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Abstract.

The interaction between particles and fluid was investigated by IB-SEM numerical method which is a combination

of combing the spectral/hp element method and the rigid immersed boundary method. The accuracy of this numerical method
was Verified based on the computed results with the traditional body-fitted mesh in numerical simulation of the flow through the
cylinder. Then the governing equations of particles motion and contact in fluid are constructed. The movement of the particles
and the interaction between the fluid and the particles are investigated. This method avoided the problem of low computational
efficiency and error caused by the re-division of the grid when the solids moved. Finally, the movement simulation of multi
particles in the fluid was carried out, which can provide a completely new numerical simulation method.
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1. Introduction

Simulations of the interaction between particle and fluid
with high accuracy are difficult (Niroumand et al. 2016, Hu
et al. 2001). The major challenge is how to deal with the
boundary between particles and fluid (Zhao et al. 2016,
Weirich et al. 2014, Abbas 2014). The ALE method
(arbitrary-Lagrangian-Eulerian) needs to regenerate the
grid, a large amount of computing resources are consumed
and the accuracy of calculation is relatively low. The LBM
method (lattice Boltzmann method) uses the regular
boundary points to approximate the moving boundary
(Ladd 1994). The simulated boundary is not coincident with
the physical boundary, and sometimes leads to the
calculation of the fluid solid interaction force.

The IB method (immersed boundary method)
(Coulonius and Taira 2008, Yang and Stem 2015). This
method used the Cartesian grid to compute the fluid-solid
coupling. The immersed boundary method is not only a
mathematical modeling method, but also a numerical
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discretization method. Its core idea is the numerical
simulation of the boundary of the object.

The immersed boundary method is focus on the elastic
boundary. But the research of water inrush through filling
structure need the rigid boundary. At first, the solid
boundary problem was solved by the rigid spring, which
was connected with the boundary element to be modeled,
and the elastic boundary was reached to a rigid limit to
satisfy the condition of no slip boundary condition. But the
computation efficiency of this method was very low. The
classical model proposed by Peskin couldn’t be used to
directly solve the rigid problems (Peskin 1977). Virtual
Boundary is also called Feed forcing method. It’s one of the
most effective rigid immersed boundary method which
restart from the core idea of the immersed boundary method
numerical simulation of object boundary, combined with
other concepts, reconstruct the source function. The
fluid-solid interaction used in this paper is also based on
this method.

Semtex is a direct numerical simulation CFD code that
uses the spectral element method as the underlying
discretization. Semtex and immersed boundary method are
combined to establish the IB-SEM system. Then the system
is used to study the fluid-solid interaction.

2. The IB-SEM numerical system
2.1 The spectral method

The spectral methods are a class of techniques used in
applied mathematics and scientific computing to
numerically solve certain differential equations, often
involving the use of the Fast Fourier Transform. The idea is
to write the solution of the differential equation as a sum of
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certain “basis functions” (for example, as a Fourier series
which is a sum of sinusoids) and then to choose the
coefficients in the sum in order to satisfy the differential
equation as well as possible.

The single expansion of the function which used in the
classic spectral method is

n
u(@) = w0 = ) i ®
i=0

Where, ¢;(x) are the trial functions. The approximated
function in expanded form u®(x) is substituted into the
differential equations to compute the unknown coefficients
Uu;.

There are different schemes for minimizing the residual
of the discretized governing equations. So the spectral
method can be broadly classified into two categories: the
pseudo-spectral or collocation methods and the modal or
Galerkin methods.

The collocation method is a method for the numerical
solution of ordinary differential equations, partial
differential equations and integral equations. The idea is to
choose a finite-dimensional space of candidate solutions
(usually polynomials up to a certain degree) and a number
of points in the domain (called collocation points), and to
select that solution which satisfies the given equation at the
collocation points.

The Galerkin method is used to convert a continuous
problem in the area of numerical analysis. In principle, it
first selects the basic functions and overlays them. Then the
results in the domain and weighted integrals of the
boundary satisfy the original equation. At last, a set of linear
algebraic equations can be obtained and natural boundary
conditions can be automatically satisfied. This method
simplified the problem of solving the differential equations
to solve the problem of linear equations. But as a trial
function of the basis function, this method can only obtain
an approximate solution in the domain which only the
weighted average satisfied the original equation and not
satisfied at every point.

