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1. Introduction 
 

Natural soft clays are generally structured with 

interparticle bonding developed during depositional and 

post-depositional processes (Leroueil and Vaughan 1990, 

Cotecchia and Chandler 2000), and time-dependent external 

loadings are usually applied during consolidation process 

(Conte and Troncone 2007, Razouki and Schanz 2011, Liu 

and Griffiths 2015, Xu et al. 2017). The soil structure brings 

about a significant influence on the compression behavior 

(Burland 1990, Liu et al. 2003, Borja and Choo 2016, 

Zhang et al. 2016). Small compressibility is observed in 

pre-yield stage due to resistance of soil structure, whereas 

large compressibility occurs when the effective stress is 

beyond the consolidation yield stress. The soil permeability 

is also greatly related to the soil structure and significantly 

decreases as the structure is damaged (Tavenas et al. 1983, 

Zeng et al. 2011, Ozelim et al. 2014). Therefore, it is 

essential when predicting settlement of natural soft soils to  
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use a consolidation model that takes both the nonlinear 

variations of compressibility, permeability and soil 

structural characteristics into account. 

To investigate the effect of soil structure on one-

dimensional consolidation behavior of structured soils, 

using simply segmented kv-σv and mv-σv models 

incorporating the consolidation yield stress as the 

segmentation point, Chen et al. (2004) and Xie et al. (2016) 

obtained the approximate solution for structured soils under 

time-dependent loading by transforming structured soils 

into double-layered soils with the gradually changing 

thickness of the upper and lower layers, and Hu et al. 

(2017) studied the consolidation behavior of layered 

structured soils with groundwater drawdown in a confined 

aquifer using analytical methods, but the nonlinearity of soil 

were ignored in these studies. Based on the e ~ log σv and e 

~ log kv linear responses, Rujikiatkamjorn and Indraratna 

(2015) derived analytical solution for radial consolidation 

considering soil structure characteristics. However, several 

researchers pointed out that for structured natural clays with 

high sensitivity, the compression curve was nonlinear in the 

e ~ log σv plot due to progressive destructuration, and the 

compression index along the post-yield stress range was 

variable (Butterfield 1979, Burland 1990, Chai et al. 2004). 

The nonlinear phenomenon was also observed in e ~ log kv 

relationship of structured soils with high initial void ratio 

(Mesri and Olson 1971, Zeng et al. 2011). Therefore, 

prediction of consolidation settlement using the linear e ~ 

log σv and e ~ log kv relations may deviate from the actual 

response.  
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The objective of this paper is to present one-dimensional 

nonlinear consolidation solutions of structured soft soils, 

which are capable of considering the effects of variable 

compressibility and permeability as well as soil structure. 

Based on observations from a series of oedometer tests and 

hydraulic conductivity tests on natural and reconstituted 

soft clays, the more linear log (1+e) ~ log σv and log (1+e) 

~ log kv relationships were developed and employed to 

derive the consolidation governing equations. The semi-

analytical method was adopted to solve the governing 

equations of the nonlinear consolidation under time-

dependent loading, and the corresponding computer 

program was also presented. Subsequently, the semi-

analytical solutions were validated by the existing analytical 

solutions in special cases and the results of field tests. Then 

a parametric study was performed to examine the effects of 

yield stress ratio, compression index and permeability index 

on the consolidation behavior of structured soils. 
 

 

2. Compressibility and permeability evaluation 
considering soil structure characteristics 
 

2.1 Materials and method 
 

The tested samples were obtained from the Taihu 

lacustrine-swamp clayey deposit in southeast China. A 

representative stratigraphic profile of the sampling site is 

shown in Fig. 1. The relatively homogenous silty clay 

sublayer was used in this study and undisturbed Taihu clay 

samples at depths ranging from 3.0 m to 16.0 m were 

retrieved using the fixed piston thin-walled sampler. Fig. 1 

shows some physical properties of the tested samples. The 

silt is dominant in the soil particle composition and the silt 

content reachs as high as 70%, and the clay content ranges 

from 10% to 30%. The magnitude of plasticity index (Ip) 

varies in a range of 10.2-17.8. Notably, the natural moisture 

content (w0) is mostly exceeding the liquid limit (wL), and 

the initial void ratio is generally larger than 1.0. The high 

magnitude of w0/wL identifies Taihu clay as a strongly 

structured soil 

The undisturbed oedometer specimens were carefully 

trimmed directly into the 61.8 mm confining stainless steel 

ring by applying some downward pressure on the ring to the 

required height of 20 mm, while the undisturbed hydraulic 

conductivity specimens were trimmed by hand to nominal 

diameter of 61.8 mm and height of 40 mm. For preparing 

the corresponding reconstituted specimens, the trimmings 

were collected and thoroughly mixed at a water content 

equal to wL. Then the samples were consolidated in 

cylindrical plastic tubes until they reached a suitable 

consistency and the required void ratio approximately equal 

to initial void ratio (e0) of the intact samples. 

One-dimensional compression tests were carried out 

using the standard oedometer apparatus. The consolidation 

stresses of 12.5 kPa, 25 kPa, 50 kPa, 100 kPa, 200 kPa, 300 

kPa, 400 kPa, 800 kPa, 1600 kPa, and 3200 kPa were 

incrementally applied, and the duration of every load 

increment is about 24 h.  

