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Abstract.

Backfilling of mine stopes with waste rocks or tailings is commonly done to enhance ground stability. It is also an

alternative for mining wastes disposal. A successful application of underground backfilling requires an accurate evaluation of the
stress distribution in stopes. Over the years, various analytical solutions have been proposed to assess these stresses. Most of
them were based on the arching theory, considering uniform stresses across horizontal layer elements. The vertical and
horizontal stresses in vertical stopes are principal stresses only along the vertical center line, but not close to the walls where
there is rotation of the principal stresses. A few solutions use arc layer elements that follow the iso-contours of the minor
principal stresses, based on numerical solutions. In this paper, a modified analytical solution is developed for the stresses in
vertical backfilled stopes, considering a circular arc distribution. The proposed solution is calibrated with a few numerical
modeling results and then validated by additional numerical simulations under different conditions.
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1. Introduction

Stope backfilling is often used in mining operations to
enhance environmental protection and improve ground
stability (Aubertin et al. 2002, Ning et al. 2017). A critical
issue is then related to the stresses in backfilled stopes,
which depend on the load transfer that may occur between
the backfill and the confining rock walls. When a
deformable granular material is placed within a stiffer
confining structure, the soft material tends to yield and
settle downward. This settlement can generate shear stresses
along the confining walls. Part of the vertical load within
the filling material is then transferred to the walls, reducing
the stresses within the opening. This phenomenon is known
as arching.

An arching theory with a specific solution was proposed
by Janssen (1895) for calculating the stresses in bulk
(granular) materials such as grains, cement, and coal stored
in silos (e.g., Cowin 1977, Hartlen et al. 1984, Blight 1986,
Ooi and Rotter 1990). The first application of this theory in
geotechnical engineering is mainly due to Marston (1930)
who developed an analytical solution for assessing the load
on conduits buried in trenches (e.g., Spangler 1962, Handy
1985, McCarthy 1988). Terzaghi (1943) also used this
arching theory to evaluate the soil pressure above an
excavation (tunnel), based on the “trap-door” phenomenon
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(e.g., Ladanyi and Hoyaux 1969, Atkinson et al. 1974, Ono
and Yamada 1993, Moradi and Abbasnejad 2015). Other
applications of arching theory include solutions for the
stress state on retaining walls (Handy 1985, Harrop-
Williams 1989, Take and Valsangkar 2001, Paik and
Salgado 2003, Dalvi and Pise 2008, Goel and Patra 2008),
in dams with a soft clay core (Kutzner 1997), and in mine
backfilled stopes (e.g., Askew et al. 1978, Knutsson 1981,
Aubertin 1999, De Souza and Dirige 2002, Aubertin et al.
2003, Li et al. 2003, 2005, 2007, Caceres 2005, Pirapakaran
and Sivakugan 2006, 2007a, b, Li and Aubertin 2008,
20094, b).

The Marston (1930) solution for the load (force) on a
buried conduit was obtained by considering the global
equilibrium of thin, flat and horizontal elements (e.g.,
McCarthy 1988, Aubertin et al. 2003). This solution can be
expressed as follows for the corresponding 2D (plane strain)
stresses in a vertical backfilled opening (Aubertin et al.
2003)

b (E)
== e (L)

where g, (kPa) and o, (kPa) are the wvertical and
horizontal normal stresses, respectively; B (m) is the half
width of the opening; ¥ (kN/m®) is the unit weight of the
backfill; ¢ (°) is the internal friction angle of the fill
material; z (m) is the depth; K(= oy,/0,) is a ratio of the
horizontal to the vertical stresses (usually called earth
pressure coefficient).
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In reality, the shear stresses induced away from the
center line of the opening (with a maximum near the walls)
influence the stress distribution in the fill so the vertical
stresses are not uniform across the width. Eq. (1) does not
reflect this variation of the stresses between the center and
the side walls. Modifications to this solution can take into
account results from numerical analyses, which have
indicated that the trajectory of the minimum principal stress
g5 tends to follow an arch (e.g., Sokolovoski 1965, Li et al.
2003, Li and Aubertin 2008). It would then be more
appropriate to consider the equilibrium of a curved thin
element to develop the solution rather than a flat, horizontal
layer element.

