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Deformation in transversely isotropic thermoelastic medium
using new modified couple stress theory in frequency domain
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Abstract. The objective of this paper is to study the two dimensional deformation in transversely isotropic thermoelastic
medium without energy dissipation due to time harmonic sources using new modified couple stress theory, a continuum theory
capable to predict the size effects at micro/nano scale. The couple stress constitutive relationships have been introduced for
transversely isotropic thermoelastic medium, in which the curvature tensor is asymmetric and the couple stress moment tensor is
symmetric. Fourier transform technique is applied to obtain the solutions of the governing equations. Assuming the deformation
to be harmonically time-dependent, the transformed solution is obtained in the frequency domain. The application of a time
harmonic concentrated and distributed sources have been considered to show the utility of the solution obtained. The
displacement components, stress components, temperature change and couple stress are obtained in the transformed domain. A
numerical inversion technique has been used to obtain the solutions in the physical domain. The effects of angular frequency are
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depicted graphically on the resulted quantities.
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1. Introduction

Couple stress theory is an extension to continuum theory
that includes the effects of couple stresses, in addition to the
classical direct and shear forces per unit area. First
mathematical model to examine the materials with couple
stresses was presented by Cosserat and Cosserat (1909). In
this theory, both curvature tensor and the couple stress
moment tensor are asymmetric and every particle is
assumed to be capable of both linear displacement and
rotation during the deformation of the material. Because of
the failure of establishing the constitutive relationships, this
theory was not given importance by researchers. However,
Tiwari (1971) determined the effect of couple stress on
deflection produced in a semi-infinite elastic body because
of impulsive twist over surface using Cosserat equations.
Mindlin and Tierstein (1962) and Koiter (1964) developed
initial version of couple stress theory, based on the Cosserat
continuum theory (1909). Koiter (1964) introduced the
constitutive relationships for couple stress theory, involving
length scale parameters to predict the size effects. These
lengths are a material property on which effect of couple
stresses depends strongly and can be find out by means of
test. This theory suffers from some inconsistencies, such as
the indeterminacy of the couple-stress tensor, inconsistent
boundary conditions and the consideration of the redundant
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body couple distribution. A modified couple stress theory
(M-CST) with one length scale parameter was presented by
Yang et al. (2002) using the balance law for moments of
couple besides the balance laws for forces and moment of
forces. Application of this equilibrium equation leads to a
symmetric couple-stress tensor. M-CST cannot describe the
pure bending of plate properly as no couple stresses and no
size-effects are predicted for pure bending of plate. So,
Hadjesfandiari et al. (2011) presented consistent couple
stress theory (C-CST) with the skew-symmetric couple-
stresses, which resolves all the discrepancies of modified
couple stress theory. Laminated composite materials are
anisotropic and are generally used in engineering. Modified
couple stress theory was not applicable to anisotropic
materials. So, Chen and Li (2014) presented the new
modified couple stress theory (NM-CST) for anisotropic
materials containing three length scale parameters. For NM-
couple stress theory,

w; = Eeijkuk,j;

Oij = Cijki€ki,

my; = Gy + Gy,
1
ey =5 (Wi + w),

Here, u;is the displacement vector, m;; is couple stress
moment tensor, ,0;; is stress tensor, €;;
Xijis curvature tensor,w; are rotation components, ¢;jare
elastic parameters, [; and [; are material length scale

is strain tensor,
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parameters.