2.2 Introduction of Semtex

2.2.1 Feature of Semtex

Orthogonal polynomial-based shape functions Spectral
accuracy is achieved by using tensor-product Lagrange
interpolants within each element, where the nodes of these
shape functions are placed at the zeros of Legendre
polynomials mapped from the canonical domain [—1,
1]x[—1, 1] to each element.

Gauss-Lobatto quadrature Efficiency (particularly in
iterative methods) is achieved by using Gauss-Lobatto
quadrature for evaluating elemental integrals: the
quadrature points reside at the nodal points, which enables
fast tensor-product techniques to be used for iterative matrix
solution methods. Gauss-Lobatto quadrature delivers
diagonal mass matrices.

Static condensation direct matrix solutions are sped up
by using static condensation coupled with bandwidth
reduction algorithms to reduce storage requirements for

assembled system matrices.

While the numerical method is very accurate and
efficient, it also has the advantage that complex geometries
can be accommodated by employing unstructured meshes.
The vertices of spectral elements meshes can be produced
using finite-element mesh generation procedures.

Time integration employs a backwards-time differencing
scheme described by Karniadakis et al. (1991), more
recently classified as a velocity-correction method by
Guermond and Shen (2003). One can select first, second, or
third-order time integration, but second order is usually a
reasonable compromise, and is the default scheme.
Equal-order interpolation is used for velocity and pressure
(see Guermond et al. 2006).

2.2.2 The implementation

The top level of the code is written in C++, with calls to
C and FORTRAN library routines, e.g., BLAS and
LAPACK. The original implementation for
two-dimensional Cartesian geometries was extended to
three dimensions using Fourier expansion functions for
spatially-periodic directions in Cartesian and cylindrical
spaces. Concurrent execution is supported, using MPI as the
basis for inter processor communications, and the code has
been ported to DEC, NEC, Fujitsu, Compaq, SGI, Apple
and Linux multiprocessor machines. Basically it ought to
work with little trouble on any contemporary UNIX system.

Various code extensions are not part of the base
distribution. These include dynamic and non-dynamic LES
(Blackburn and Schmidt 2003), simple power-law type
non-Newtonian theologies (Rudman and Blackburn 2006),
scalar transport (Blackburn 2001, 2002a), buoyancy via the
Bossiness approximation, accelerating frame of reference
coupling for aero elasticity (Blackburn and Henderson
1996, 1999, Blackburn et al. 2001, Blackburn 2003),
solution of steady-state flows via Newton-Raphson iteration
(Blackburn 2002b), linear stability analysis (Blackburn
2002b, Blackburn and Lopez 2003a, b, Blackburn et al.
2005, Sherwin and Blackburn 2005, Elston et al. 2006)
respectively.

Semtex is a family of spectral element simulation codes.
The spectral element method is a high-order finite element
technique that combines the geometric flexibility of finite
elements with the high accuracy of spectral methods. The
method was pioneered in the mid 1980’s by Anthony Patera
at MIT (Patera 1984, Korczak and Patera 1986). Semtex
uses parametrically mapped quadrilateral elements, the
classic GLL ‘nodal’ shape function basis, and continuous
Galerkin projection. Algorithmically the code is similar to
Ron Henderson’s Prism (Henderson and Karniadakis 1995,
Karniadakis and Henderson 1998, Henderson 1999), but
with some differences in design, and lacking mortar
element capability. A notable extension is that Semtex can
solve problems in cylindrical as well as Cartesian
coordinate systems (Blackburn and Sherwin 2004).

2.3 The rigid immersed boundary method

The main idea of this method is that the fluid velocity
equal to the speed of the object boundary through exerting a
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force on the fluid near the boundary in the non-slip
boundary condition.

The incompressible viscous fluid flow is governed by
the N-S equations and the continuity equation

du
pg(a+u-Vu>=—Vp+yV2u+f 2

V-u=0 3)

Where u = (u,v) is the velocity vector, p is the
pressure, p, is the fluid density, u is the dynamic
viscosity, and f = (fs, f,) is the momentum forcing
applied to enforce the no-slip boundary condition along the
IB.