The falling head hydraulic conductivity tests were 

performed on undisturbed and remolded specimens during  

 
Fig. 1 Geotechnical index properties of Taihu clay 

 

 

compression to measure the variation of hydraulic 

conductivity with the void ratio under increasing effective 

vertical stresses. In the same way as described by Zeng et 

al. (2011), the specimen was mounted into the modified 

oedometer cell underwater, and then subjected to an 

increased load at a load incremental ratio of 1.0 (12.5 kPa, 

25 kPa, 50 kPa, 100 kPa, 200 kPa, 300 kPa, 400 kPa, 800 

kPa and 1600 kPa). When consolidation was completed, the 

hydraulic conductivity was measured at initial water head of 

1.0 m when the applied vertical stress smaller than 200 kPa 

and 2.0 m when the stress larger than 200 kPa. The duration 

of the consolidation and hydraulic conductivity test was 3 

days for each stage. 

 

2.2 Test results and analysis 
 

2.2.1 Void ratio-stress relationship 
Compression curves for natural typical Taihu clay 

samples with initial void ratio of 1.16 and 0.84 are plotted 

in Fig.2 in terms of e versus log σv and log (1+e) versus log 

σv, respectively. It can be seen that the compression curves 

in the e - log σv plot are nonlinear due to progressive 

destructuration when compression stress exceeds the 

yielding stress. When adopting specific volume v=(1+e) to 

plot log (1+e) versus log σv, the nonlinear curves in e - log 

σv plot are made close to linear. This is because of taking 

the logarithm of the specific volume (1+e) means reducing 

the distance between the larger e values and increasing the 

distance between the smaller e values. Fig. 2 also shows 

results for a wide range of initial void ratio from 1.59 to13.8 

of different natural soils in the existing literatures, an 

inverse “S” shape of the e - log σv compression curves is 

observed in Fig. 2(a) and the linearity is improved in all 

cases in Fig. 2(b) which relates log (1+e) to log σv. The 

similar characteristic was observed by Chai et al. (2004) 

and showed that for natural clays with a sensitivity value 

greater than 4 the compression curves in the ln(e+ec) - 

ln(σv) plot have much better linearity than those in the e - 

ln(σv) plot, where the value of ec is varied between –1 and 

1. Hence, the e - log σv compression curves with an inverse 

“S” shape could be well represented by two straight lines in 

the plot of log (1+e) against log σv, which are divided by 

the consolidation yield stress. 

It has been well known that the compression behaviour 

of reconstituted clays is controlled by the liquid limit  
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(Skempton 1970, Burland 1990). The one-dimensional 

compression curves for some reconstituted clays covering a 

wide range of liquid limits listed in Table 1 are shown in 

Fig. 3. It is evident from Fig. 3(a) that the e - log σv 
compression curves are all similar in shape being slightly  

 

 

 

 

concave upwards and not completely linear. The 

compression test data in Fig. 3(a) are replotted in terms of 

log (1+e) versus log σv, as shown in Fig. 3(b). It can be 

seen that the bilogarithmic plot would not change the well-

established linearity of compression curves, and all the data  

 
(a) e - log σv plot 

 
(b) log (1+e) - log σv plot 

Fig. 2 Compression curves of five natural sedimentary clays in two different patterns 

Table 1 Reconstituted clays with different liquid limits 

Soils 
Depth 

h (m) 

Liquid limit 

wL (%) 

Plastic limit 

wP (%) 
Source of data 

Taihu clay 4.0 40.8 23.9 This study 

Taihu clay 5.0 32.3 18.0 This study 

Lower Cromer Till - 25.0 - Burland (1990) 

London Clay - 67.5 - Burland (1990) 

Argile Plastique - 128.0 - Burland (1990) 

Bothkennar clay 13.7 77.0 31.0 Nash et al. (1992) 

Bothkennar clay 5.2 85.0 37.0 Nash et al. (1992) 

Ariake clay 2-12 98.3 37.4 Hong et al. (2004) 

Ariake clay 2-12 112.5 45.1 Hong et al. (2004) 

Ariake clay 2-12 140.1 45.8 Hong et al. (2004) 

  
(a) e - log σv plot (b) log (1+e) - log σv plot 

Fig. 3 Compression curves of different reconstituted soils in two different patterns 
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Table 2 Sources of different clays with a wide range of 

initial void ratios  

Soils 
Depth, 

h (m) 
e0 eL Source of data 

Taihu clay 4.2 0.86 0.88 This study 

Taihu clay 6.0 1.02 0.92 This study 

Taihu clay 8.8 1.06 0.99 This study 

St-Hilaire 9.5 1.86 1.49 Tavenas et al. (1983) 

St-Thuribe 6.9 1.40 1.19 Tavenas et al. (1983) 

Backcebol 5.4 2.19 2.00 Tavenas et al. (1983) 

Lilla Mellosa 4.3 2.81 3.00 Tavenas et al. (1983) 

Berthierville clay 4.0 1.74 1.32 Leroueil et al. (1988) 

Bothkennar clay 1.2 1.16 1.33 Nash et al. (1992) 

 
 

with different liquid limits can be represented by different 

straight lines. Therefore, the more linear log (1+e) - log σv 
relation is used in this paper to interpret the compression 

test data for both natural and reconstituted soils. 
 

2.2.2 Void ratio–permeability relationship 
The permeability is an independent and important 

parameter for consolidation analysis of clay foundations. 