Ke et al. (2012) studied the nonlinear free vibration
problem of a functionally graded micro-beam according to
the modified couple stress theory. Najafi (2012)
investigated the quality factor of thermo-elastic damping in
an electro-statically deflected micro-beam resonator using
Hamilton principles based on modified couple stress theory
and hyperbolic heat conduction model. Kang ez al. (2012)
studied the static deformation behavior of a piezoelectric
micromachined ultrasonic transducer (PMUT) actuated by a
strong external electric field. The optimal ratio of the top
electrode diameter and the membrane diameter is found to
around 0.674 and this value is independent of any other
parameters if the thicknesses of the two electrodes are
negligible as compared to those of piezoelectric and passive
layers. Free vibration analysis of a three dimensional
cylindrical micro-beam on the basis of modified couple
stress theory was done by Wang et al. (2013). Reddy ef al.
(2013) examined the bending of simply supported micro
isotropic plates using modified couple stress theory and a
meshless method. The added scale parameter produced an
effect according to the size of the plate, the effect getting to
be smaller as the plate size is increased. Yingly et al. (2013)
analyzed a thermally and electrically actuated functionally
graded material (FGM) microbeam using modified couple
stress theory, considering Casimir and van der Waals forces
.They determined the effect of the various factors on the
pull-in voltage of the microbeam and deduce that non-
uniform thermal actuation is more effective than uniform
thermal actuation in actuating FGM cantilever .Shaat et al.
(2014) studied the bending analysis of nano-sized Kirchhoff
plates using modified couple-stress theory including surface
energy and microstructure effects. Chen et al. (2014)
studied the scale effects of composite laminated plates using
new modified couple stress theory by finite element
method. Thai et al. (2014) studied the Static bending,
buckling and free vibration behaviors of size-dependent
functionally graded (FG) sandwich microbeams based on
the modified couple stress theory and Timoshenko beam
theory and using closed form solutions. It was deduced that
inclusion of the small scale effect makes the beam stiffer,
and thus leads to a reduction of both stress and deflection
and an increase in the natural frequency and critical
buckling load. Ansari et al. (2014) presented an exact
solution for the vibration analysis of piezoelectric
microbeams on the basis of the modified couple stress
theory for both Euler-Bernoulli and Timoshenko beam
models using Hamilton’s principle. It was shown that
when the length of microbeams is decreased, effects of
piezoelectricity and size effects are more prominent. Kumar
and Devi (2015) studied the influence of Hall current and
rotation in thermoelastic diffusive media caused by ramp
type loading on the basis of modified couple stress theory
using Laplace and Fourier Transform techniques. Atanasov
et al. (2017) examined the thermal effect on the free
vibration and buckling of the Euler-Bernoulli double
microbeam system based on the modified couple stress
theory using Bernoulli-Fourier method. Togun and Bagdatli
(2017) presented the linear free vibration of a simply-
supported nanobeam by using modified couple stress theory

and Hamilton’s principle. Also, they analyzed the effects of
the length scale parameter and the Poisson’s ratio on natural
frequency showing that the natural frequency is decreased
as the dimensionless scale parameter is magnified.
Vibrational frequency of a tapered microbeam resonator
was examined via a generalized thermoelastic theory and
modified couple stress theory by Zenkour (2018).
Hadjesfandiari et al. (2018) developed size-dependent
Timoshenko beam model using C-CST. Kaushal et al.
(2010) discussed response of frequency domain in
generalized thermoelasticity with two temperatures. Kumar
et al. (2017) studied the Rayleigh waves in anisotropic
magnetothermoelastic medium with two temperature, in the
presence of Hall current and rotation. The two-dimensional
problem of expanding ring load in a modified couple stress
theory of thermoelastic diffusion with heat sources in time
and frequency domains with one and two relaxation times
using Laplace and Hankel transforms is investigated by
Kumar et al. (2017). Abbas et al. (2009,2014a) studied
different problems under two-temperature generalized
thermoelastic theory by finite element method. Abbas et al.
(2014,2015) studied phase lag models in fiber-reinforced
anisotropic materials using generalized thermoelasticity.
Jahangir et al. (2013,2015) studied the magneto-thermo-
microstretch elastic solid under the effect of gravity with
energy  dissipation using generalized theory of
thermoelasticity. Despite of this several researchers worked
on different theory of thermoelasticity as Marin
(1997,2007), Marin and Stan (2013), Marin (1998),
Jahangir et al (2018, 2018a,2018b), Lata er al
(2016,2016a,2017a) Lata and Kaur (2019,2019a,2019b),
Abbas et al. (2012,2016,2014b,2014c¢).

In the present investigation, our objective is to study the
deformation in transversely isotropic thermoelastic medium
using new modified couple stress theory without energy
dissipation in frequency domain. The medium is subjected
to the thermal and mechanical sources. In the constitutive
relationships the curvature (rotation gradient) tensor is
asymmetric and the couple stress moment tensor is
symmetric. Deformation is assumed to be harmonically
time-dependent. Fourier transform technique is applied to
obtain the solutions of the governing equations. The
displacement components, stress components, temperature
change and couple stress are obtained in the transformed
domain and are presented graphically for different values of
distance. The effects of angular frequency on resulting
quantities are also depicted graphically.