The governing equations for a filament is written in a
Lagrangian form. The motion equations are
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The interaction force between the fluid and the IB can
be calculated by the feedback law

F=o f Uey — V)t + B(Uyp — U) 5)
0

Where a and S are large negative free constants, Uy,
is the fluid velocity obtained by interpolation at the 1B, and
U is the velocity of the solid expressed by U = dX/dt. Eq.
(2) implies that the adjacent fluid points are linked with the
IB by a set of identical stiff springs with damping. No-slip
boundary condition can be satisfied by the above equation.
In the expression, the a will continue to grow as the speed
difference increases to eliminate the difference. § can be
understood as the resistance to the surface of the object, the
resistance will affect the elimination of the speed difference.
For different situations, « and g will have a
corresponding coefficient value range. In this range, the
value of the two coefficients has little effect on the
calculation results.

In the virtual boundary method, the limiting expression
for time step is

(=B* — 2ak)

(6)

2.4 Discretization of the NS equations

Discretization of the Navier-Stokes equations is a
reformulation of the equations in such a way that they can
be applied to computational fluid dynamics.

The equation was divided by the density and density
was absorbed into the body force term.

ou; Ou;0u; 6P+ 0%u;
ot ox;  Ox;

+fi ()

0x; 0x;

The equation is integrated over the control volume of a
computational cell.

fff aul ou; :u]]dV
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The time-dependent term and the body force term are
assumed constant over the volume of the cell. The
divergence theorem is applied to the advection, pressure
gradient, and diffusion terms.

Ju;
—V + uiuin]‘ dA

] e ] 2

Where n is the normal of the surface of the control
volume and V is the volume. If the control volume is a
polyhedron and values are assumed constant over each face,
the area integrals can be written as summations over each
face.

©)
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Where, the subscript nbr denotes the value at any given
face.

For a two-dimensional Cartesian grid, the equation can
be expanded to

oy,
EMAY (uuly), + (wudy), — (uvAx)s
+(uiVAx)n = _(PniAy)m - (PniAy)e

du; 11
—(Pn;Ax)s — (Pn;Ax), — (v—lAy) (1)
0x ©
+< auLA> ( auiA) +< OuiA) +
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2.5 Simulation of IB-SEM system

The IB-SEM system was established based on the
Spectral element method Semtex and the rigid immersed
boundary method. The work-flow of the IB-SEM system
was shown in Fig. 1.

SEM and IMB coupling for water inrush numerical analysis

Spectral/hp Diseretization of
element method NS equation Particles Blocks
Semtex 2D/3D Immerse boundary
.~ method 2D3D
O — O

| IB-SEM Numerical Method I

Fig. 1 The work-flow of IB-SEM system
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Fig. 3 IB- SEM system modeling software

This system is used to simulate the interaction of the
solid and fluid which are shown in Fig. 2.

First, in the pre-processing, the modeling software of the
IB-SEM system was established. This software was used to
realize two dimensional and three dimensional immerse
boundary modeling and the elements and nodes of fluid
domain generating (see Fig. 3).

In the processing, Fig. 4 shows the interaction of solid
and fluid in the IB-SEM system. Where, €, is the fluid
zone, Q) is the solid zone, f is the momentum forcing
applied to enforce the no-slip boundary condition along the
immerse boundary, P is the water pressure, 7 is the
viscous force, h, is the length of each element, h, is the
width of each length, the red points are immersed points
and the blue pints are fluid nodes.

The simulation process of the system is shown in Fig. 4.

In the post-processing, we used Tecplot 360 EX 2015 R2
software to display and analysis the simulation results.

3. Flow around the fixed particle

When there are not the complex or moving solid
boundary in the simulation, the accuracy of the traditional
finite element grid is very good. So in order to verify the
accuracy of the immersed boundary method, the particle
was fixed and investigated the two dimensional flow around
it, and then comparing with the result based on the fitted
gird in this section.

The numerical model integrates the two-dimensional,

I b

Fig. 4 Solid immersed in a Cartesian grid

0 5 10 15 20 25 30 35 40
X

Fig. 5 Spectral elements in the overall computational domain

time-dependent, incompressible, Navier-Stokes equations,
continuity equations and dimensionless by the diameter of
the cylinder and the free-stream velocity. All lengths are
expressed in terms of the diameter of the cylinder, The
Reynolds number is 150. The center of the immerse
boundary cylinder is (5, 5) in the Cartesian coordinate
system, and the diameter is 1. The length of the
computational domains is 25, and the width is 10.The
inflow is located at x=0 and the outflow is located at x=25.
The far-field boundaries are located at y=0 and y=10. The
coordinates of monitoring points is (6.5, 6). Free stream
boundary conditions with u = 1.0 and v = 0 are applied
into the inflow boundary.