Fig. 4 shows the compressibility and permeability of Taihu 

clay at a depth 5.5 m in undisturbed and remolded states. It 

can be seen that the shape of e - log kv permeation curves 

behave differently from that of e - log σv compression  

 

 

 

curves of the undisturbed specimens. The compression 
behaviour of natural clays can be classified into pre-yield 
state with small deformation and post-yield with large 
deformation, which differs from that of remolded clays, 
while the e - log kv relationship of undisturbed specimen is 
almost identical to that of the remolded specimen. The 
permeability of the clay in undisturbed and remolded states 
is identical under the same void ratio. This leads to the 
conclusion that the soil structure, exactly the interparticle 
bonding, does not significantly influence the change mode 
of permeability with void ratio. This finding is consistent 
with the results presented by Lapierre et al. (1990), 
Horpibulsuk et al. (2007), and Zeng et al. (2011). 

Since the coefficient of permeability varies with void 
ratio (fabric), irrespective of the soil structure (interparticle 
bonding), Fig. 5 presents some different permeation curves 
of clays covering a wide range of initial void ratios listed in 
Table 2. The permeation curve of soil with higher initial 
void ratio lies above that of soil with lower initial void ratio. 
The higher initial void ratio, the more nonlinear relationship 
and more concave shape of the e - log kv curve are 
observed. Tavenas et al. (1983) showed that the linear 
relationship of e - log kv was valid for strains < 20% and 
initial void ratios < 2.5, and Horpibulsuk et al. (2007) also 
reported the nonlinear relationship of the e - log kv of 
Bangkok clays with void ratios varying from 0.2 to about 
1.0 times the initial void ratios. Thus, similar to the 
compression test data, the form of log (1+e) - log kv was 
used to interpret the data of permeability coefficient. As can 
be seen from Fig. 5, the permeation curves in the log (1+e) -  

  
(a) e - log σv relationship (b) Corresponding e - log kv relationship 

Fig. 4 Compressibility and permeability behavior of Taihu clay in undisturbed and remolded states 

  
(a) e - log σv plot (b) e - log kv plot 

Fig. 5 Permeation curves of different clays in two different patterns 
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log kv plot have much better linearity than those in the e – 
log kv plot. Hence, the relationship between void ratio and 
permeability coefficient could be expressed well by a 
straight line in the log (1+e) - log kv plot within the full 
range of strains during compression for both natural and 
reconstituted soils. 

 

2.2.3 Bilinear compression and permeability 
relationships 

As illustrated in the previous sections, the bilogarithmic 

method can be used to represent well the compressibility 

and permeability behavior. The compression curve of 

natural structured clays can be expressed by two straight 

lines, and the stress at the intersection point of the two 

straight lines is the consolidation yield stress. The 

permeation curve can be expressed by a straight line in the 

plot log (1+e) against log kv. With reference to Fig. 6, the 

compressibility relationships in the whole compression zone 

are described by 

0 0log(1 ) log(1 ) log( / )r v v v vye e        + = + − 
 (1a) 

0log(1 ) log(1 ) log( ) log( / )r c v vy v vye e YSR        + = + − − 
 (1b) 

Void ratio - permeability relationship is given by 

0 0log(1 ) log(1 ) lg( / )k v ve e k k+ = + +
 (2) 

where, YSR is the yielding stress ratio and given by 

YSR=σvy/σv0; kv and kv0 are coefficients of permeability 

corresponding to e and e0; λr and λc are the compression 

index of pre-yield and post-yield states in the log (1+e) - log 

σv plot, respectively; and k is the permeability index in the 

log (1+e) - log kv plot. 
 
 

3. Nonlinear consolidation model incorporating 
effect of soil structure 
 

3.1 Equations and solutions 
 

The current analysis deals with one-dimensional 

nonlinear consolidation of a finite thickness natural 

structured soil layer under time-dependent loading. Fig. 7 is 

the schematic diagram, where H is the thickness of the soil 

layer with a pervious upper boundary and an impervious  

 

 

Fig. 7 Schematic diagram for one-dimensional 

consolidation of structured soil foundation 
 
 

lower boundary. Compared with classical Terzaghi’s theory, 
the non-linear material properties expressed in Eqs. (1) and 
(2) are assumed to be incorporated in this analysis, and the 
imposed loading q(t), distributing uniformly on the top of 
the soil surface, changes with time. Other assumptions are 
the same as those in Terzaghi’s theory.  

During the consolidation process, if the effective stress 

σv is greater than the consolidation yield stress σvy, the soil 

structure of upper layer will be destroyed firstly and its 

compression index will change from λr in pre-yield state to 

λc in post-yield state, but the compressibility and 

permeability of lower layer soil will be the same as those of 

the natural structured soil in pre-yield state. The soil 

structure of the upper subsoil gradually damages 

downwards with the dissipation of pore pressure, and hence 

the interface of destructured zone and structured zone is 

defined as moving boundary, the depth of moving boundary 

is Ht. It can be known that Ht increases from 0 to H with 

development of consolidation. If σv < σvy, the breakdown of 

soil structure will not occur and the permeability coefficient 

and compression index are kept same as those of the pre-

yield state. 
 

3.1.1 Governing equations 
Based on Eqs. (1) and (2) 
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(a) log (1+e) - log σv compression model (b) log (1+e) - log kv permeability model 

Fig.6 Constitutive relationships of structured soils 
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(4) 

where mv and kv are the coefficients of volume 

compressibility and permeability in pre-yield state, 

respectively; mv and kv are the coefficients of volume 

compressibility and permeability in post-yield state, 

respectively; mv0= initial coefficient of compressibility 

given by mv0=λr/σv0 . 

The continuity equation for one-dimensional 

consolidation is 

0

1

1

q e

z e t

 
=

 + 
 

(5) 

where q is the flow per unit area and given by 
v

w

k u
q

z


=


, u 

is the excess water pressure; w is the unit weight of water. 