2. Basic equations

Following Chen and Li (2014) and Kumar and Devi
(2015), the field equations transversely isotropic
thermoelastic medium using new modified couple stress
theory in the absence of body forces, body couple and
without energy dissipation are given by

0ij = Cijki€ra + 7 CijkMuiel — Bi;T, (1)

i1 _B.T. = pi 2)
Cijia€i T2 €ijkMuc BiT; = pil;,
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KijTi; — pCeT = BijToéi, (3)
where
Bij = Cijlaij, 4
1
&y =5 (U + ), (5)
my; = 1FGoxi; + U Gixji, (6)
Xij = Wi, @)
1
Wi =3 €jiU,j- (8)
Here, u = (uq,u,, u3) is the components of

displacement vector, C;ju;(Ciji = Cijue = Cjiki = Cjik) are
elastic parameters, o;; are the components of stress tensor,
g;j are the components of strain tensor,e;;, is alternate
tensor, m;;are the components of couple-stress, a;;are the
coefficients of linear thermal expansion, §;; is thermal
tensor, T is the temperature change, [;(i = 1,2,3) are
material length scale parameters ,y;;is curvature, w; is the
rotational vector,pis the density, K;; is the materialistic
constant, cp is the specific heat at constant strain, Tyis the
reference temperature assumed to be such thatT/T0 « 1,G;

are the elasticity constants and f; = (¢ + ¢1z)aq +
€133 B3 = 2c1304 + C330a3.

3. Formulation and solution of the problem

We consider a two dimensional transversely isotropic
thermoelastic homogeneous medium using new modified
couple stress theory initially at uniform temperature
T, occupying the region of a half space x3 =0 .A
rectangular coordinate system (x4, X, x3) having origin on
the surface x; = 0 has been taken. All the field quantities
depend on ( xi,x3,t). We have used appropriate
transformation using Slaughter (2002), on the set of
equation (1)-(3) to derive the equations for transversely
isotropic thermoelastic solid under consideration.

Equations of motion in ul — u3 plane are given by

1, 2
C11U111 + | Cas + le GoV* ) uy 33

1, or
+ <C13 tCaq — ZIZGZV )u3,13 - .316_x1 O]

= puy,

1
C33U333 + (044 +C13 — ZI%GZVZ) Uz + (044 +
1 T .
" 1562‘72) Uz11 — B3 o, Pls,

(10)

Equation of heat conduction without energy dissipation
is given by

(11)

X 02T+K a°T OZT_T 0( Juy 6u3)
Toxz T P oxk Perger = ot P ox

where

B1 = (c11 +crx)ay +cizaz B3 = 2¢13a4 + c33a3.

where comma in the subscript denotes the derivative w.r.t.
distance component written after comma. In the above
equation we use contracting subscript notation (1 —
11,2 -» 22,3 - 33,4 - 23,5 » 31,6 > 12) to relate Cijkt
to Cpyn-

And the constitutive relationships are

ou, du
033 = Ci3 35— 7%, +C33 53— o 2= BT, (12)
ou, du
033 = Ci3 53— 7%, Ltogy o 2= BT, (13)
o2u;  0%ug
M3z = %(Z%GZ 5; - 6x1:X3)' (14)

To facilitate the solution following dimensionless
quantities are used

2
, X1 ) 3 , pcy ,
X —, X =—, uU; = u U, =
1= BT M T g, M
2
pc T [4 § a N
1 2 T =—, t‘z—lt, 03, :i, O35 = (]5)
LB1To To L B1To
033 , ms2

—23 m —_ 24
B1To’ 32 7 LpiTy

where ¢Z = % and L is constant of dimension of length.

Using the dimensionless quantities defined by (15) into
Egs. (9)-(14) and suppressing the primes, we obtain

92 Ui a2 92 9%uy
ax2 <6l 261 l ( 2+ ax;?) | ox3 +{%:
1 5 92 02 0%u3 oT _ 0%y,
4L%¢cq4 lz G, (Ox'lz + ax'32 0x,0x3 0x,  0t?’
s 92 Pus_ (s 1 EER 92 2 92 0%u,
* 0x2 27 42c,, 2% \ox 2 0x?) | 9x,0x5

+(s LIy 62+62 au3
b 4lPey, PR ax'lz 63(’32 0 RSN ﬁx (17)

(16)

_ 0%ug
ootz
02 0%T 02 0%uy 0%u 9%T
0 2"'1’3"1a 7 =(L Btax +¢,L 0t6 +<3C1 2’ (18)
— G13 0w | c330us
O33 = pc? 91 + pc? s psT, (19)

o = o (21 B
7 pc2\axg | x| 4pcil? dx30x2 ~ 9x3

(a%Gl - B6,) <—ﬁ +63£)
Pu Py )) (20)

2~ _ 12 _
+ 56 1262)( 0x,0x%  0x20x3

2
ma, =128 @36, - 6y (B2 -2,

2 12pc? 0x,0x3/’
where

c ci3tc. c B3 K3 ToB%
5, =2 5, =B34 5 0 — 33 = == =2
17 e, 2 C11 T e Ps B1 Ps Ky G Kip

_ ToB1Bs _ CEC11

g =Dbfs o s

1P 1
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The initial and regularity conditions are given by
uq(21,%3,0) = 0 = 1y (x1,%3,0),
u3(x1,%3,0) = 0 =15 (xq,x3,0),