Another limitation of Egs. (1) and (2), based on
Marston’s approach, is related to the use of a constant value
for the earth pressure coefficient K. The value of K in
backfilled openings is usually taken as the Rankine’s active
coefficient K, or Jaky’s (1944) at-rest earth pressure
coefficient K,. The shear stresses created near the walls
tends to produce a rotation of the normal stresses, so the
horizontal and vertical normal stresses differ from the
principal stresses at these locations (Yang et al. 2017a). The
stress ratio K can then take a different value at different
locations in the opening.

Handy (1985) considered a parabolic layer element
along which there is no shear stress and the principal
stresses are uniformly distributed in the backfilled opening.
Later, Harrop-Williams (1989) noted that Handy’s parabola
distribution can be approached closely by a circular arc.
Singh et al. (2011) considered a circular arc layer element
for estimating the stresses in backfilled stopes. The latter
analytical solution is based on a downward concave
trajectory for the principal stresses. Results from numerical
simulations however indicate that this trajectory rather
follows an upward concave shape as will be shown below
(see also Li et al. 2003, Li and Aubertin 2008). In addition,
the solution proposed by Singh et al. (2011) was expressed
in a local coordinate system, rather than in a global
Cartesian system; several transformations may thus be
necessary to obtain the stresses away from the center line.

In this paper, an analytical solution is developed and
applied to estimate the stresses in a vertical backfilled stope
by considering the equilibrium of a circular arc layer
element. This work thus extends and modifies earlier
solutions proposed by Handy (1985), Harrop-Williams
(1989) and Singh et al. (2011). This alternative solution is
compared with existing solutions and numerical modeling
results.

2. Formulation based on arc layer element

The distribution of the minor principal stresses (a3) in a
backfilled opening, obtained numerically by Sokolovoski
(1965), was used by Handy (1985) to develop a solution
that represents the curved pattern as a parabola (also called
catenary). Harrop-Williams (1989) showed that this
distribution of the minor principal stress can be
approximated by a circular arc, expressed as follows

B 1— [1 _ (AX)Z]O'S

> (3a)

Y

Wall —
-~

Backfill

Fig. 1 An arc diagram for the stress in a vertical
backfilled opening (adapted from Harrop-Williams
1989).

or

1\2 (12
2 _Z) =(= 3b
X +(Y A) (A) (30)
where X (m) and Y (m) are the abscise and ordinate of
the local coordinate system associated with the arc,
respectively (Fig. 1); 1 (m™) represents the curvature of
the circle (Harrop-Williams 1989)

A=s=— ()

R kB
where R (m) is the radius of the circle; B (m) is again the
half width of the vertical opening; k(= R/B) is a ratio of
the circle diameter (2R) to the stope width (2B). Parameter
K was expressed as a function of the internal friction angle
of the fill ¢ (°) by Harrop-Williams (1989)

1
K= Sin(45° — ¢/2) ®)

From Eg. (3), the slope of the circular arc can be
expressed at each point by

dy
_—= in~1 = 6
IX tan[sin ' (AX)] = tan w (6)

where w (°) is an angle between the major principal stress
o, and the vertical axis

X
— oin—1(___
w=sin (£ )
Its value along the walls (i.e. X = B) becomes
w,, = sin™! (i) (8)

In the following sections, this circular arc shape, also
used by Harrop-Williams (1989) and Singh et al. (2011),
serves to develop an alternative analytical solution to
evaluate the stresses within vertical backfilled openings.