The 2D computational domain is decomposed into 1775
spectral elements and 11111 nodes. The spectral elements
employing piecewise continuous nodal-based polynomial
expansions  within  mapped-quadrilateral ~ elemental
subdomains are adopted for two-dimensional spatial
discretization. In each of element, piecewise continuous
nodal-based polynomial expansions with order P are
applied. In this numerical the polynomial order P is 6. The
number of points defining the cylinder is 1401. The domain
and the computational grid are shown in Fig. 5.

The feedback forcing coefficients was set to a =
—400000 and B = —600. The At was valued at 0.001 in
our simulation.

As shown in Fig. 6, in the process of flow simulation,
due to the large Reynolds number, the particle vibration,
which produces the vortex. And as the flow continues, the
frequency of the oscillation period tends to be stable.

The following table lists the particle of the immerse
boundary results comparing with previous traditional
cylinder flow numerical simulation studies. On Table 1, the
Re = 150, the ¢/ means the lift coefficients, C; means
the drag coefficient, C; means the amplitude of the
fluctuating part of the drag and S; means the Strouhal
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Fig. 6 Numerical simulation of flow through the particle
(Re=150)

number. The calculation method of above parameters were
shown in below:
(1) The lift coefficient C; is defined by

oL L 2L
1 = 12
qS %puzs puzs (12)
Where, L is the lift force, q is the fluid dynamic
pressure, S is the relevant plan area, p is the fluid density
and u is the flow speed.
(2) The drag coefficient is defined as

2F, 8F,

Ca= puA - pu?mnD? (13)

Where, F, isthe drag force, the F; is defined as

Fy= j fEdr (14)
r

Fax = T + Py (15)

de = Ty + py (16)

p is the mass density of the fluid, u is the mean free
stream velocity. A is the reference area

A =nD?/4 (7)

Table 1 Flow past a cylinder at Re=150

Studies C/ Cq C; Si
Williamson (1988) 0.184
Zhang et al. (1995) 0.403 1.410 0.030 0.192

Liu et al. (1998) 0.530 1.334 0.026 0.182
Kumar and Mittal (2012) 0.518 1.313 0.026 0.182
Present results 0526 1.335 0.026 0.183

(3) The Strouhal number (S,) is a dimensionless number
describing oscillating flow mechanisms.

The Strouhal number is often given as

L
s.=1

Where, f is the frequency of vortex shedding, L is the
characteristic length (the diameter of circle), and U is the
flow velocity.

By comparing the results (see Table 1), we can see that
the results were basically consistent, and the fluid structure
coupling phenomenon was the same. So the method is
feasible.

Numerical simulation of flow around a particle under
different Reynolds number is carried out. The flow
streamlines are as follows (black particles).

In the Re<1, the stokes-Oseen solutions can be used.
Except that, finding the analytical solutions became an
impossible work and the analysis needed to depend on the
numerical and experimental solutions.

From the simulation in Fig. 7, we can see that when the
Reynolds number of the flows was small enough (Re<1),
the inertia forces were negligible over most of the flow
field, the streamlines appeared symmetrically from front to
rear. When the Reynolds number exceeded 1, the symmetry
was lost. As the Reynolds increased from 20 to 50, a pair of
upper and lower vortices was generated within the wake of
the cylinder. After the Reynolds exceeded 50, the vortex
region expanded and increased in length.