T(x1,%3,0) = 0 = T(x1,x3,0) for x3=>0,—0c0 < x; < 00
Uy (%, %3, 1) = ug(xq, x3,t) = T(x,%3,0) =0 for t > 0when x5 —

(22)

Assuming harmonic behaviour as

(‘Lll,‘l.l3,T) (xl,x3, t) = (ul,u3,T)(x1,x3)ei‘“t, (23)
where w is the angular frequency, the Eqgs. (9)-(14) recast
into

9?2 u1 2 2 92 u1
ax? <61 l GZ( x )) ox? <62

(24)

= —wuy,

2
4L2 l GZ ) x16x3 6x1

64au3 (2 4Lz I%Gz ))axlaXS < + 05)

1 92 a2 9%u. aT
—— 126G, (— —ps— = —w?u
412¢q, 2 ax? 2t o2 ox? 6x Ps dx 3

2T

2T ,  Ouq , Ous 2
o e +p3cq P ClLlwa—xl + (zLLwﬁ —w?c{3T, (26)

c13 O0uq c33 Ousg

O33 = —5-——+—5——psT, 27

pc2 dx;  pc? dx3

031=i42(%+%)+4p <(lZGl_lsz)( 1

pci \0x3 0xq 0x30x2 (28)
3uy 2 2 u, 3uy
) + (1563 — L Gz)( 9x,0x2 + Bxfax3)>'
_1BT a6 gy (P 0
ma, = ;e (36, — 363) (33 - 505). (29)
Defining the Fourier transformation as
f('f; x3_a)) = f f(xl,x3'a))eifx1d X1 30)

Applying (30) to the equation (24)-(29), we obtain
system of three homogeneous equations from equations
(24)-(26) . These resulting equations have non trivial
solution if the determinant of the coefficient (ﬁl‘ﬁ3_7\')
vanishes, which yields the following characteristic equation

(P: Q_+R—+S +T)(u1u3T)—0 G

where

136,

P = —psci8yyp; —
11

=il 16, 5 16, 2)§, — 6, +2 (5+5)IG
Q = Q. P54chn P36y 1 4L2511§ 4 4L2 ‘U §2(8, 2. IL2c,

- (§? = Gw?h)s,

4L2 Cyq

R= —{2(1Ltw

= pe (64(—52+w2>—52 (5, 83 =208, +5,) 4le0 52)

+ (0= g 52>(w2))

l%Gz 2 lz 2 2
Tare, )%t )

126G, 12G.
— 28%(6, +52)4L2 >+[{2mL<p5 (a +4L2 5) &2 4;;1)

psl
4L%¢c,

3G,
_z2(_z2
FEE o

b o - ) ((6

3G, ,
5= fzzluw(ps(s e §‘>+(5 e 52))—@le< pa(=£ + ) - (65,

36, ,
+ 4ch11§ )

+o (- m253)< —8,(~E + ) — (£ — 0?) 4qu1

15G
+(5l 4; : 52)((»2) & (61 — 2060+ 8) gz e))

~ P (58 + @)’ = (7 4 W (61 + 4st€ §2>)

2
T = (6 - w2dy) ((—sz + 0 - (- +0?) (61 - f)) + £l (—w? + €.

The roots of the equation (31) are A(i=
1,2, 3, 4),using the radiation condition that 7y, U3, T-0
as x3 — oo the solution of equation (31) may be written as

U = Aje ™% + A,e™h2%s + Aje™h%3 + A,e7M¥3, (32)

ﬁ; = dlAle_AIXS + dz/lze_;tzx3 + d3A3€_A3x3
+ dyAse 43, (33)

T= 911‘11‘3_/11x3 + ngze_Azx3 + 931‘13‘3_/13x3

+ g4A4e_2'4x3’ (34)
where
di =
Apscy 153G+ (-pscq 61—61(52—w2{3)l§Gz)+lf((fz—(uz)p3cl+€1€2)

—(§2-w?e,—§2 Liw
—Atpscy €342 (—p3C1 (—w2+§2€1)+E€,€3+0,lwlps)) (w2 +E2€1)€E,

—A88413G,+ A (€18, —wP13Go+28%(8,+68,)13G,)+ 27 ((—E2+w?)€E;
—€1(-w?+E%€1)+E2(6, 1368+ (-E* +w?) (w? —-§%€,)
—A{D3€1 €3+AF (w2 +§2€1)P3C; +E2€3+0olwLDs))~(~w2+E2€1)E,

€1= (81 +15G,82), €= ¢1(§2 — w?(3), €3= (8, + 15G,82).

