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1. Introduction 
 

With the rapid development of transportation 

infrastructure and underground space utilization, tunnels 

have been found to be widely used for many specific 

purposes (Lai et al. 2018, Wu et al. 2018, 2019, Qiao et al. 

2018, 2019). Recently, more and more tunnels are being 

constructed or planned to be excavated in various complex 

geological conditions, including rheological soft rock mass 

(Shin et al. 2011, Sharifzadeh et al. 2013, Wang and Huang 

2014, Fan et al. 2017, Qiu et al. 2018, Yang et al. 2018, 

Zhao et al. 2018). However, many researches show that the 

problem of large deformation and support failure is prone to 

occur when tunnels are driven in this stratum. 

In the past decades, many researchers have tried to solve 

such problem by use of various methods (Shin et al. 2011, 

Kong et al. 2016, Sharifzadeh et al. 2012, Lee 2016, Zhou 

et al. 2016, Huang et al. 2017, Hu et al. 2018). Yang et al. 

(2017) proposed a new “bolt-cable-mesh-shotcrete + shell” 

combined support after analysis of failure process of 

roadway. Ding (2018) investigated the influence of tunnel 

burial depth, tunnel diameter and lateral pressure coefficient 

of original rock stress on the stress and deformation of  
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tunnel surrounding rock. However, many studies indicated 

that the only feasible solution in heavily rheological soft 

rock mass is a tunnel support that is able to deform without 

becoming damaged-that is so-called “yielding supports”, in 

combination with a certain amount of over-excavation in 

order to accommodate the deformations (Cantieni and 

Anagnostou 2009, Wu and Shao 2019a). The idea behind all 

these support structures is that the ground pressure will 

decrease if the ground is allowed to deform. Many 

researchers have performed the deep studies on these 

supports and also developed some new structures (Schubert 

1996, Tian et al. 2016, 2018, Wang et al. 2017, Mezger et 

al. 2018, Wu and Shao 2019b). As a type of yielding 

supports, yieldable steel ribs, as shown in Fig. 1, are often 

recommended if tunnels are driven in rheological rocks. 

Jiang et al. (2011) calculated the internal forces of a close 

type yieldable steel support and Li et al. (2017) performed 

an experimental study on bearing capacity of it. You (2002) 

analyzed the effect of the support overlap parts on the 

stability of steel ribs. Jiao et al. (2013) improved the 

traditional yieldable structure and successfully used it for 

supporting tunnels in loose thick coal seam. The 

aforementioned works could provide useful guidance for 

support design. However, there are few closed analytical 

solutions for mechanical behavior of tunnels supported by 

yieldable steel ribs in recent literature. 

For better understanding of mechanical behavior of 

tunnels supported by yieldable steel ribs in rheological 

rocks, a theoretical analysis is performed in this paper. 

Taking into account the deformation characteristics of 

yieldable steel ribs, their deformation is divided into three 

stages and support stiffness correction is carried out in 

different stages. Closed form solutions for the displacement 

in rock/support interface and for the pressure exerted by  
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Fig. 1 Sketch of yieldable steel ribs 

 

 

rock deformation on the support in different stages are 

provided. In addition, the effectiveness and reliability of 

theoretical analysis is verified by use of finite element 

method (FEM). Furthermore, based on the analytical 

solutions provided, the investigation on the effect of 

parameters of yieldable steel ribs on supporting effect is 

conducted. The results in the paper can provide some useful 

guidance for the design of similar projects. 

 

 

2. Definition of the problem 
 

Basically, joints of yieldable steel ribs would be allowed 

to slide if pressure on them exceeds a certain threshold, 

which causes different support characteristic curves for 

yieldable steel ribs and rigid support. As shown in Fig. 2, 

based on the deformation behavior of yieldable steel rib, 

support characteristic curve for them could be divided into 

four different parts as follows: 

AB: In the early stage, joints of yieldable steel ribs fail 

to slide since pressure on them has not reached yielding 

pressure p1. At this stage, support only generates small 

elastic displacement u1-u0. 

BC: With the gradually increasing pressure on yieldable 

steel ribs, it has reached the predetermined threshold p1 and 

joints begin to slide in this stage. During the movement of 

overlap parts of joints, the radius of the support continues to 

decrease. Instead the overlapping length of joints gradually 

increases until length designed runs out. In this stage, 

pressure-displacement curve displays a small slope between 

(u1, p1) and (u2, p2). Deformation of support structure at this 

stage could be regarded as yielding deformation. 