3. Solution for the stresses in a vertical stope

Fig. 2 schematically shows a vertical backfilled stope,
having a backfill height H (m) and a width 2B (m), with
a circular arc element of thickness dz (with a downward
curvature). Its position in the stope is defined by depth z
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Fig. 2 A vertical backfilled stope with a circular arc layer
element and the principal stresses (modified from Singh
et al. 2011)
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Fig. 3 A continuous compression arc element diagram
with the corresponding forces

(m) of the top point E (see Fig. 2).

The vertical (o,,,) and horizontal (o ) normal stresses
at a point along the circular arc (characterised by angle w
(°)) can be expressed from the major (o,) and minor (o3)
principal stresses, using general expressions provided by
McCarthy (1993), Das (1998), and others. The followings
are then obtained

o, +03 0y —0:
Oz =%+¥ms 2w
1+ K 1-K
= 01( 2 2+ 2 L cos Zw) (9)

= 0y(cos? w + K, sin® w)

Oy, =— 2 Bos2w
Xw
! 2
1+K, 1-K,
=0 2 e _ — P2 cos Zan) (10)

= 0,(sin* @ + Kps cos* w)

where K, is a ratio of the minor to major principal
stresses

Kps = 03/01 (11a)

Various analyses have indicated that K, is often close

to the Rankine’s active earth pressure coefficient (Li et al.
2003, Li and Aubertin 2009a, b, Ting et al. 2012, Sobhi et
al. 2017). It can thus be expressed as follows

Kys = K, = tan?(45° — ¢/2) (11b)

Using w = w,, in Eq. (10), the horizontal normal stress
on the walls ay,, (kPa) becomes

Onw = 01(sin? w,, + Ky cos? w,, ) (12)

For a backfill that obeys the Coulomb yield/failure
criterion without cohesion, the shear strength 7, (kPa)
along the walls is given by

Tow = Opy tand (13)

where §(°) is the friction angle along the interfaces
between the backfill and rock walls. Substituting Eq. (12) in
Eqg. (13) gives

Tow = |01 (sin® w,, + Kps cos? wy)] tand (14)

For relatively planar smooth surfaces, the value of & is
sometimes considered to be about two thirds of the backfill
friction angle ¢ (i.e., 6 = 2¢p/3) (Bowles 1996, Becker
and Moore 2006). For typical mine stopes with rough walls,
the value of 8 is expected to be close to the friction angle of
backfill (6 = ¢) because shearing mostly takes place within
the backfill itself (Aubertin et al. 2003, Li et al. 2003, Singh
et al. 2010).

Fig. 3 shows an isolated circular arc element (with
acting compressive stresses) with the normal (F,) and shear
(F;) contact forces between the backfill and walls. F, and
F, + dF, are the vertical forces acting on the upper and
lower faces of the arc element, respectively. The weight of
the arc element is

dW =2yw, Rdz=2yw, Bkdz (15)

The resulting force (F,) acting on the upper face of the
arc element is
Tow
E = f (0,R cosw) dw (16)

—Gy

Integration of Eq. (16) gives

E, = 2R 0y sinw,, an
Substituting Eqg. (4) into Eq. (17) gives
F, = 2Bk 0y sin w,, (18)
and
dF, = 2Bk do; sinw,, (19)

The force acting on the lower face of the arc element is
F,+ dF, = 2Bk (0, + dogy) sinw,, (20)

Considering the equilibrium of the arc element in the
vertical direction leads to

dF, = dW - 2F, (21)

The shear force provided by the shear strength along the
walls, Fs on the arc (Fig. 3) can be expressed as

dz

COS Wy,

F, = T4y dz,, = [0y(sin? w,, + Kps cos? w,,) tan 5] (22)
where dz, (=d,/cosw, ) is the apparent (vertical)
thickness of the circular arc element at the contact with the
wall.
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Substituting Egs. (15), (19) and (22) into Eq. (21) gives

P doy

005~ dz (23)
where P, Q and S can be expressed as follows
P = Bksinw, (24)
Q =y Bk wy, (25)
tan §
— in2 2

S = cos (sin? wy, + Kps cos? wy,) (26)

Solving Eq. (23) leads to the following expression for
the major principal stress o; along the circular arc

0p = %[1 — exp (—%Z)] (27)

The minor principal stress o5 along the circular arc can
then be obtained by Eq. (11).