gi =

4. Boundary conditions

On the half-space surface (x3 = 0) normal point
force and thermal point source, which are assumed to be
time harmonic, are applied. We consider two types of
boundary conditions, as follows

Case 1: The normal/mechanical force on the surface of
half-space

The boundary conditions in this case are

1. Condition of normal stress

0-33(x11 X3, t) = _Flll)l (x)eiwtr (35)
2. Vanishing of tangential stress
0'31(x1,X3, t) = 0’ (36)

3. Vanishing of tangential couple stress
m32(x11 x3l t) = 0! (37)

4. Condition of temperature change
aT
a—(xl,x3,t) =0at x3= 0, (38)
X3

where F; is the magnitude of the force applied,y,(x)

specify the source distribution function along x; axis.
Case 2: The thermal source on the surface of half-space
When the plane boundary is stress free and subjected to



Deformation in transversely isotropic thermoelastic medium using new modified couple stress theory in frequency domain 373

thermal point source, the boundary conditions in this case
are

0'31()61, X3, t) = Or (39)
031 (%1, x3,t) = 0, (40)
M3 (%1, %3, 1) =0, 4D
(x5, ) = Bi (0t at x5 = 0, (42)

where F, is the constant temperature applied on the
boundary, ¥, (x) specify the source distribution function
along x; axis.

Subcase 1(a). Mechanical force on the surface of half
space

Substituting the values of ~ %, U3, Tfrom Egs. (32)-
(34) in the boundary conditions (35)-(38) and with the aid
of (1), (5)-(8),(22)-(23),(27)-(30), we obtain the
components of displacement, normal stress, tangential
stress, tangential couple stress and temperature change as

7 = -0 (B e~hm 4 Byeh%s + Bge M + 43)
Bl4e—l4x3)eiwt'

uz = _%1@(%3116_11’53 +dyBpe™4% + (44)
d3Byze ™% + d, By ,e %3 )elot,

T= __F1¢A1(f) (91Bi1e™M%2 + g, B e 4% 4 (45)
g3Bize ™% + g, 14e~44%s)el@t,

033 = _—Fﬂbl(a (311 (613 i - d1/11 P5.91) e~Mi¥s 4
By, (C13 'f dzlz psgz) _1 sz + Bi3 (ﬁ € - 46)

dSASE - P593) A3x3 + Bia (613 - d4l4 3
p594) e—l4x3) elwt'

o =~ (( sa(— 2 + iEdy) + (36, -

3G,)(=§22, — 1§3dy) + (1365 — BG) (A7 +

(£23) ) Buae ™ + (a2, + i) + 5 (36, -
13G,)(=§%2, — i&3d,) + (3G3 — 13G) (A3 +

(€23)) ) Buoe ™% + (caa(—s + 66) + 1 (G = (47)
13G3)(—=§%A; — i§3d3) + (13G3 — I%GZ)(Ag

,lf/%d3))) Byse %3 + (C44(—A4 +&dy) + e (
13Go)(=§22, — i&3ds) + (3G3 — 13G) (A +

iflﬁdﬂ)) 5149_1“3) elot,

(136, —

5 = — 3208 (36, - 6,) ( Bre w0 +
lf/‘lldl) + Blze_lzxs(/lz + lE/‘lzdz) + Bl3e_l3x3 (A% + (48)

(€25ds) + Byge %3 (12 + i§’/14d4)) elt,

where

A _(i'fcm 5332d )
u=\oit " e P9)

1, 1
Ay = (044(*31 pc? +i¢d; ,TC%)
1 ;
e (B0~ BE(-8°2, -~ 8°))

+(13Gs — 13G) (2 + ig;{}'dj))),

Az = 2pchz 2oz 362 — B6a) (A + i§Ad)),

Agp=—4g;.

1 — .
A= *381; Ai(§) . j=1234
A=Ay — Dy + A3 — A,

A= A11A25(A22A44 — AsaAzs) — A11A23(Aa2A4s — Aszdas)
+ A Aza(AzzAsz — AsaAsz),

Ay= A32A51(As3Ass — AszAsa) — A1zAz3(Anidg
+ Az4412(Az1442 — Ag14aa).

— AgaAzy)

Az= A13A51(A22444 — AaaAza) — Azadi13(Aardug
+ A13Aza (A1 sz — AsaAa),

- A41A34)

Ay= 414451 (A32443 — AsaAzz) — Ao dia(Aaidas
+ A1aAz3 (A1 Ay — AgiAsz).

— A41433)

Bl =A, /A,
B12 = —A, /Ay,
B13 = Ay/Ass,
Bl4 = —A,[Ay,.

