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Abstract.  In this study, we propose a three-dimensional simplified slope stability analysis using a hybrid-type penalty method
(HPM). In this method, a solid element obtained by the HPM is applied to a column that divides the slope into a lattice.
Therefore, it can obtain a safety factor in the same way as simplified methods on the slip surface. Furthermore, it can obtain
results (displacement and strain) that cannot be obtained by conventional limit equilibrium methods such as the Hovland
method. The continuity condition of displacement between adjacent columns and between elements for each depth is considered
to incorporate a penalty function and the relative displacement. For a slip surface between the bottom surface and the boundary
condition to express the slip of slope, we introduce a penalty function based on the Mohr-Coulomb failure criterion. To compute
the state of the slip surface, an r-min method is used in the load incremental method. Using the result of the simple three-
dimensional slope stability analysis, we obtain a safety factor that is the same as the conventional method. Furthermore, the
movement of the slope was calculated quantitatively and qualitatively because the displacement and strain of each element are

obtained.
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1. Introduction

Simplified methods for evaluating slope stability include
the limit equilibrium method (LEM; Razdolsky et al. 2005,
Deng et al. 2015, Xiao et al. 2015), the finite element
method (FEM; Ji and Liao 2014, Tschuchnigg et al. 20153,
b), the combined LEM and FEM method (Sloan 2013), the
rigid FEM (Liu and Zhao 2013), and the distinct element
method (DEM; Liu et al. 2014). In addition, the influence
of the three-dimensional slope shape is discussed when
dealing with the three-dimensional model (Gao et al. 2013,
2016, Michalowski and Nadukuru 2013, Zhang et al. 2013,
Shen and Karakus 2014, Lim et al. 2015). Furthermore,
methods using new numerical analysis such as the particle
method have been studied for investigating slope failure
with large deformation behavior (Peng et al. 2015).

The authors proposed a three-dimensional simplified
slope stability analysis method based on the rigid-body
spring model (RBSM; Kawai 1977, Takeuchi and Kawai
1997, Yagi and Takeuchi 2015). The input data of this
method is equivalent to a simplified method such as the
Hovland method and Janbu method. The purpose of this
method was to grasp the qualitative slope movement
because the safety factor of the slope with the conventional
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simplified method cannot obtain information regarding the
deformation condition of the slope.

In recent years, methods that use the deformation
condition have been discussed such as using the
deformation and strain state of the slope to evaluate the
slope stability (Murata et al. 2014). For such evaluation
methods, it is necessary to grasp the quantitative
deformation condition, and a calculation method was
proposed using the Spencer method and the Newmark
method.

On the other hand, the present authors and others have
developed the hybrid-type penalty method (HPM; Takeuchi
et al. 2001, Ohki and Takeuchi 2005, Mihara and Takeuchi
2005, 2007, Vardanyan and Takeuchi 2008, Takeuchi et al.
2009, Yagi and Takeuchi 2011, Fujiwara et al. 2015) as a
discretization method based on the principle of hybrid-type
virtual work equation (Washizu 1968). In this method, the
same discretization limit analysis as RBSM can be
performed. In addition, the accuracy of the displacement
solution is equivalent to FEM with constant strain element
(Mihara and Takeuchi 2005, Ohki and Takeuchi 2005). This
assumes the same degree of freedom as the discontinuous
deformation analysis (DDA, Ohnishi et al. 2013). However,
DDA mainly deals with a mass of discrete bodies and is
therefore used for the collapse analysis of a rock mass
having many discontinuity planes (Jiang et al. 2013, Jiang
and Zheng 2015).

On the other hand, HPM is considered applicable to
phenomena such as landslides and full-layer avalanches
because it can express approximately continuous models
using a penalty function. In addition, as compared with the
previous study of three-dimensional simplified slope
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Fig. 1 Subdomains Q® and the boundary I'®

Fig. 2 Common boundary T'<y,- between subdomains
Q@ and Q®

stability analysis methods using RBSM, the accuracy of the
displacement solution is improved as the strain results are
obtained.

In this paper, we propose a simple method to evaluate
the slope stability by applying HPM to the previous study
of three-dimensional simplified slope stability analysis
method using RBSM. Finally, we describe the features of
the obtained solution using numerical examples.

2. Summary of the HPM
2.1 Hybrid-type virtual work equation

Fig. 1 shows that domains Q consist of M subdomains
Q® with the closed boundary I'®.

