Fig. 6 is obtained. The K0 are taken as 0.25, 0.75, 1.00, 

1.25, 2.00 and 4.00, and the Fig.7 is also obtained. 

When the different value of Ru0 can be taken, the lateral 

displacement is compared as shown in Fig. 5. The effect of 

Ru0 on lateral displacement of multi-pile installation 

significant than the effect of OCR and K0. With the increase 

of the initial radius Ru0, the lateral displacement of pile 

surrounding soil is increase significantly. In this study, the 

initial radius of cavity is related to the injection pressure. 

The larger the injection pressure is, the larger the initial 

radius is, and the lateral displacement of soil mass is 

increase. 

When the different over-consolidation ratio (OCR) can 

be taken, the effect of lateral displacement is compared as 

shown in Fig. 6. The effect of over-consolidation ratio 

(OCR) on lateral displacement of multi-pile installation is 
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Fig. 3 Comparison of lateral displacement predicted for 

different installation 
 

 

Fig. 4 Comparison of lateral displacement profile 

predicted for two present study 
 

 

Fig. 5 Comparison effect of lateral displacement for Ru0 

as variable 
 

 

Fig. 6 Comparison effect of lateral displacement for OCR 

as variable 

 

Fig. 7 Comparison effect of lateral displacement for K0 as 

variable 

 

not evident. Through the local amplification of the curve 

can be found: with the increase of over-consolidation ratio, 

there is a slight increase of lateral displacement. Thus, for 

the same distance from a pile, the larger the over-

consolidation ratio is, the larger the lateral displacement of 

pile surrounding soil mass is. 

When the different value of K0 can be taken, the effect 

of lateral displacement is compared as shown the Fig. 7. 

The effect of K0 on lateral displacement of multi-pile 

installation also is not evident. Through the local 

amplification of the curve can be found: with the increase of 

K0, there is a slight increase in the lateral displacement. 

However, when K0≤1, with the increase of K0value, the 

increase of lateral displacement is relatively less in the same 

increments, when K0=1, the lateral displacement reaches 

peak value. It is shown that, if the effect of K0 on lateral 

displacement is ignored, it will obtain conservative 

solutions and would lead to an overestimation of lateral 

displacement value in traditional solution (isotropic 

condition). 
 

 

5. Limitations 
 

Although the presented approach considers the effect of 

anisotropic initial stress and hydraulic fracture to soil mass 

at the pile tip, and the approach of lateral displacement 

during the single pile and multi-pile installation process is 

applied. However, it should be noted that there are still 

some limitations: 

(1) The initial radius of the cavity must be determined 

empirically. 

(2) It have not considered multi-pile installation’s partial 

“plane strain” effect. 

(3) It cannot simulate the actual pile incremental 

installation process. 
 
 

6. Conclusions 
 

A novel approach is proposed for predicting the lateral 

displacement caused by pile installation based on 

cylindrical and spherical cavity expansion theory, the main 

conclusions are as follows: 

(1) A novel approach for predicting lateral displacement 

caused by single pile installation is applied based on the 
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both spherical and cylindrical cavities expansion, and 

considers the effect of hydraulic fracture to pile tip of single 

pile is considered. 

(2) The novel approach of lateral displacement in the 

process of multi-pile installation is applied and considers 

the effect of anisotropic initial stress. The reliability of the 

approach is validated by compare measured data and some 

parameters of lateral displacement are selected for the 

parametric analysis. 
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