Subcase 2(a). Thermal source on the surface of half-
space

Substituting the values of Uy, U3, Tfrom Egs. (32)-(34)
in the boundary conditions(39)-(42) and with the aid of (1),
(5)-(8),(22)-(23),(27)-(30) , we obtain the components of
displacement, normal stress, tangential stress, tangential
couple stress and temperature change as above with
Bi1,Bi2, By3,By4 replaced by By ,B4y,B43,B4 and F;
replaced with —F,

By = —A12(Az3A34 — Az3434) + A13(A224A34 — A324A24)
— A14(A32433 — A32423),

By = —A12(Az3A34 — Az3434) + A13(A224A34 — A32A24)
— A14(A32433 — A32423),

Bz = —A11(AzpA34 — A33434) + A12(Ap1 A3y — A31Azs)
— A14(Az143; — A3145),

By = A1 (432433 — Ap3Asz;y) — A1p(Az1A33 — Az1Azs)

+ A13(A2143; — A3145).

4.1 Applications

a) Green'’s function

To synthesize the Green’s function, i.e., the solution due
to concentrated normal force and thermal source on the
half-space is obtained by setting

Pi(x) = (%) (49)

In Egs. (43)-(48).Applying the Fourier transform
defined by (30) on the Eq. (49) gives
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¥ (§) =1 (50)

b) Linearly distributed force
The solution due to distributed force/source applied on
the half space is obtained by setting

0 if | x | >m

Here 2 m is the width of the strip load, the Fourier
transformation of (48) in the dimensionless form after
suppressing the prime becomes

¥1 (9 = [2 (AL—cos (§m)) /&°m],

Using (52) in the (43)-(48), we obtain the components
of displacement, stresses, temperature change and couple
stress.

| x | .
wl(x)={ == flxl sm (51)

£#0. (52)

5. Inversion of the transformations

To obtain the solution of the problem in physical
domain, we must invert the transforms in Eqs. (43)-(48).
Here the displacement components, normal and tangential
stresses and  temperature change, couple stress are
functions of x3, the parameter of Fourier transforms is
¢ and hence are of the form f (& ,x3). To obtain the
function f(x,x3;) in the physical domain, we first invert
the Fourier transform using

1

flo,xs) = [ e ¥ f(§ x5 )d§ =

T

—[%, lcos (€ 0fe— isin(€ N)fpldE .

where f,and f, are respectively the odd and even parts of
f(& ,x3 ). The last step is to calculate the integral in Eq.
(55). The method for evaluating this integral is described in
Press et al. (1986). It involves the use of Romberg’s
integration with adaptive step size. This also uses the results
from successive refinements of the extended trapezoidal
rule followed by extrapolation of the results to the limit
when the step size tends to zero.

(33)

6. Results and discussion

For numerical computations, we take the copper
material which is transversely isotropic

¢, =18.78 x 101 Kgm™1s72, ¢;, = 8.76 X
101° Kgm~ts2, ¢;3 = 8.0 X 101° Kgm~1s72

€33 = 17.2 x 10K gm 1572, ¢, = 5.06 X
10%° Kgm 572, Cp = 0.6331 x 103K g 1K

@, =298 x 105K, ay =24 % 105K L, T, =
293K, p =8.954 x 103Kgm 3

K, = 0433 x 103Wm K™%, K; =0.450 x
10°Wm K2, G, = 0.1, G, =102

G,=03, L=1, Il =1,=1I,=.843

Mechanical Force

2

displacement u,

distance x
Fig. 1 Variation of displacement u; with the distance
x (linearly distributed force)

Mechanical Force

displacement us

distance x

Fig. 2 Variation of displacement us with the distance
x (linearly distributed force)

Mechanical Force

0.01 —

a-
0.008 — =

termperature change T

distance x

Fig. 3 Variation of temperature change 7 with the
distance x (linearly distributed force)

Components of displacement, stress, temperature change
and couple stress are computed numerically. Software GNU
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Fig. 4 Variation of normal stress o33 with the distance
x(linearly distributed force)
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Fig. 5 Variation of tangential stress g3, with the distance
x(linearly distributed force)
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Fig. 6 Variation of couple stress ms, with the distance
x(linearly distributed force)

Octave 5.1.0 has been used to determine and compare
the values of normal stress, tangential stress, couple stress,
temperature change and components of displacement for

Mechanical Force
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I T T |
0 2 4 6
distance x

Fig. 7 Variation of displacement u; with the distance
x(concentrated force)

Mechanical Force
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-1.2
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Fig. 8 Variation of displacement u; with the distance
x(concentrated force)