According to Terzaghi’s principle of effective stress, σv 
can be expressed as 

σv =σv0+ q(t)-u (6a) 

Hence, 

( )v q t u

t t t

   
= −

    
(6b) 

Substituting Eqs. (3), (4) and (6b) into Eq.(5), the 

governing equations for one-dimensional consolidation of 

natural structured soil layer can be given by 

21
0

0 2

21 1

0 2

( )
( )

1 ( )
( ) ( ) 0

r
r

k

cr
r c

k k

v

v t

v

vyr
v t

c v

u u q t
c H z H

z t t

u u q t
c z H

YSR z t t
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(7) 

where cv0 is the initial coefficient of consolidation and given 

by 

0 0 0

0

0

v v v

v

v w r w

k k
c

m



  


= =

 

(8) 

The initial and boundary conditions of the problem can 

be simplified as follows 

0 : 0z u= =
 (9a) 

: 0
u

z H
z


= =

  
(9b) 

00 : ( ) tt u q t == =
 

(9c) 

When =r c   and 1c k c  = + , the coefficient of 

consolidation keeps constant with time and Eq. (7) can be 

analytically solved. Apart from the special condition, Eq. 

(7) is non-linear partial differential equation and does not 

have an analytical solution with the boundary conditions 

mentioned above.  

 

3.1.2 Semi-analytical solutions 
As indicated above, the moving boundary surface Ht 

varies with consolidation time t, and soil layers above and 

below Ht have different compressibility. Due to the 

complexity involved, a general analytical solution to Eq. (7) 

is difficult to obtain. Based on the discretization of time and 

space, a semi-analytical method is used to solve Eq.(7) and 

analyze the nonlinear consolidation behavior of structured 

soils. 

According to Xie and Pan’s semi-analytical method, the 

soil stratum is divided into n thin layers of equal thickness 

hj (hj =H/n) and the consolidation time is divided into m 

small time steps (Zhang et al. 2015). The coordinate z has 

its origin at the top surface, as seen in Fig.7, denoting the 

distance between the origin and the bottom of each layer as 

zi. Thus, z0=0, zi=iH/n, i=1, 2, 3, …, n, and zn=H. 

Corresponding to the discretization of time, the load 

increment at an arbitrary step k is given by 

1 1( ) ( )k k k k kq q q q t q t− − = − = −
 

(10) 

For the ramp loading occurred usually in engineering 

practice, the load increment qk can be expressed as 

1( ) 0

0

u
k k k c

ck

k c

q
t t t t

tq

t t

−


−  

 = 
   

(11) 

where qu is ultimate load and tc defines the end of the 

loading stage.  

When the time interval is small enough, both the 

coefficients of compressibility and permeability at each thin 

layer as well as the imposed loading in each small time step 

can be assumed to be constant. Thus, the problem of one-

dimensional consolidation of structured soil with varied 

compressibility and permeability under time-dependent 

loading has been reduced to the problem of one-

dimensional linear consolidation of layered soils. To obtain 

the approximate solution, the coefficients of compressibility 

and permeability of layer j at the time tk-1 are used to 

calculate the coefficient of consolidation at the time tk 

(k>1). Besides, the effective overburden stress (σv0) and 

consolidation yield stress (σvy) of the soil stratum are 

assumed to distribute uniformly with depth. Hence, the 

average coefficient of consolidation for layer j (j=1, 2, 3, 

…, n) at the time tk is given by 

1
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(12) 

where σvj(k-1) is the average effective stress of layer j at the 

time tk-1 and can be expressed as 

 ( 1) 0 1 ( 1)( )vj k v k j kq t u − − −
 = + −

 
(13) 

where 0 2v H  = ; ( 1)j ku −  is the average excess pore  
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Fig. 9 Layout of the instrumentation at Berthierville 

(from Kabbaj et al. 1988) 
 

 

water pressure of layer j at the time tk-1 and can be obtained 

as 

1
( 1) 1

1
( , )

j

j

z

j k j k
z

j

u u z t dz
h −

− −= 
 

(14) 

Thus, the governing equation for an arbitrary layer j at 

an arbitrary step k can be written as 

2

2
, 1,2, , .

jk jk

vjk

u u
c j n

z t

 
= =

 
L

 

(15) 

The one-dimensional nonlinear consolidation of 

structured soils at an arbitrary step k has been translated into 

one-dimensional consolidation of layered soils under 

constant loading. Correspondingly, the initial and boundary 

condition for Eq. (15) becomes 

 ( 1) 1jk j k k ku u q q− −= + −
 

(16a) 
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1 ( 1): ;
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(16b) 

10: 0z u= =
 (16c) 

: 0n

z H

u
z H

z
=


= =

  
(16d) 

The excess pore water pressure of layer j at t=tk, i.e., ujk 

in Eq. (15), can be obtained by Xie and Pan’s semi-

analytical method (see Appendix). And the corresponding 

value jku  can also be obtained using Eq. (14).  

The compression of layer j at t=tk can then be given as 

1

0

0

0

[1 ( ) ]
( )

1
[1 ( ) ( ) ]

( )

r

j

j
cr

v
j vjk vy

z k v jk

j jk
z

vy

j vjk vy

k v jk

h
q t u

s dz

h
YSR q t u






 





 



−


 −  + −

=  


  − 
 + −



 

(17) 

When the structure damage surface occurs in the ith 
layer, and the depth of moving boundary surface is Ht (zi-1< 
Ht <zi), the compression of the whole soil stratum at t=tk 
then can be given by 

1
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where 
0 0

;
( ) ( )
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jk ik

k v jk k v ik
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= =

 + − + − . 