CD: If shrinkage provided by joints runs out, joints are 

not allowed to slide any more and yieldable steel ribs enter 

a new deformation stage again. In this stage, deformation 

could also be seen as elastic part. 

When load on yieldable steel ribs reaches support 

capacity pmax, it would cause buckling deformation and 

failure of yieldable steel ribs, which is beyond the scope of 

this paper. 

In this paper, the problem deals with a circular 

reinforced hole supported by yieldable steel ribs in 

rheological rocks. To simplify the theoretical derivation, the 

following assumptions are made: 

(a) Rock is homogeneous, isotropic, and exhibits  

 

Fig. 2 Support characteristic curve for yieldable steel ribs 

and non-deformable arch 

 

 

linearly viscoelastic property. 

(b) The initial state of ground stress is hydrostatic. 

(c) The deformation of yieldable steel ribs is classified 

as first part of elastic deformation, second part of yielding 

deformation and third part of elastic deformation. 

 

 

3. Constitutive model of rock 
 

It is well know that it is an effective method to use 

physical model to describe the time-dependent behavior of 

geomaterials. For viscoelastic geomaterials, the rheological 

model could be represented by several springs and dashpots 

connected either in parallel or series. 

As illustrated in Fig. 3(a), Maxwell model is formed by 

a spring and a dashpot connected in series. Once by a 

constant stress immediately, the Maxwell model displays an 

instantaneous elastic strain firstly and then a steadily 

increasing and irreversible creep behavior follows. Instead, 

Kelvin model is made up of a spring and a dashpot 

connected in parallel (see Fig. 3(b)). Under an instantly 

applied constant load, the strain increases asymptotically to 

its final value. 

In Fig. 3(c), Maxwell model connected in series with 

Kelvin model is in the formation of the linearly viscoelastic 
 

 

 

Fig. 3 Physical model (a) Maxwell model, (b) Kelvin 

model and (c) Burgers model 

62



 

Mechanical analysis of tunnels supported by yieldable steel ribs in rheological rocks 

 

Fig. 4 Characteristic curve for creep behavior of Burgers 

model 

 

Table 1 Coefficients of Ak and Bk 

k 2 1 0 

Ak 1 GM/ηM+GM/ηK+GK/ηK GMGK/ηMηK 

Bk 2GM 2GMGK/ηK 0 

 

 

Burgers model. According to Goodman (1989), Burgers 

model is preferable for engineering purposes. As shown in 

Fig. 4, once by an immediate load, the Burgers model firstly 

exhibits an elastic strain and then the decay and steady 

creep behavior could also be traced. Moreover, only four 

deformation parameters are involved in Burgers model, i.e., 

GM, ηM, GK and ηK, which could have been given less 

attention to run parametric investigation. 

According to the composition of Burgers model, its 

deviatoric stress and strain could be calculated as 

M K

ij ij ij

K M

ij ij ij

s s s

e e e

 = =


= +  

(1) 

where sij and eij denote tensors of stress and strain deviators, 

respectively. The superscripts M and K represent the 

Maxwell and Kelvin components of the corresponding 

variables.  

In general, the constitutive equations of Maxwell and 

Kelvin model could be expressed as 

2 2

M M

ij ijM

ij M M

s s
e

G
= +

 

(2) 

2 2K K K K K

ij ij ijs G e e= +
 

(3) 

with the overdot denoting the time derivative. G and η are 

spring constant and viscosity coefficient of dashpot, 

respectively. 

Then, substituting the Eqs. (2) and (3) into Eq. (1) yields 

the constitutive equation of Burgers model as follows 

2 2
M M K M K M K

M

ij ij ij ij ijM K K M K K

G G G G G G G
s s s G e e

     

   
+ + + + = +   
     

(4) 

For simplification of theoretical derivation, it is useful 

to use the linear differential time operators Q and P to 

rewrite the linear viscoelastic constitutive equation of 

Burgers model. Thus, the Eq. (4) can be re-expressed as 

ij ijQs Pe=
 

(5) 

with Q and P as follows 

2

0

k

k k

d
Q A

dt
=

,

2

0

k

k k

d
P B

dt
=

 
(6) 

in which Ak and Bk are listed in Table 1, respectively. 