M
n= U Q®) where Q™ n Q@ =0(r = q) (1)
e=1

Then the virtual work equation is represented by the
sum of each subdomains as follows

M
ZU o gradeudv — [ £ audv - fwas):o @)
=\ Joo ) NG

def .
YSueV,V = {u:Q >R ul, =0f 3)

We use TI';p- to denote the common boundary between
two subdomains Q® and Q®, which are adjoined, as shown
in Fig. 2.

The boundary I'<y, satisfies the following conditions

Teaps> = r@ ﬂ r® (4)

In the principle of hybrid-type virtual work, the
following equation represents the continuity condition on
the boundary

u@

_,®
<ab> u

<ab> on l—‘<ab> (5)

Here u(j;)b> and u(<k2b> represent the displacement on

the boundary I'..,> With each subdomains Q® and Q®, as
shown in

def .
S U@ | G®
aps <ab>

0@

<ab>

(6)

The continuity condition of Eq. (5) can be represented in
the following form with the Lagrange multiplier

def .
b
Ha = of 30, —u®. b @

I<ab>

Eq. (7) is introduced into the virtual work equation (2).
Then, the hybrid-type virtual work equation is obtained.
The number of common boundaries of the subdomain is
N, and hybrid-type virtual work equation is represented as
M

Z;(Lzm o gradoudy — [ audv - |t cinS)
e=:
N ®)
o[of, b uh b -0
A
2.2 Displacement field

The HPM assumes independent displacement fields in
each subdomain. In this study, it assumes a first-order
displacement field as shown Fig. 3 and the expression

u® = NOJ® L NEO© ©)

where each coefficient is

u® =[u,v,wl (10)
d(E) :|_uOvV0IWOVHO’¢0'/¥OJt (11)
a(e)Z\_gxon’?yo:5zo!7/><y0'7’3'20’7/”0Jt (12)
100 0 z©® _y®
N((f)= 010 -z® 0 X © (13)
001 Y® _x® 0
X® o 0 Y®2 o z®p2

N®=| 0o v® o x®/2 z®/2 0 |(14)
o o0 z® o y®©r2 x®y2

X(e)zx—XO, Y(e)=Y—YO, 29 =z2-2y  (15)

Here d® and £© are the rigid displacement and the
strain at arbitrary points in the domain, and No© and N,©
are the coefficient matrices related to the coordinates.

Therefore, the displacement field in HPM has the degree
of freedom of strain and its gradient in addition to the rigid
displacement and rigid rotation at arbitrary point in the
domain. The conventional displacement-type FEM uses the
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T eaps =T 0 1O
Fig. 4 The surface force on the boundary in subdomains

apexes of the element to the degree of freedom. However,
HPM does not share the displacement at the apex because
the displacement field is represented by the parameter at an
arbitrary point in each domain.

2.3 Relative displacement and Lagrange multiplier

The physical interpretation of the Lagrange multiplier
means the surface force on the boundary. The surface force
on the boundary I in subdomains Q@ and Q® as
shown in Fig. 4 can be represented as in the following
equation with the relative displacement 6.4- and the
penalty matrix k

;"<ab> =k- 6<ab> (16)

By using the matrix form, Eq. (16) is represented as

follows
ls<ab> ks 0 0 55<ab>
Aecabs (=] 0 K¢ 0 | Stcans (17)
j'n<ab> 0 0 kn 6n<ab>

Here  Oswapsr Otcapsy and  Oneaps, are the relative
displacement for the tangential and normal direction on the
element boundary T'<p-. Similarly, As<aps, AcapsaNd An<aps are
the Lagrange multiplier for the tangential and normal
direction and ks, k; and k, are the penalty function for the
tangential and normal direction. When the penalty matrix is
a sufficiently large value, the displacement continuity is
approximately represented on the boundary.

2.4 Discretization equation

We introduce the relation of Egs. (9) and (16) to Eq. (8);
finally, we obtain the following discretization equation

KU=P (18)
Here K and P are
M N
K=Y KO+ K., (19)
e=1 s=1

M M

P=Y> WP +> pO (20)
e=1 €

=1

where K@ is the stiffness matrix of the element (e) and K.
is the continuity condition on the element boundary <s>.
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3. Modeling for three-dimensional simplified slope
stability analysis

3.1 Method of element division with column

In this study, the stability analysis of HPM uses the
same input parameter as the conventional simplified
method. Therefore, we apply the modeling method that
divides the slope into a lattice and that calculates with an
assumed slip surface to the same as conventional simplified
method as shown in Fig. 5(b). When the model is the slope
as shown in Fig. 5(a), it is divided into the column by the x
and y direction of the lattice as shown in Fig. 5(b).