Mechanical Force

0.005 —

0.004

0.003

0.002

temperature change T

0.001

4 6
distance x

Fig. 9 Variation of temperature change
distance x(concentrated force)

T with the

transversely isotropic thermoelastic medium with distance
x for three different values of angular frequency w. In
Figs. 1-36, solid line with centre symbol (— ¢
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Fig. 13 Variation of displacement u, with the distance

Fig. 10 Variation of normal stress o33 with the distance
x(linearly distributed thermal source)

x(concentrated force)
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Fig. 14 Variation of displacement u; with the distance
x(linearly distributed thermal source)

4 8
distance x

Fig. 11 Variation of tangential stress g3 with the
distance x(concentrated force)
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Fig. 12 Variation of couple stress m3, with the distance Fig. 15 Variation of displacement u; with the distance
x(linearly distributed thermal source)

x(concentrated force)

—)corresponds to angular frequency w =.25 and solid (== A——) corresponds to angular frequency w =.75.

line with centre symbol (— o —) corresponds to angular ]
frequency w =.5 and dotted line with central symbol 6.1 Mechanical source on the surface of half space
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Fig. 16 Variation of normal stress oz;with the distance
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Fig. 17 Variation of tangential stress a5;with the distance
x(linearly distributed thermal source)
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Fig. 18 Variation of couple stress mg,with the distance

x(linearly distributed

thermal source)

a) Linearly distributed mechanical source
Fig.1 shows the variations of the displacement u,, for
w = .25 displacement u;decreases for 0 < x < 6.5 and

displacement Uy
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Fig. 19 Variation of displacement u,with the distance
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Fig. 20 Variation of displacement u; with the distance

x(concentrated

Fig. 21
distance x(concentrated

temperature change T

thermal source)

Thermal F orce

4 6
distance x

Variation of temperature change T with the

thermal source)

rises slowly for the rest of range of x. Forw =.5 and w =
.75 values of u; decrease smoothly for 0 < x < 10.As x
remains constant, u; increases with the increase of
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Fig. 22 Variation of normal stress oz;with the distance
x(concentrated thermal source)

Thermal Force

tangential stress oy

distance x

Fig. 23 Variation of tangential stress g3; with the
distance x(concentrated thermal source)

Thermal Force

couple stress Mg,

distance x

Fig. 24 Variation of couple stress m3, with the distance
x(concentrated thermal source)

frequency. Fig. 2 shows the variations of the displacement
w3, for w=.25 and w=.5 displacement u3
monotonically increases for 0 < x < 4 and decreases for

4 < x £ 6 and increases slowly for the remaining range of
x. For w =.75 trend is similar upto 0 < x < 6 and value
ofu; increases for 6 < x <7, then decreases in the
rest. Value of wu3 for w =.25 is higher than that of
w =.5. Fig.3 shows the variations of the temperature
change T, for w =.25 curve shows the oscillatory
behavior with small amplitude. For w =.5 and w =
.75, the value of T shows decreases for the increase in x
and increases as frequency w increases.Fig.4 shows the
variations of the normal stress o33 with the distance x.In
all the cases ie, w=.25, w=.5 and w =.75,033
shows oscillatory behaviour with almost merging small
amplitudes for the 4 < x <10 and with a difference in
amplitudes in the remaining range. Amplitudes are very
high at origin. Fig.5 shows the variations of the tangential
stress 03, with the distance x,curves corresponding to
frequencies w =.25, w =.5 and w =.75decrease for
0 <x <3 and increase in the range 3 < x < 10. The
magnitudes of displacements u,,u;, normal stress are
higher near the loading surface than the remaining
range.Fig.6 shows the variations of the couple stress
mj3,,curves corresponding to w =.25 and  =.5 show
oscillatory behavior, curve corresponding to w =.75
smoothly and monotonically increases in 0 < x <5 and
monotonically decreases in the rest of the range.

b) Concentrated mechanical source

Figs. 7-12 show the characteristics for concentrated
mechanical source. It is depicted from Figs.7-12 that the
distribution curves for u;,u;, normal stressos;, tangential
stress 03q,.temperature change Tand couple stressms,for
concentrated force, follow same trends as in case of linearly
distributed force with difference in magnitudes in their
respective patterns for all the cases w =.25 , w =.5
and w =.75.