In cylindrical coordinates, Eq. (5) in r, θ, z would be 

converted 

( ) ( )r mean r meanQ P   − = −
 

(7) 

( ) ( )mean meanQ P    − = −
 

(8) 

( ) ( )z mean z meanQ P   − = −
 

(9) 

where σr, σθ and σz represent radial, tangential and axial 

stress, respectively. εr, εθ and εz denote radial, tangential and 

axial strain, respectively. σmean and εmean are the mean stress 

and strain, respectively, computed as 

3

3

r r
mean

r r
mean





  


  


+ +
=


+ + =

  

(10) 

 

 

4. Theoretical derivation 
 

4.1 Fundamental formula 
 

As illustrated in Fig. 5, based on the theory of elasticity, 

the stress field around an axisymmetric pressure hole is 

available. By use of correspondence principle, for the 

viscoelastic plane strain problem stress field could be 

expressed as 

( )

( )

2 2

02 2

2 2

02 2

1

1

r

R R
p p t

r r

R R
p p t

r r






  
= − +  

  


 
= + − 
   

(11) 

where p0 represents uniform stress at infinity and p(t) is 

internal pressure. R and r are the hole radius and the 

distance between element studied and hole center point, 

respectively. 

Based on the Eq. (11), the deviatoric stress field around 

this opening could be calculated as 

( )

( )

2

0 2

2

0 2

r

R
p p t

r

R
p p t

r







 = − +   

 = −    

(12) 
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with r and  being the radial and tangential deviatoric 

stresses, respectively. 

Thus, substituting r=R into the Eq. (12) yields the radial 

and tangential deviatoric stresses at the tunnel wall as 

follows 

( )

( )

0

0

r p p t

p p t





 = − +

 = −  

(13) 

Based on the displacement-strain relation, the tangential 

strain difference could be written as 

( ), /u r t r =
 

(14) 

in which  represents tangential deviatoric strain and 

u(r,t) denotes radial displacement. 

Similarly, at the tunnel wall, i.e., r=R, Eq. (14) becomes 

 

( ) /Ru t R =
 

(15) 

where uR(t) is the radial displacement of the wall. 

 

4.2 First part of elastic deformation 
 

As mentioned above, in the first part of elastic 

deformation, pressure acting on the yieldable steel ribs has 

not reached yielding pressure p1 and thus joints fail to slide. 

When the yieldable steel ribs are installed at time t=0, as  

 

 
 

shown in Fig. 6, the pressure acting on the support (also 

reaction force of support on rock) could be calculated as 

( )
( ) ( )0R R

S

u t u
p t K

R

−
=

 

(16) 

with KS being the stiffness of yieldable steel ribs in the first 

part of elastic deformation.  

By Substituting Eq. (16) into Eq. (13), the tangential 

deviatoric stress at the tunnel wall could be calculated as 

( ) ( )
0

0R R

S

u t u
p K

R


−
 = −

 

(17) 

Then substituting the Eqs. (15) and (17) into Eq. (8) 

provides the governing equation of displacement in the 

rock-support interface as follows 

( ) ( ) ( )
2

0 0

0

0
k

k S k R S Rk

d
B K A u t A K u p R

dt
+ = +  

 

(18) 

Basically, two initial conditions are required in order to 

obtain the analytical solution for displacement in the rock-

support interface by solving the Eq. (18). Based on the Eq. 

(18), one is the instantaneous deformation of unlined tunnel 

after excavation completed at t=0, which could be given by 

( ) 00
2

R M

p R
u

G
=

 
(19) 

According to the Eq. (18), the other initial condition 

 

Fig. 5 Mechanical model of axisymmetric pressure hole 

  
(a) Rock (b) Yieldable steel ribs 

Fig. 6 Illustration of tunnel mechanical model 
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should be the displacement rate at t=0 in the rock-support 

interface. Accounting for the interaction between rock and 

yieldable steel ribs after support installation, coordinate 

deformation between them needs to be satisfied and the 

initial displacement rate at t=0 could be calculated as 

( )
( )

0 1 1
0

2 1 / 2
R M KM

S

p R
u

K G  

 
= + 

+  
 

(20) 