Moreover, we divide this column in the z direction as
shown in Fig. 5(c), because HPM can consider the elastic
deformation. We divide the column with equal interval to
the top layer element, the bottom layer element, and the
middle layer elements. We increase the number of middle
layer elements depending on the accuracy of calculation.
However, the material uses the same stiffness in each
column, because the purpose of this method is simplified
slope stability analysis that we can use with the same input
parameter as the conventional simplified method. In this
study, we use the average of the stiffness of the column.

3.2 Weight of the column

The weight of the column uses the average of unit
weight in each column. When the groundwater level is
considered as shown in Fig. 6, this part uses the submerged
weight.

In the case of element I in Fig. 6, the average height of
upper, lower, and water level are

ZatZ.tz,,+2Z,

Upper: H“ — ul ul u3 (21)
4
ZgtZy,ytzyytz

Lower: H, = dl d2 d3 a4

d 4 (22)
z.t+z ,+Z +Z
Water level: H“ — Zwl w2 2 w3 wd (23)
The weight of an element is calculated as follows
H,<H, W.,=y-(H,—H,) dxdy (24)
H,2H,;, W =y, (H,—H,) ddy (25)
Hy <H, <H,

(26)

Wi = 7su - (Hy —Hg)-dxdy + 7, - (H, —H,,)- dxdy
where 7, is the wet weight and vy, is the submerged weight.
3.3 Seismic load
We treat the seismic load as a static problem by using
the design horizontal seismic coefficient. Fig. 7 shows the

state of the column using the seismic load.
In this study, the weight of the element I is W), and the

Groun%
H st = H"T 'kh.

element I

surface

1

Reference level

dy e

dx

Fig. 7 The seismic load

designed horizontal seismic coefficient is k,. The seismic
load is obtained as

Hy =W, -k 27)

The seismic load decomposes in the x-direction and y-
direction as follows

Wiy =Hg -cosé (28)

ny1 =Hg -sing (29)

4. Discretization for three-dimensional simplified
slope stability analysis

4.1 Continuity condition of the column on the x-side
surface

As shown in Fig. 8, we consider the contact situation of
a column for the x-direction.

z  Column | Column Il

r ' Contact Y Reference level

I : surface

A 7, ™~
*#7 e o+ 1 11
. ips y& sfip sur - I dy ;
T A B B IS o W

Reference level | v Reference level Il dx

Fig. 8 The continuity condition of a column for the x-
direction
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It is assumed to connect for each of the layers, and the
relative displacement of element | and |1 are obtained as

6 Ui (30)

where 8_;,. is the relative displacement, U_,,. is the
degree of freedom of elements | and II, and B_;,. is the
coefficient matrix.

The Lagrange multiplier A_,.;- for elements | and Il is
represented as

<> =B

As = k6<|-II> (31)
The penalty matrix Kk is

k

»

0 0
k=|0 k 0 (32)

o O

0 k

>

k, is for the normal direction, ks and k; are for the shear
direction.
In the case of the x-direction, the penalty matrix k is

E
(1+v)dx 0 0
E
k= kx—side - 0 (1+ V)dX 0 (33)
1+v)E
0 R (R R

Here, we assume that the penalty function is p, and E’ is
assumed as

E'=Exp (34)

Therefore, the continuity condition of the side for the x-
direction is discretized as

Hy side = _J.r BLii-KysigeBon-dT U e (35)

<ab>

4.2 Continuity condition of a column on the y-side
surface

We consider the continuity condition of a column for the
y-direction as shown in Fig. 9.

This concept of the continuity condition is the same as
in the x-direction. Therefore, in the case of the y-direction,
the penalty matrix k is

£
(1+v)dy 0 0
E
k= ky—side - 0 (1+ v)dy 0 (36)
@+v)E
I 0 0 (1-2v)1+v)dy |

Finally, the continuity condition of the side for the y-
direction is discretized as follows

Hy side = _jr Bt<|<||>ky—sideB<I»Il>dF Ui 37)

<ab>
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Fig. 9 The continuity condition of a column for the y-
direction
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Fig. 10 The continuity condition of the column for the
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4.3 Continuity condition of column on upper and
lower surface

As shown in Fig. 10, the column is divided to at least
three parts: the top layer, the bottom layer, and the middle
layer(s). The division method uses equal intervals and it
ignores the stratum and groundwater.

In the case of the contact surface for the side as in
Sections 4.1 and 4.2, the coordinate transformation for the
normal direction is not necessary to obtain the relative
displacement, because the contact surface is parallel to the
y-z plane and x-z plane. However, in the case of the upper
and lower surface, it is not parallel to the x-y plane. Thus,
the coordinate transformation is necessary.