At the end of consolidation (i.e., t→∞), jku =0, Ht=H, 

hence the ultimate settlement can be given by 

0

1
[1 ( ) ( ) ]cr

vy

u v

S H
YSR q








= −

+  
(19) 

 

Fig. 8 Calculation procedure 
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Table 3 Soil parameters for Berthierville clay embankment 

Soils 
Depth 

(m) 
e0 λr λc k 

kv0 

(10-7cms-1) 
σ´v0 

(kPa) 

σ´vy 

(kPa) 

qu 

(kPa) 

Sublayers 
1-2 

2.33.9 1.73 0.031 0.26 0.134 2.80 40 55 44 

Sublayers 

3-4 
3.95.5 1.55 0.028 0.24 0.127 4.50 50 65 44 

 

 

The average degree of consolidation of the whole soil 

stratum defined in terms of settlement can then be obtained 

as 
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(20) 

where ρj=hj/H; ( ) [ ( ) ]pj k k jk uU t q t u q= − , the average 

degree of consolidation of layer j defined in terms of excess 

pore water pressure.  

In Terzaghi’s 1-D consolidation theory, the average 

degree of consolidation defined in terms of settlement is the 

same as that defined in terms of pore water pressure, 

namely, Up=Us. However, when the influence of soil 

structure and nonlinearity are taken into consideration, it 

can be seen from Eqs. (20) and (21) that Up is different from 

Us . 

In order to investigate the nonlinear consolidation 

behavior of structured soil, a computer code was developed 

by c++ programming based on the semi-analytical solutions 

illustrated above, and the flow chart of this program can be 

seen from Fig. 8. 
 

3.2 Comparison and verification 
 

A well-instrumented case presented originally by 

Kabbaj et al. (1988) is used to examine the validity of the 

semi-analytical method by comparing the measured results 

with the computed values obtained from the presented 

procedure. The case concerns a test embankment 

constructed on a soil deposit consisting of a soft grey silty  

 

 

Fig. 11 Comparisons of measured and simulated 

settlements for different sublayers 
 
 

clay layer sandwiched between an upper layer of sand and a 

lower layer of sand at Berthierville site (Fig. 9), which is 

located on the north shore of the St Laurent River between 

Quebec City and Montreal (Kabbaj et al. 1988). The clay 

layer, which is of interest in this study, is 3.2 m thick and 

lies at a depth of 2.3 m from the ground surface. The 

plasticity index decreases with depth from 27 to 16, and the 

water content is constant and equal to 62% in the upper half 

of the layer and then decreases linearly to 47% at the 

bottom of the clay layer. The test embankment is circular 

with a diameter of 24 m at the crest, and has a height of 2.4 

m and a slope of 1 vertical to 2 horizontal. With such soil 

profile and lateral width of the embankment compared to 

the thickness of the clay layer, the case is certainly close to 

one-dimensional consolidation under double-drainage 

condition.  

As shown in Fig. 9, a series of instrumentation was 

installed at various depths for monitoring the pore water 

pressure and settlement occurring during and after the 

construction. It consisted of 15 piezometers, of which 12 in 

the clay layer, one in the upper sand layer, and two in the 

lower sand layer. The instrumentation also included deep 

settlement gauges at initial depths of 2.1, 3.0, 3.9, 4.8, and 

5.7 m, thus dividing the clay layer into four sublayers: 

sublayer 1 between depths 2.3 and 3.0 m, sublayer 2  

  
(a) Sublayer 2 (3.0 m-3.9 m) (b) Sublayer 3 (3.9 m-4.8 m) 

Fig. 10 Bilogarithmic compression curves of undisturbed Bertbierville clays (interpreted from Kabbaj et al.1988) 
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between depths 3.0 and 3.9 m, sublayer 3 between depths 

3.9 and 4.8 m, and sublayer 4 between depths 4.8 and 5.5 

m. Based on the index properties presented by Kabbaj et al. 

(1988), the behavior of sublayer 1 is similar to that of 

sublayer 2, and the behavior of sublayer 3 is similar to that 

of sublayer 4, thus the same parameters are adopted for 

sublayers 1 and 2 and sublayers 3 and 4 in this study, 

respectively.  

As stated previously, except for conventional parameters 

such as e0 and kv0, four new parameters related to the soil 

nonlinearity and soil structure are introduced in the 

developed consolidation model, i.e., λr, λc, k, and YSR. Fig. 

10 shows the bilogarithmic compression curves interpreted 

from the conventional oedometer tests (MSL24) performed 

by Kabbaj et al. (1988) on the specimens taken in the 

middle of sublayer 2 and sublayer 3. Obviously, the 

laboratory compression test data can be fitted well by two 

straight lines. The compression index λr and λc can be 

obtained from the slopes of the straight lines in pre-yield 

and post-yield state, respectively. And the consolidation 

yield stress vy can be determined from the stress related to 

the intersection point of the two straight lines, then YSR is 

equal to the ratio of vy to v0. The permeability index used 

in this calculation can be calculated from the empirical 

relationship 
0 00.044 0.007 0.049k Le e e = + +  proposed by 

Liu (2011) based on enough hydraulic test results, where eL 

represents the void ratio at the liquid limit and can be 

obtained from Kabbaj et al. (1988). The calculation 

parameters for the nonlinear consolidation of the entire clay 

layers are listed in Table 3, and the values of e0, kv0, and v0 

are obtained from the research done by Kim and Leroueil 

(2001). 