Therefore, the linear differential equation (18) can be 

solved by the Eqs. (19) and (20) and   the analytical 

solution in closed form for the displacement in the rock-

support interface in the first part of elastic deformation 

could be given by 

( )
1 2

0 1 2

1 2

1
2

a t a t

S
R M

S

p R K F e F e
u t

K G a a

 − 
= + +  

−    

(21) 

where a1,2 are the roots (both negative) of the following 

equation 

( ) ( )
2 2 / / / 1 1

0
2 / 1 2 / 1

M M K K M

S

M K M M K M

S S

G K G G T T
a a

G K T T G K T T

   + + +
   + + =

+ +        
(22) 

with TM and TK being ratio of dashpot’s viscosity coefficient 

to spring constant in Maxwell model and in Kelvin model. 

and F1, F2 are given by 

( )
( )

1

1

1

1 1 /

2 / 1

K M K

M K M

S

a T
F

a G K T T

 + +
=

+
 

(23) 

( )
( )

2

2

2

1 1 /

2 / 1

K M K

M K M

S

a T
F

a G K T T

 + +
=

+
 

(24) 

Then, substituting the Eqs. (19) and (20) into Eq. (16) 

yields the pressure acting on yieldable steel ribs in the first 

stage as follows 

( )
1 2

1 2
0

1 2

1
a t a t

F e F e
p t p

a a

 −
= + 

−   

(25) 

Due to no slide of joints in the first part of elastic 

deformation, the pressure acting on the yieldable steel ribs 

has not reached yielding pressure p1. The above theoretical 

analysis is only valid for the first part of elastic deformation 

from time 0 to t1, i.e., ( ) 1ptp   and ( ) 1utuR  . 

 

4.3 Second part of yielding deformation 
 

In the second part of yielding deformation, joints are 

allowed to slide since the pressure acting on yieldable steel 

ribs has reached the yielding pressure p1. As illustrated in 

Fig. 2, the principle of pressure-displacement development 

in this stage is obviously distinct from that in the first part 

of elastic deformation. Because the support deformation is 

mainly caused by movement of joints in this stage, support 

stiffness of yieldable steel ribs has changed. In order to 

modify the support stiffness in this stage, stiffness 

correction factor λ1 is introduced. 

Then, in this deformation stage, pressure acting on 

support could be calculated as 

( )
( ) 1

1 1

R

S

u t u
p t p K

R


−
= +

 

(26) 

Substituting the Eq. (26) into Eq. (13) provides the 

tangential deviatoric stress at the tunnel wall in the second 

part of yielding deformation as follows 

( ) 1

0 1 1

R

S

u t u
p p K

R
 

−
 = − −

 

(27) 

By substituting the Eqs. (15) and (27) into Eq. (8), the 

governing equation of displacement in the rock-support 

interface in the second deformation part could be calculated 

as 

( ) ( )  
2

1 0 0 1 1 1

0

k

k S k R Sk

d
B K A u t A p R p R K u

dt
 + = − +

 
(28) 

Similarly, the analytical solution for displacement in the 

rock-support interface could be obtained by solving the Eq. 

(28), which requires two initial conditions as well. Based on 

the Eq. (21), the displacement at time t=t1 could be given by 

( )
1 1 2 1

0 1 2
1 1

1 2

1
2

a t a t

S
R M

S

p R K F e F e
u t u

K G a a

 − 
= + + =  

−    

(29) 

Because pressure acting on support has reached a certain 

threshold p1 at time t=t1, joints of yieldable steel ribs begin 

to slide, which leads to the sudden change of stiffness of the 

yieldable steel ribs. It is accepted that deformation 

coordination in the rock-support interface needs to be 

satisfied at any time. So based on the analysis on the 

deformation consistency in the rock-support interface, the 

displacement rate could be calculated at time t=t1 as follows 

( )
( )

( ) ( )

1 1 2 1

0 1 1 2 2

1

1 1 21 1 / 2

a t a t

R M

S S

p R F a e F a e
u t

K K G a a

−
=

 + − −   

(30) 

Then solving the Eq. (28) by use of the Eqs. (29) and 

(30) provides the following analytical solution for 

displacement in the rock-support interface in the second 

part of yielding deformation. 