In this case, the relative displacement is obtained with
the coordinate transformation matrix R_;;i. as follows

<ivii> Y i (38)

The Lagrange multiplier A_;;;> for elements I and Il is
represented as

d_iii> = RLiB

Aiiis = Koyertical O <iiis (39)

<i-ii>

where the penalty matrix Kuyetica IS

£
@+v)h OI 0
E
Kyertical = 0 (l+ V)h 0 (40)
0 0 @+v)E
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Fig. 11 The continuity condition of the column for the
slip surface

Here, h=h; +h;; is the average of height of upper and

lower surface and E' is used as the relation of Eq. (34).
Therefore, the continuity condition of the upper and
lower surface is discretized as follows

H vertica :*J. BLiii- Kverticat B it AT U i (41)

<ab>

4.4 Continuity condition of the column on the slip
surface

As shown in Fig. 11, we consider the continuity
condition regarding the slip surface.

To obtain the direction of the slip surface, we introduce
the concept of an isoparametric element to the slip surface
as

4
2(xy)=2"N,(&n)e, (42)
a=1
In this case, the normal vector n and shear vector s and t
on the slip surface are obtained as

1 0z. Oz . . .
n:—z(a—xwaj—k]:nanyprnzk
1+(rz)2 [g] (43)
oX oy
1 .
s= 2(]+ kJZSyJJrSZk
1+(62j (44)
oy
t=¥[i+@kj=txi+tzk
(45)

2
1+ [@j
oX
The relative displacement of the slip surface is obtained
with the displacement of column U™ as follows
6slip = RsliszIipU(l) (46)

Here the coordinate transformation matrix Rsgip is
represented with the relation Eq. (43)-(45) as follows

L (47)

The Lagrange multiplier of the slip surface is
)‘slip = kslipaslip (48)

where the penalty matrix Ksiip is

£
T 0
E
I(slip = 0 (1+ V)h| 0 (49)
0 0 1+v)E

(l— 2v)(l+ v)hI
where E’ uses the coefficient of the slip surface
E'= Eslip (50)

Therefore, the continuity condition of the slip surface is
discretized as

Hgip :—téu(l)jr B;IipksliszlideU(l) (51)

<ab>

4.5 Strain energy in each element and total energy of
model

As shown in Section 2, the HPM can be used to evaluate
the element stiffness.
As shown in Fig. 12, in the case of element I, its strain

e andstress ¢ are

ROR=ONI0) (52)

¢ =pMeM (53)

where B is the matrix that is the relation between the

strain and the displacement and D() is the structural
matrix of a general three-dimensional elastic body

000000100000
000000010000
g _|0 00000001000 54
1000000000100 (54)
0000O0O0DO0O0O0OO0T10
000 00O0O0OOO0O0 1]
1-v v 0 0 0
v 1l-v v 0 0 0
m _ E v v 1l-v 0 0 0
P C@+vie-2v)f 0 0 0 @-v)2 o0 0 (55)
0 0 o0 0 (@-v)2 o
0 0 o0 0 0 (@-v)2
In this case, the element stiffness is represented as
t | t | | | |
W=t ¢ )IQ<§( )DOBMgou® (56)

Therefore, the total energy is obtained with Egs. (35),
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(37), (41), (51), and (56) as follows By =15
For

\Y =Wcolumn + Hx—side + Hy—side + Hvertical + Hslip (57)

z Column

(a) The elastic analysis Fs = 1.104

kyp = 1.5

| a0*

Slip surface 1<

— >
Reference level

Fig. 12 The element stiffness of column

(b) The nonlinear analysis Fs = 1.155
Fig. 14 The local safety factor

T
7
L]
T

!
i

\
Pt
[N Y

BN B P S

N EENES

NS

(a) The elastic analysis

[ ESE!
AT
(b) The slip surface S RILELT ] A
Fig. 13 The numerical model e
217 IEIEREIEN
Table 1 The shape size T
The number of divisions for x nx 16 : ;: : j / , i i : \i
The number of divisions for y ny 20 : ; : : z , : : : :
L S|l x| A x| R
The number of divisions for z nz 3 A A== T
The width of divisions for x (m) dx 10 ’ : ?}X
The width of divisions for y (m) dy 10 (b) The nonlinear analysis

. Fig. 15 The principal strain
Table 2 The material parameters

Unit of weight (kN/m®) 18 .
4 5. Numerical example
Cohesion (kN/m?) C 422
Internal frictional angle (°) ¢ 22 5.1 Numerical model
Elastic coefficient (GPa) E 1

The numerical model is shown in Fig. 13: (a) represents
Poisson ratio v 02 the ground level and (b) represents the assumed slip surface.