The embankment loading is simulated by two-stage 

linear loading process. As shown in Fig. 11, during stage 1 

the embankment construction was complete in 4 days, and 

the loading was increased to 39 kPa. Following a rest period 

of one week, an additional loading as a result of heavy rain 

was applied during stage 2, therefore the maximum 

intensity of imposed loading qu reached to 44 kPa after 24 

days. Fig. 11 presents the calculated and measured 

settlements under the time-dependent loading for sublayer 2  

 
 

and 4 as well as for the entire clay layer (sublayer 1 to 4). 

At the early stage of consolidation, the agreement between 

calculated and measured settlements is satisfactory. As the 

consolidation time increases, the proposed method gives 

slight underestimation of the magnitude of settlement 

compared to the measured result of the entire clay layer. 

This could be due to the neglection of soil creep in the 

current model, which greatly influences consolidation 

deformation characteristics of clays, especially for the 

structured soft clays at latter stage of consolidation.  

Another comparison of calculated and measured results 

is presented in Fig. 12 in terms of excess pore pressure 

versus depth at different times after construction. The 

calculations are carried out using the presented nonlinear 

semi-analytical solutions and the linear analytical solutions 

proposed by Conte and Troncone (2006). Due to the fact 

that the decrease in permeability is proportional to the 

decrease in compressibility during the consolidation 

process, and the assumption that cv remains constant in the 

Conte and Troncone method, the constant values of mv and 

kv are adopted, where mv is assumed to be determined by mv 

=λc/v0, and kv is approximatively equal to kv0. The 

calculations using the presented solutions generally give 

satisfactory agreement with the measured results, except for 

the case of after 10 days, which overpredicts the excess 

pore pressure due to the simulated loading is larger than the 

actual applied loading at this stage. However, the 

predictions using Conte and Troncone’s solutions give 

higher excess pore pressure compared with the measured 

results and calculations from the presented method. This is 

because the effect of soil structure is not considered in this 

prediction, which results in a smaller coefficient of 

consolidation compared with the actual condition. It is 

noted that the discrepancy between the predictions using 

nonlinear solutions and linear solutions decreases with the 

increase of consolidation time. This is the reason that the 

effective stress increases as the dissipation of excess pore 

pressure, and the structural collapse occurs gradually, which 

leads to the decrease in coefficient of consolidation.  

All of the comparisons between calculated and 

measured results show that the proposed semi-analytical 

solutions have good predictive ability on one-dimensional 

    

 

(a) After 10 days (b) After 50 days (c) After 100 days (d) After 200 days 

Fig. 12 Comparisons of measured excess pore pressure with predictions from this study and Conte and Troncone (2006) at 

different times after construction 
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nonlinear consolidation of structured soft clay under time-

dependent loading. As can be observed in Figs. 11 and 12, 

the proposed method predicts the performance of the natural 

soils more accurately than the existing analytical solutions 

by considering the effects of soil nonlinearity and soil 

structure.  
 

3.3 Parametric study 
 

In this section, the effects of soil nonlinearity and soil 

structure on the consolidation behavior were firstly 

examined, and then several simulations were performed to 

study the influences of the different values of YSR, λr/λc, 

λc/k, and the loading rate on the consolidation behavior of 

structured soft soils. For the parametric analysis, the soil is 

under the case of linear loading, in which the ultimate load 

qu is 100 kPa and the time of achieving the ultimate load, tc, 

is 500 days. Relevant parameters used in the analysis are 

given in Table 4. Fig. 13 shows normalized excess pore 

pressure with depth ratio using different solutions at time 

factor Tv=0.15, where Tv=cv0t/H2, in which 

cv0=kv0 v0/(λcw). As can be noted, the calculations for 

the linear consolidation using the constant coefficients of 

compressibility and permeability, that is to say the 

coefficient of consolidation is kept constant as cv0, differ 

significantly from these obtained using the nonlinear 

solutions. The excess pore pressure calculated from the 

linear solution is larger than that calculated from the 

nonlinear solution with soil structure taking into account 

when YSR=1.5, whereas is smaller than that calculated from 

the nonlinear solution without considering soil structure 

when YSR=1.0 and λr=λc=0.12. It can be seen that from the 

degree of consolidation with time factor Tv using different 

solutions as shown in Fig. 14, the linear solution gives an 

underestimation for both the settlement rate and excess pore 

pressure dissipation rate compared to the nonlinear solution 

with YSR=1.5, while overestimates both the settlement rate 

and excess pore pressure dissipation rate compared to the 

nonlinear solution with YSR=1.0. Moreover, it should be 

stated that there is no difference between the degree of 

consolidation based on excess pore pressure (Up) and the 

degree of consolidation based on strain (Us) in linear 

consolidation, however, for nonlinear consolidation Up is 

different from Us. For the case of YSR=1.5, Up is larger than 

Us at the early stage of consolidation, while Up is less than 

Us when YSR=1.0.  
 

3.3.1 Effect of YSR on the consolidation behavior  
As illustrated previously, the YSR can represent the 

degree of soil structure of natural soil. The YSR = 1.2, 15, 

1.8 and 2.1 were chosen for the analysis to examine the 

effect of soil structure on the consolidation behavior. All 

other parameters are the kept the same as those in Table 3. 