(18)

4. Motion of the single particle in the flow
4.1 Governing equations for particle motion

(1) Calculation the vector force of the particle

The velocity vector around of the particle can be
decomposed in the Cartesian coordinates as u, ,u, and
u,, or as a surface-normal component u,, a stream wise
component u,, and a span wise component u,

U= Ul +Uyj + UK = Ut + Upym + Uk (19)

Where i, j, k, n and m are units in the ¥, y, z, outward
surface-normal and stream wise directions, respectively. n
and m can be decomposed as n=mn,i+n,j and
m=myi+m,j, where m,=n, and m,=n,.
Correspondingly there are u, = u,n, +uyny, uy, =
UpMy + UMy, Uy = UMy + UpN, aNd Uy, = upmy, +
upny,. In this work, it is assumed that the controlled
boundary is a concave and closed surface (curve) and u,,
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Fig. 7 Numerical simulation of flow around particle in different Reynolds numbers

u,, m, and m, are differentiable.
The force acting on the surface of the solid body C can
be written as

f= f (pn — - n + uu,)dS (20)
C
Where, the three terms integrated represent pressure,

viscous and thrust terms. 7 is the viscous shear stress and

20,u, dyuy, + axuy] Ty
. 21
] @)

T'n=Re?!
Oyuy + 0u,, 20,u,,

The force of viscous force in X direction and Y direction
are respectively

T, = Re™1(20,u, *n, + Oyuy *ny + 0,uy xn,)  (22)

T, = Re™'(20,uy * ny, + Oy, * ny + Byuy, * ) (23)

(2) The governing equations for particle motion
The calculation of the water pressure is

Px =P *Ny (24)

Py =P *ny (25)

The motion of the particle include the translation and the
rotation respectively. The motion of the particles can be
calculated through the Newton’s equation. X direction and Y
direction resultant force are respectively

E =v +py (26)

F,=v,+p,+mg (27)

Because the block is seemed as a series of points in the
immersed boundary method, the motion of the block is
divided into translation and rotation.

In the translation, all the points have the same accelerate
and velocity.

F,
a= (28)

Fy
=2 29
a=D (29)
I/x = VO + axt (30)
V, = Vo +ayt (1)
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progress

4.2 Numerical simulation of the single particle motion

(1) The sedimentation of the particle

First, the velocity of flow is 0, which is the study of the
interaction between the sedimentation of particles and the
flow field. At different steps, the velocity of particles and
the effect of the vortex are shown in Figs. 8 and 9.

It can be found that the surface of the particles is
significantly affected by the pressure. The effect of fluid
motion and the governing equation of motion of the fluid
are explained by the symmetry of the flow line. In the
process of settling of particles, the wake flow is gradually
produced and developed. The greater velocity of the water
body near the particle, the more vortex appears. This is
basically consistent with the results of previous experiments
(see Figs. 8 and 9).

Then on the left side of the imported u=1, in the case of
the flow of particles, the trajectory of the movement and the
flow char from left to right is as follows (Fig. 10):

Through the study we found that the particle trajectory

is parabolic shape. And with the continuous movement of
the particles, the vortex effect becomes more and more
obvious. The position of the vortex is mainly concentrated
in the upper left and the upper right of the particle.

In comparison with the traditional finite element
method, the mesh does not need to be rebuilt when the solid
is moved by the fluid, which greatly improves the
computational efficiency and reduces the error.

The traditional particle discrete element method can
only simulate fluid solid coupling through interaction
between particles, which cannot describe the flow field
accurately and effectively. Rigid boundary immersion
method solve the above problems, more in line with the
actual.

5. Collision model for the numerical simulation

In the numerical simulation, the overlap of the particles
may happen. The repulsive force model was established to
avoid the overlap. It can also prevent the particles from
getting too close which may lead to the unavoidable
numerical truncation errors. The collisions include the
particle-particle collisions and the particle-wall collisions
respectively.

5.1 Particle-particle collisions

The collision model was established to prevent the
particles from interpenetration each other. A repulsive force
was proposed by Glowinski et.al which can prevent the
particles from getting too close. The repulsive force was
determined as

p_
Fi=

(32)
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(1a) The velocity of particles in the
1000 step V cloud image

(2a) The velocity of particles in the
3000 step V cloud image

(2b) Vortex chart of 3000 steps

(3a) The velocity of particles in the
10000 step V cloud image

(3b) Vortex chart of 10000 steps

Fig. 10 The progress of the particle motion (u=1)

Fig. 11 The diagram of collision of two particles

0 di,]->Ri+R]-+p

1
S_(XI_XJ)(RI—I_R]_dl,]) RL+R]Sdl’]<Rl+R]+p
P

1

s_,(Xi_Xj)(Ri'i-Rj'i-p_di,j)z di,j<Ri+Rj

14

Where, d;; is the distance between the i particle and
the j particle. R; and R; are the radius of the i and j
particle. The &, and &, are small positive stiffness
parameters. The p is the range of the repulsion force. It was
taken p = hqg (hq is the space discretization step used for
approximating the velocity).