( )
( ) ( )1 4 13

0 1 3 4
1

1 3 4

t t a t ta

R

S

p R p R F e F e
u t u

K a a

− −
− −

= + +
−

 

(31) 

with a3,4 being the roots (both negative) of the following 

equation 

( ) ( )
2 1

1 1

2 / / 1
0

1 2 / 1 2 /

M M K M K

S

M M K M M K

S S

K G T T
a a

G K T T G K T T

  

 

+ + +
+ + =

+ +
 
(32) 

and F3, F4 are given by 

( )
( ) ( )

1 1 2 1

0 1 1 2 2 0 1
3 4

11 1 21 1 / 2

a t a t

M
SS S

p R F a e F a e p R p R
F a

KK K G a a 

− −
= +

 + − −   

(33) 
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( )
( ) ( )

1 1 2 1

0 1 1 2 2 0 1
4 3

11 1 21 1 / 2

a t a t

M
SS S

p R F a e F a e p R p R
F a

KK K G a a 

− −
= +

 + − −   

(34) 

So, by substituting the Eq. (31) into Eq. (27), pressure 

acting on the yieldable steel ribs could be calculated as 

( )
( ) ( )

( )

3 1 4 1

1 3 4

0

3 4

a t t a t t

SK F e F e
p t p

R a a


− − −

 = +
−

 

(35) 

When shrinkage provided by joints has run out at time 

t=t2, pressure acting on yieldable steel ribs and 

displacement would reach limit values in this stage, p2 and 

u2, respectively. Also, the analytical solutions for 

displacement and pressure above are only applicable to 

prediction in the second part of yielding deformation from 

time t1 to t2. 

 

4.4 Third part of elastic deformation 
 

From time t=t2, joints would not be allowed to slide 

anymore and yieldable steel ribs begin to enter third part of 

elastic deformation. In this stage, stiffness correction factor 

λ2 is introduced. 

Then, the pressure acting on yieldable steel ribs in this 

stage becomes as 

( )
( ) 2

2 2

R

S

u t u
p t p K

R


−
= +

 

(36) 

Applying Eq. (36) into Eq. (13) yields the tangential 

deviatoric stress at tunnel wall as follows 

( ) 2

0 2 2

R

S

u t u
p p K

R
 

−
 = − −

 

(37) 

By substituting the Eqs. (15) and (37) into Eq. (8), 

governing equation of displacement in the rock-support 

interface in the third part of elastic deformation could be 

expressed as 

( ) ( )  
2

2 0 0 2 2 2

0

k

k S k R Sk

d
B K A u t A p R P R K u

dt
 + = − +

 

(38) 

It is obvious that by use of Eq. (31) one initial condition 

for solving Eq. (38) could be given by 

( )
( ) ( )3 2 1 4 2 1

0 1 3 4
2 1 2

1 3 4

a t t a t t

R

S

p R PR F e F e
u t u u

K a a

− −
− −

= + + =
−

 

(39) 

At time t=t2, shrinkage provided by joints has run out. 

With still increasing pressure, yieldable steel ribs begin to 

enter elastic deformation stage once again. There is also a 

sudden change in the stiffness of support at this time. In 

order to meet deformation coordination in the rock-support 

interface, the other initial condition for the displacement 

rate at time t=t2 should be expressed as 

( )
( ) ( )

( ) ( )

3 2 1 4 2 1

3 3 4 4
2

2 1 3 41 / 2

a t t a t t

R M

S

F a e F a e
u t

K G a a 

− −
−

=
 + − −   

(40) 

The linear differential equation (38) can be solved by 

the Eqs. (39) and (40) and the displacement expression in 

the rock-support interface in the third part of elastic 

deformation could be given by 

( )
( ) ( )5 2 6 2

0 2 5 6
2

2 5 6

a t t a t t

R

S

p R p R F e F e
u t u

K a a

− −
− −

= + +
−

 

(41) 

where a5,6 are the roots (both negative) of the following 

equation 

( ) ( )
2 2

2 2

2 / / 1
0

1 2 / 1 2 /

M M K M K

S

M M K M M K

S S

K G T T
a a

G K T T G K T T

  

 

+ + +
+ + =

+ +
 
(42) 

and F5, F6 are given by 

( ) ( )

( ) ( )

3 2 1 4 2 1

3 3 4 4 0 2
5 6

22 1 3 41 / 2

a t t a t t

M
SS

F a e F a e p R p R
F a

KK G a a  

− −
− −

= +
 + − −   

(43) 

( ) ( )

( ) ( )

3 2 1 4 2 1

3 3 4 4 0 2
6 5

22 1 3 41 / 2

a t t a t t

M
SS

F a e F a e p R p R
F a

KK G a a  

− −
− −

= +
 + − −   

(44) 

By substituting Eq. (41) to Eq. (36), pressure acting on 

yieldable steel ribs in the third part of elastic deformation 

could be calculated as 

( )
( ) ( )

( )

5 2 6 2

2 5 6

0

5 6

a t t a t t

SK F e F e
p t p

R a a


− − −

 = +
−

 

(45) 

With gradually increasing pressure acting on yieldable 

steel ribs, pressure would reach bearing capacity of 

yieldable steel ribs and failure inevitably occur during 

deformation. Therefore, the analytical solutions for 

displacement and pressure provided in the third part of 

elastic deformation would no longer applicable. 
 