Fig. 15 shows the degree of consolidation with time factor 

Tv for different values of YSR. It is observed that both Up 

and Us increase with the increasing of YSR, and the 

increased amplitude of Up is greater than that of Us. This 

demonstrates the consolidation progress of strongly 

structured clays is much faster. At the early stage of 

consolidation, the dissipation of excess pore water pressure 

is quicker than the development of settlement due to the  

Table 4 Parameters used in the parametric analysis 

λr λc k kv0 (10-7cms-1) e0 σ´v0 (kPa) qu (kPa) YSR H (m) 

0.015 0.12 0.10 4.0 1.08 50 100 1.5 10 

 

 

Fig. 13 Normalized excess pore pressure with depth ratio 

using different solutions 

 

 

Fig. 14 Degree of consolidation with time factor using 

different solutions 

 

 

Fig. 15 Effect of YSR on degree of consolidation 
 

 

structure resistance when the effective stress is less than 

consolidation yield stress, which results in small 

deformation and high coefficient of consolidation. At the 

later stage of consolidation, Us is greater due to the collapse 

of soil structure when the effective stress is beyond 

consolidation yield stress, which results in large amount 

deformation and small coefficient of consolidation. The  
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magnitude of the difference between Up and Us depends on 

the value of YSR, and the higher YSR, the larger difference 

is observed.  

Fig. 16 shows the variation of moving boundary surface 

with time factor Tv for different values of YSR. It can be 

seen that at the same Tv the depth of moving boundary 

decreases with the increasing of YSR. The structure of soil 

gradually destroys downwards with the dissipation of the 

pore pressure, and a smaller YSR results in earlier damage 

of the soil structure.  
 

3.3.2 Effect of λc/k on the consolidation behavior 
Liu (2011) has reported that in bilogarithmic plot the 

typical value of λr generally ranges from 0.003 to 0.05, λc  

 

 

 

 

generally ranges from 0.066 to 0.221, and k generally 

ranges from 0.077 to 0.173 for natural soft soils. In order to 

study the effect of λc/k on consolidation behavior, λc values 

are changed to 0.05, 0.075, 0.10, 0.125, 0.15 and 0.20, 

respectively. By keeping k = 0.10, these changes result in 

λc/k equal to 0.50, 0.75, 1.00, 1.25, 1.50, 1.75 and 2.00, 

respectively. Other parameters are kept the same as in Table 

3. Fig. 17 shows the degree of consolidation with time 

factor Tv for different values of λc/k. It is observed that soil 

consolidates more quickly as λc/k decreases and the effect 

appears to be more pronounced when λc/k is less than 1.0. 

Moreover, it can be seen from Eqs. (3) and (4) that the 

value of λc/k controls both mv and kv. Larger λc/k results in 

 

Fig. 16 Effect of YSR on the depth of moving boundary 

  
(a) Up versus Tv (b) Us versus Tv 

Fig. 17 Effect of λc/k on degree of consolidation 

  
(a) Up versus Tv (b) Us versus Tv 

Fig. 18 Effect of λr/λc on degree of consolidation 

0

2

4

6

8

10

0.005 0.05 0.5
De

p
th

 o
f 

m
o

v
in

g
 b

o
u

n
d
ar

y
, 
 H

t 
(m

)

Time factor, Tv

YSR=1.2

YSR=1.5

YSR=1.8

YSR=2.1

0

20

40

60

80

100

0.005 0.05 0.5 5

D
eg

re
e 

o
f 

co
m

so
li

d
at

io
n
, 

U
p
(%

)

Time factor, Tv

λc/hk=0.5

C'c/C'k=0.75

C'c/C'k=1.0

C'c/C'k=1.25

C'c/C'k=1.5

C'c/C'k=1.75

C'c/C'k=2.0

(a)
λc/k=0.50

λc/k=0.75

λc/k=1.00

λc/k=1.25

λc/k=1.50

λc/k=1.75

λc/k=2.00

0

20

40

60

80

100

0.005 0.05 0.5 5

D
eg

re
e 

o
f 

co
n
so

li
d
at

io
n
, 
U

s 
(%

)

Time factor, Tv

λc/hk=0.5

C'c/C'k=0.75

C'c/C'k=1.0

C'c/C'k=1.25

C'c/C'k=1.5

C'c/C'k=1.75

C'c/C'k=2.0

(b)
λc/k=0.50

λc/k=0.75

λc/k=1.00

λc/k=1.25

λc/k=1.50

λc/k=1.75

λc/k=2.00

0

20

40

60

80

100

0.001 0.01 0.1 1 10

D
eg

re
e 

o
f 

co
m

so
li

d
at

io
n

, 
U

p
(%

)

Time factor, Tv

C'r/C'c=0.1

C'r/C'c=0.2

C'r/C'c=0.3

C'r/C'c=0.4

(a)

λr/λc=0.10

λr/λc=0.20

λr/λc=0.30

λr/λc=0.40

0

20

40

60

80

100

0.001 0.01 0.1 1 10

D
eg

re
e 

o
f 

co
m

so
li

d
at

io
n
, 

U
s(

%
)

Time factor, Tv

C'r/C'c=0.1

C'r/C'c=0.2

C'r/C'c=0.3

C'r/C'c=0.4

(b)

λr/λc=0.10

λr/λc=0.20

λr/λc=0.30

λr/λc=0.40

309



 

Weizheng Liu, Zhiguo Shi, Junhui Zhang and Dingwen Zhang 

smaller soil module, and thus the consolidate process of soil 

layers is much slower. This demonstrates that the stiffer and 

more permeable soils, the higher rate of excess pore 

pressure dissipation and settlement development. 