6.2 Thermal source on the surface of half space

a) Linearly distributed thermal source

Fig.13 shows the variations of the displacement u,, all
the three curves increase in the first half and decrease in the
rest of the range. Amplitudes are higher for higher values of
w.Fig.14 shows the variations of the displacement u;,
curve corresponding to w = .25 increases for 0 <x < 2
, and then follow descending oscillatory behavior in the
rest. Curve corresponding to w =.5 increases for 0 <
x < 2, decreases sharply for 2 < x < 6.5, increases rapidly
in the rest of distance axes. Curve corresponding to w =
.75increases smoothly for 0 < x <4 and decreases in
the rest. Curves do not follow any specific pattern for
different frequencies, but very close to the origin as
increases value of  u; decreases.Fig.15 shows the
variations of the temperature change T , curve
corresponding to w = .25 is ascending oscillatory and
curve corresponding to w =.5 is descending oscillatory.
The amplitude of the curves are small. Frequencyw =
.75 leads to asymmetrical curve, curve decreases for 0 <
x <5 and increases in the rest.Also, amplitude is very
large as compare to other two curves. Very near the loading
surface, for the higher frequencies, value of T is also higher.
Fig.16 shows the variations of the normal stress o33, curves
corresponding to w =.25, w =.5 and w =.75 follow
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ascending oscillatory behavior with difference in the
magnitude of g33. Corresponding amplitudes increase as w
increases. At origin, higher frequency curves have lower
initial point on o3zaxis. Fig.17 shows the variation of
tangential stress 03, curves corresponding to w = .25and
w =.5 follow oscillatory behavior with gradually
decreasing amplitude. Curve corresponding to w =.5
follows  descending  oscillatory = behavior.  Curve
corresponding to w = .75decreases for 0 < x <5 and
increases in the rest of the range. Fig. 18 shows the
variation of the couple stress ms,, curves corresponding to
all the three frequencies are oscillatory. Value of ms,,
corresponding to curve  =.75 is less than both the
remaining curves in the range 2 <x <8.5. Value
of ms, corresponding to w = .25and w =.5 lies in the
range (-0.5,0.45) and corresponding to w = .75 lies in the
range (-0.4,0.1). Difference among the amplitudes is more
in case of tangential stress.

b) Concentrated thermal source

In Fig. 19 distribution curves for u,; for concentrated
thermal force are same as in case of linearly distributed
mechanical force except that curves are piecewise smooth.
Fig. 20 shows the variations of the displacementus, all the
curves are smooth with descending oscillatory behavior.
Frequency w = .75 lead to asymmetry in the pattern of
curves. Value of uj corresponding to frequencies w =
25 and w =.5 monotonically decreases for 0 < x <
2, 3.5<x <5, 7 < x < 8.5, and monotonically increases
in the rest. Curve corresponding to frequency w =.75
increase for 0<x<3, 5<x<65, 9<x<10,
maximum amplitude is in the range 1.5 < x < 4. Except
for curve corresponding to w =.5 , amplitude of curves
decrease as we move toward right along the distance
axis.Fig.21 shows the variations of the temperature T,
curves are smooth with oscillatory behavior. Frequencyw =
.75 leads to some asymmetry in the shape of curves.
Corresponding amplitudes decrease as  increases.
Curve corresponding to frequency w =.75 decreases
for 0 <x <4, is ascending oscillatory in rest. Fig.22
shows the variations of the normal stress o33, all the
curves are smooth with oscillatory behavior. Corresponding
amplitudes increase as frequency increases. Fig.23 shows
the variations of the tangential stress o3, curves are
smooth oscillatory with alternatively monotonically
increasing and decreasing behavior. Amplitude of
variation goes on increase as frequency increases. Increase
in frequency lead to asymmetry in the shape of curve.
Fig.24 shows the variations of the couple stress ms,, curve
corresponding to w = .25 and w =.5 show oscillatory
behavior with higher amplitude of the curve for w =.5.
Curve corresponding to w =.75 is descending oscillatory
in 0 <x <5.5 having large amplitude and is ascending
oscillatory in the remaining range having small amplitude.

7. Conclusions
New modified couple stress theory for transverse

isotropic thermoelastic medium in frequency domain is
presented in this paper. Size effects are considered using

length scale parameters. Analysis of stresses, temperature
change, displacement components and couple stress due to
thermal and mechanical changes in transversely isotropic
material is a significant problem in solid mechanics. The
interactions of a transversely isotropic thermoelastic
material in the new modified couple stress theory have been
investigated using harmonic behavior and Fourier transform
technique. A numerical inversion technique has been used
to recover the solutions in the physical domain. The
expressions for components of stress, components of
displacement, temperature change and couple stress have
been derived successfully and shown graphically in the
presence of angular frequency. All the analysis has been
done varying the angular frequency w. Figures show that
the angular frequency has appreciable effects on the
numerical values of the resulting quantities. The results
obtained in the study should be beneficial for people
working on new modified couple stress thermoelastic solid
without energy dissipation and similar work.
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