 

5. Results and discussion 
 

5.1 Verification 
 

In order to fully display the accuracy and reliability of 

the provided analytical solutions, the comparison is 

performed between theoretical and numerical (by use of 

ABAQUS software) results. The tunnel radius, in-situ 

stress, rock parameters and support properties applied in the 

calculation are taken from Goodman (1989), listed in Table 

2, respectively. Noting that, in this calculation, parameters 

associated with support stiffness change are assumed that 

λ1=0.1, λ2=1.0, p1=1MPa and p2=1.6MPa. 

As shown in Figs. 7 and 8, curves for pressure and 

radial displacement in the rock-support interface with time 

and the support characteristic curve are plotted, 

respectively. In the Figs. 7 and 8, the comparison between 

analytical solutions and numerical results is conducted. It 

could be found that analytical solutions show a good 

agreement with numerical results. 

In the curves of Fig. 7, the variation of pressure and 

radial displacement is shown. It is obvious that in the first 

part of elastic deformation, pressure on yieldable steel ribs  

66



 

Mechanical analysis of tunnels supported by yieldable steel ribs in rheological rocks 

Table 2 Geometry, loading and properties of rock and 

support  

Geometry and loading 

Tunnel radius R 

/m 
Initial ground stress p0 /MPa 

4.572 6.895 

Rock parameters 

GK /MPa ηK /MPa y GM /MPa ηM /MPa y  

344.738 655.758 3447.379 131183.409  

Support properties 

h/m E /MPa ν KS /MPa λ1 λ2 

0.61 16547.420 0.2 2542 0.1 1.0 

 

 

 

Fig. 7 Pressure and radial displacement of analytical 

solutions and comparison with numerical results 

 

 

Fig. 8 Support characteristic curve for yieldable steel ribs 

calculated by theoretical and numerical results after 8 

years 
 
 

increases sharply and it does not take long time to reach the 

yielding pressure p1. As the pressure acting on the yieldable 

steel ribs exceeds the threshold p1, the support deformation 

enters the second stage. Because joints of yieldable steel 

ribs are allowed to slide in the second yielding deformation, 

yieldable steel ribs are able to accommodate the rock 

deformation but with small pressure increment in this stage. 

As illustrated in Fig. 7, displacement also increases rapidly 

in this stage. By contrast, pressure shows a slowly 

increasing trend. When shrinkage provided by joints has run 

out, namely, pressure acting on support has reached critical 

value p2, pressure transits to a new increasing stage, as  

 

Fig. 9 Pressure and displacement of the Eqs. (21) and 

(25) without accounting for yielding deformation 
 

 

shown in Fig. 7. In this stage, pressure grows quickly again 

due to the sudden change of support stiffness and then 

growth rate slows down gradually. Finally, pressure enters a 

steady state. 

About the displacement in the rock-support interface, as 

shown in Fig. 7, during the first and second parts, 

displacement presents a rapidly increasing trend. Since third 

part, it is obvious that growth rate of displacement begins to 

slow down and displacement keeps a constant soon.  

As shown in Fig. 8, the principle of pressure-displacement 

development is well reflected by support characteristic 

curve. Two lines share the same slope for the same support 

stiffness in the first and third parts. Pressure grows rapidly 

with small displacement increment in these two stages. 

However, the reverse is the case in the second part since 

weak support stiffness in this stage. So it can also be 

validated from the Fig. 8 that the yieldable steel ribs are 

able to accommodate the rock deformation in order to 

reduce the pressure acting on them. 
 

5.2 Parametric investigation 
 

For the better design of yieldable steel ribs, joints should 

be paid most attention to. Stiffness correction factor λ1 and 

yielding displacement u2-u1 are the most important 

parameters affecting the performance of joints. Based on 

the analytical solutions provided, a parametric investigation 

to the influence of joints on supporting effect is performed. 