 

3.3.3 Effect of λr/λc on the consolidation behavior 
In order to study the effect of λr/λc on consolidation 

behavior, λc is kept constant as 0.12 and λr is changed to 

0.012, 0.024, 0.036, and 0.048, respectively. Thus λr/λc is 

equal to 0.1, 0.2, 0.3, and 0.4, respectively. The other 

parameters are kept the same as in Table 3. Fig.18 shows 

the degree of consolidation with time factor Tv for different 

values of λr/λc. It can be seen that the rate of excess pore 

pressure dissipation increases with decreasing of λr/λc at the 

early stage of consolidation. However at the later stage of 

consolidation, the curves Up versus Tv of different λr/λc 

gradually converge towards the same consolidation curve. 

The main reason is that the compressibility index for this 

case is kept the same as 0.12 after the collapse of structure. 

Moreover, the variation of λr/λc has little impact on the rate 

of settlement development. The curves Us versus Tv of 

different λr/λc are almost identical in the whole 

consolidation process. 
 
 

4. Conclusions 
 

The semi-analytical solutions for one dimensional 

consolidation of soft clay under time-dependent loading 

incorporating the effects of soil nonlinearity and soil 

structure were proposed. The solutions were verified against 

field measurement of a well-documented embankment 

constructed on structured soft soil. Parametric studies were 

then conducted to examine the effects of compression 

index, permeability index, yield stress ratio and loading rate 

on the consolidation behavior. From the results of this 

study, the following conclusions can be drawn:  

• Bilinear log (1+e) - log σv model with the break in 

behavior controlled by the consolidation yield stress was 

developed to capture the variation in compressibility.  

• The soil structure (interparticle bonding) has no effect 

on the mode of changing in the permeability coefficient 

with void ratio. The linear log (1+e) - log kv model was 

developed to capture the variation in permeability.  

• Incorporating the log (1+e) - log σv and log (1+e) - log 

kv relationships, the governing equations for one-

dimensional nonlinear consolidation under time-dependent 

loading were derived, and were solved by adopting the 

semi-analytical method.  

• Four parameters related to the soil nonlinearity (λr, λc, 

and k) and structural characteristics (YSR) are introduced 

in the semi-analytical solutions, the proposed solutions can 

reduce to the existing linear analytical solutions in 

particular case.  

• The prediction of excess pore-water pressure using the 

proposed nonlinear solutions provided a better agreement 

with the field measurement compared to the predictions 

using the linear solutions with constant coefficient of 

consolidation.  

• For nonlinear consolidation, the degree of 

consolidation based on excess pore pressure (Up) is 

different from the degree of consolidation based on strain 

(Us). The magnitude of the difference between Up and Us 

depends on the value of YSR, and the higher YSR, the larger 

difference appears.  

• Both Up and Us increase with decrease of λc/k, and 

this effect appears to be more pronounced when λc/k is less 

than 1.0. With decreasing of λr/λc, Up increases at the early 

stage of consolidation, whereas Us has no significant 

change. The λc/k plays a significant role in predicting the 

consolidation rate.  
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CC 

 

 

Notation 
 

Ajk constant related to stress of layer j 

Bik constant related to stress of layer including the moving 

boundary surface 

cv coefficient of consolidation 

cv0 initial coefficient of consolidation, kv0 v0/(λrw) 

e void ratio 

e0 initial void ratio 

eL void ratio at the liquid limit 

hj thickness of each layer of the entire soil 

H thickness of the entire soil layer 

Ht depth of moving boundary 

kv yield stress ratio  

kv0 compression index in pre-yield state 

kv compression index in post-yield state 

mv volume compressibility coefficient in pre-yield state 

mv0 initial coefficient of compressibility 

mv volume compressibility coefficient in post-yield state 

u excess pore water pressure 

ujk excess pore water pressure of different depths of layer j at 

t=tk 

jku  average excess pore water pressure of layer j at t=tk the time 

of achieving the ultimate load  
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Up consolidation degree based on excess pore pressure 

Us consolidation degree based on strain 

q flow per unit area 

q(t) time-dependent loading 

qu ultimate imposed load 

qk load increment at an arbitrary step k 

sj compression of layer j at t=tk 

Sk compression of the whole soil stratum at t=tk 

S ultimate settlement of the whole soil stratum 

t consolidation time 

tc construction time 

tk time at an arbitrary step k 

Tv time factor 

w0 natural moisture content 

wL liquid limit 

wP plastic limit 

YSR yield stress ratio (σ'vy/σ'v0) 

z any depth 

zi distance between the origin and bottom of each layer 

w unit weight of water 

σ'v vertical effective stress 

σ'v0 effective overburden stress 

σ'vy consolidation yield stress 

λr compression index in pre-yield state 

λc compression index in post-yield state 

ηk  permeability index in the log (1+e) - log kv plot 
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Appendix: Detailed derivation of ujk 
 

According to Xie and Pan’s method (1995), The 

dimensionless parameters were defined as follows 
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The corresponding solution of Eq.(15) can be given as 
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 = , cv0 is the initial coefficient of consolidation 

of soil before the collapse of the structure; and Ami and Bmi 

can be calculated using the following recursive formula 
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where 

 

λm is the positive root of the eigen-equation, as follows 

1 1 2 1 0n n nS S S S S+ −   =L  (A6) 

where 

 1 1 0
T

S =   1 cos( ) sin( )n n m n mS    + = −  

The coefficient Cm can be obtained as follows 
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