954 Kiyomichi Yamaguchi, Norio Takeuchi and Eisaku Hamasaki

NE R B R i

P S DR O B R e e S e

N S [ N IR I N NUR N R N R R

e e e

JR N I A S S S
~

P I (U U R R e
I B e N Al T o s

'

(a) The elastic analysis

i
=t

-

= =

<~ EEREERE

FEF g ot e s P

B RS S
===~ ‘.*’_‘wﬁ___k..;
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Fig. 16 The displacement vector

The number and width of divisions are shown in Table
1.

The material parameters are shown in Table 2. To
compute the state of the slip surface, we use a penalty
function based on the Mohr-Coulomb failure criterion as the
yield criterion on the slip surface and an r-min method as
the load incremental method (Takeuchi et al. 2001, Ohki
and Takeuchi 2005). And HPM obtains directly the normal
and shear surface force on the slip surface. Therefore the
safety factor is calculated by these surface force that are
considered the Mohr-Coulomb failure criterion.

Regarding the assumed slip surface, the coefficient of
the penalty function is assumed as follows

1+v)E

o = @1-2v)i+v)h, (58)

ke =k, =100 MPa/m (59)

5.2 Result in a seismic load

Fig. 14 shows the safety factor at the slip surface when
considering seismic load: (a) shows the elastic analysis
result without the slip failure and (b) shows the nonlinear
analysis result with the slip failure. The designed horizontal
seismic coefficient is 1.5 in the y-direction.

Red lattice represents that the safety factor is 1 or less
and blue lattice represents 2 or more. The total safety factor

in the elastic analysis is 1.104 and in the nonlinear analysis
is 1.155. The total safety factor of the elastic analysis is
smaller than the nonlinear analysis. On the other hand, the
local safety factor of the nonlinear analysis shows that the
slip occurs over a wide area. The local safety factor of
elastic analysis is less than 1. When the local safety factor
approaches zero, there is the tendency that the total safety
factor is reduced. This result confirms that tendency.

Regarding the comparison with stationary elastic
analysis, the safety factor of this method is 1.767. On the
other hand, with the modified Hovland method, the safety
factor that calculated using the angle of the slip surface is
1.538, and the safety factor assuming that the entire slope
slips downward is 2.188. The actual sliding direction is
these mixed patterns, and the safty factor is between these
values. On the other hand, the solution by proposed method
is the value between these safety factors.

Regarding the calculation amount, the total number of
degree of freedom is 5544 in the case of this model.

Therefore this method required 56 iterations of
simultaneous equations with 5544 degrees of freedom for
the elasto-plastic analysis. In the case of conventional
simplified method, its calculation is one time.

Fig. 15 shows the principal strain at the ground level
when considering seismic load.

Red vectors represent the tensile strain and blue vectors
the compressive strain. The compressive strain occurs at the
lower side in the elastic analysis. However, the large tensile
strain occurs at the upper side because the slip does not
occur in the elastic analysis. On the other hand, the
compressive state is shown in the nonlinear analysis
because the slip occurs at the upper side. Therefore, this
change of strain state indicates the possibility to predict the
sign of failure.

Fig. 16 shows the displacement at the ground level when
considering seismic load.

The displacement at the upper side should be the largest
by slip. However, it is smaller than in the central area in the
elastic analysis. This is due to the unnatural constraint
without slip. On the other hand, the displacement vector
where the slip occurred is the largest in the nonlinear
analysis. Moreover, the constraint state appeared in the area
where the slip does not occur at the lower side.

6. Conclusions

In this paper, we proposed a three-dimensional
simplified slope stability analysis by using HPM to obtain
the strain and displacement. In conventional simplified
method, the safety factor of maximum of inclining on slip
surface at each column is obtained. And the safety factor
may be less than 1 to calculate the safety factor by
decomposing forces of column weight to direction of the
slip surface. On the other hand, this method can obtain the
safety factor of displacement direction. And the surface
force on the slip surface moves on the failure surface
because it is obtained by nonlinear analysis considering the
Mohr-Coulomb failure criterion. Therefore the safety factor
is not less than 1. And as mentioned the comparison with
stationary elastic analysis, the solution of this method was
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obtained between solutions of the modified Hovland
method. In addition this method makes it possible to obtain
the change of strain and displacement before and after slip.
Therefore, we can extend this model to the evaluation of the
multidirectional stability by adding an evaluation of the
deformation condition to the conventional slope stability
analysis.
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