For better comparison, based on the Eqs. (21) and (25), 

curves for pressure and displacement with time are plotted 

in Fig. 9, yielding deformation having not been taken into 

account. The final pressure and displacement after 8 years 

are expressed as pc and uc, respectively. 

In the diagrams of Fig. 10(a), the variation of ratio of 

ultimate pressure pu considering yielding deformation to pc 

with different stiffness correction factors λ1 is shown. 

Curves about ratio of ultimate displacement uu to uc are 

displayed in Fig. 10(b). These diagrams are drawn for λ1=0, 

0.05, 0.1, 0.15, 0.2 and (u2-u1)/(u1-u0)=3.0, 6.0, 9.0, 

respectively. Remarkably, λ1=0 could not be submitted to 

the analytical solutions directly. Here, λ1=0.001 is suggested 

to take the place of λ1=0 to calculate corresponding results. 

During joints sliding, the yieldable steel ribs are able to 

accommodate the rock deformation in order to reduce the 

pressure acting on them. In this stage, yieldable steel ribs  
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Fig. 11 Ratio of ultimate pressure pu considering yielding 

deformation to pc with different yielding displacements 

after 8 years 
 

 

should be seen as the support with weak stiffness. 

Therefore, taking value of stiffness correction factor λ1 

should be suggested to be small. As shown in Figs. 10(a) 

and (b), the influence of stiffness correction factor λ1 on 

ultimate pressure and displacement could be neglected with 

it remaining at a low level. But it also could be found from 

the Figs. 10(a) and (b) that yielding displacement has a 

great influence on ultimate pressure and displacement. The 

larger yielding displacement would result in greater 

ultimate displacement and smaller ultimate pressure. The 

idea behind all yieldable supports is allowing rock to 

deform to release rock pressure through over-excavation. 

The conclusion drawn from Figs. 10(a) and (b) is a good 

validation for this idea. 

In order to investigate the effect of yielding 

displacement on pressure, Fig. 11 shows the ratios of 

ultimate pressure pu considering yielding deformation to pc 

with different yielding displacements. The pressure ratios 

are drawn for λ1=1 and (u2-u1)/(u1-u0)=1, 2, 3, 4, 5, 6, 7, 8, 

9, 10. 

As shown in Fig. 11, in linear viscoelastic rock, there is 

also a linearly descending relationship of pressure with 

yielding displacement. However, it could also be found 

from the Fig. 11 that if yielding displacement is not large 

for a specific type of rheological rock, the reduction of 

pressure is not obvious, even pressure slightly increases 

(which may be explained by the inaccuracy of tunnel radius  

 
 

in theoretical derivation). In other words, it is undesirable 

for yieldable steel ribs to play intended role if yielding 

displacement is designed to be small. With the gradually 

increasing of yielding displacement, the pressure linearly 

decreases. Therefore, it can be concluded that only when 

the yielding displacement is designed to be large enough 

could yieldable steel ribs be able to reduce rock pressure 

without becoming damage through yielding deformation in 

the second stage. However, it is also never the case that 

larger yielding displacement certainly results better 

supporting effect. Because reaction force provided by 

yieldable steel ribs should also be great enough to avoid 

loosening damage of rock. For a certain project, the 

comprehensive investigation on the rock properties, in-situ 

stress, etc. should be carried out in order to reasonably 

determine the design of support. 
 

 

6. Conclusions 
 

Yieldable steel ribs are often recommended in tunnels 

constructed in rheological rocks. In this paper, mechanical 

behavior of a circular tunnel supported by yieldable steel 

ribs in viscoelastic rock is investigated. The following 

conclusions could be made from the conducted study: 

(a) Deformation of yieldable steel ribs can be divided 

into three stages. Stiffness correction parameters λ1 and λ2 

are suggested to be introduced to modify the stiffness of 

yieldable steel ribs in different deformation stages. 

(b) Viscoelastic analytical solutions for displacement 

and pressure in the rock-support interface in the different 

deformation stages are derived. Yieldable steel ribs are able 

to reduce the rock pressure without being damaged through 

the yielding deformation in the second stage. 

(c) The influence of stiffness correction factor λ1 in 

pressure and displacement could be neglected with it 

remaining at a low level. But there is a linearly descending 

relationship of pressure acting on support with yielding 

displacement in linear viscoelastic rocks. 
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