The hy can be adjusted so that the finite element
approximation can resolve the boundary and shear layers
occurring in the flow. The p can be taken of the order of

(a) 100 steps

(b) 3000 steps

ho.The €, and ¢, aretakenas (hg)* and hg.

The theory is validated by the numerical simulation of
the collision of two particles. The initial coordinates of the
two particles’ center are (4, 3) and (8, 3). Two particles went
in opposite directions with the initial acceleration of 1. The
radius of the particles are 1 (Fig. 11).

The calculated results are shown below (see Fig. 12).

5.2 Particle-wall collisions

The calculation equation for the contact forces F*
between particles and wall in the simulation are as bellows
FW

L

0 di>2Ri+p

1
w

1 r !
e_,(Xi —X)Q2R; +p —d)? d; < 2R;
w

The ¢, and g, are small positive stiffness parameters.
In order to study the collision between particles and
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(c) 5700 steps

Fig. 12 The simulation of two particles collision
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1 2 3 4

(g) 4000 steps
Fig. 13 Particle-wall collision simulation

(h) 5000 steps

boundaries, single particle sediment in the closed fluid area
is investigated. The width and length of the domain are 3
and 5. The radius of the particle is 1. The simulation results
are shown in Fig. 13. Reynolds numbers is 100 and d; is
0.001.

.,
..
°.

Fig. 14 Schematic diagram of simulation

5.3 The total repulsive force

The total repulsive force of the i particle can be
calculated as follows

n
= ) F 4R (34)

j=Lj#i

The trajectories of the particle can be determined by the
Newton’s motion equation which showed the previous
sections and the collision.

For researching convenience, the collision force f, can
be calculated from the normal and tangential direction.

fe=lhtfe (35)

Where the normal force f;,, included the elastic force f,
and the frictional force f¢,, in normal direction respectively.

fo=fet frm (36)

The elastic force was calculated in the equation

In the above sections, the motion of the particles was
studied. With the continue motion and the increase in the
number of particles, the collisions between particle and wall
or particle and particle will take place.

5.4 n particles motion

Based on the interaction between particles and fluid, the
collision between the particle-particle and the collision
between the particle-wall are studied, the interaction of the
large number of the particles and fluids were carried out.

Firstly, the sedimentation of particles were simulated in
the closed domain.

The size of the calculation domain is 10x12, a total of
18 particles. The diameter of each particle is 1 and all the
particles are divided into three rows at the top of the
calculated region (see Fig. 14). Reynolds numbers is 100
and d; is 0.001. The particles locations and calculation
area are shown in Fig. 14.

The interaction between particles and the fluid in the
closed domain are shown in Figs. 15-18.

First, the particles are in the top of the area and then
begin to sedimentation under the action of gravity. The
particle velocity, pressure field and vortex are shown in the
following Fig. 15.

As the calculation continues, under the action of gravity,
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Fig. 15 The simulation of particles sedimentation (100 steps)
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Fig. 16 The simulation of particles sedimentation (1000 steps)
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Fig. 17 The simulation of particles sedimentation (2000 steps)
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Fig. 18 The simulation of particles sedimentation (3000
steps)

pressure and viscous force, the particles are accelerated to
sink and the velocity becomes larger and larger.

From the simulation, we can see that the pressure field
has an obvious stratification change for the calculation area

which is confined. The pressure field is positive at the
bottom of the particles. The pressure field above the
particles is negative. With the movement of particles, a
large number of vortex generation.

6. Conclusions

(1) In the program, based on the spectral element
method and immersed boundary method, the IB-SEM
system was established.

(2) By comparing with the previous research on the flow
around the cylinder, it is found that the two results are
basically the same. The accuracy of the rigid boundary
immersion method in the calculation of fluid solid
interaction is verified.

(3) The governing equations of motion are established.
The migration law of particles under water flow is revealed.



The establishment of IB-SEM numerical method and verification of fluid-solid interaction

The interaction between particles and fluid is analyzed. The
interaction between the lots of particles and the water flow
were investigated, which provides a new method for
simulating the filling water inrush.
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