Eq. (27) with Egs. (11), (24) to (26) constitute an
analytical solution for the principal stresses in a vertical
backfilled opening along an arc.

Considering point C on the circular arc, defined by (x, y)
in the global coordinates system and (X, Y) or (X, w) in the
local system, the vertical distance EG (see Fig. 2) can be
calculated as follows

EG =R(1 - cosw) (28)
Here, X = x and y can be related to z as follows
z=y—EG=vy—R(1 —cosw) (29)

Substituting Eq. (7) into Eq. (29) leads to

z=y—

Bx (1 - |1- (%{)j] =y - [Bx—BIT=x7| (30)

The major principal stress g; at point C defined in the
global coordinates system (x, y) within the backfilled stope
can then be expressed as follows

e = 21— ew(-S(r-[pe- @I} @)

Egs. (11) and (31) can then be used to evaluate the
principal stresses at any point (x, y) in the backfilled
opening. The vertical and horizontal normal stresses at any
point (x, y) can then be written as

1+K, 1-K

e = ) [ 2+ o (20 ()| = [1- (- ) ()] (32)

1K, 1-F,

Ohries) = Orix) { S : bs cos(zsilri (EX—K))] = Oy [E\’x +(1- h,s)(ﬁ)] (33)

4. Proposed solution for calculating the stresses in
vertical backfilled openings

Radius R can considerably affect the calculated vertical
and horizontal stresses in the stope. When the backfill has
little friction (i.e. ¢ ~ 0), the arching effect is largely
absent and radius R is expected to approach infinity. But
this is not the case with Egs. (4) and (5), which predict a

finite value of R =+/2B for ¢ = 0°. A modification is

23
22
21 e ¢ =20°
2
i’ i =080
.\:jlg ¢ 2‘
T8 i @307
1.7 | cmmm g =35°
1.6 -
jif el
0 02 04 06 08 1
x/B (m)
(@2B=3mandH=45m
23
22
21 ¢ =920° %‘\\
2 \
— ) = 25° \
»71.9 = \
1.8 | === ¢=30°
1.7 | e ¢ =35°
1.6
o e @ =40°
0 02 04 06 08 1
x/B (m)

(b)y2B=18mand H=45m

Fig. 4 Variation of the correction factor &, as a function
of (x/B) for different friction angles ¢ and different
stope height H

made here by replacing R with &R (and Bx with
&,Bx), where &, is a unit-less correction factor that serves
to better define the influence of the radius R, and the effect
of the internal friction angle ¢ (Egs. (4) and (5)). Egs. (24)
and (25) then become

P'=&, Bk [sinw,y, ] (34)

Q"= véxBrwy, (35)

The principal major stress at any point (x, y) within the
backfilled stope can then be expressed as follows

o = %’[1 ~exp (_;(y_ [e. BK-WD)} (36)

The vertical and horizontal normal stresses at any point
(%, y) in the backfilled opening becomes

Ov(xy) = 01 [1 — (1 - Kps) (5%)2] (37)

2
Oh(x,y) = 01 [Kps + (1 - Km) (QLB}) ] (38)

The earth pressure coefficient at any point (x, y) within
the backfilled stope can thus be expressed as follows

Kps + (1= Kys) ((SXLBK)Z

1-(1-Ky) (fXLBK)Z

K = Key) = Oney)/ Ooey) = (39)
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Fig. 5 lllustration of the various solutions, based on the
e horizontal and vertical normal stresses along the
VCL (x = 0 m) of a stope having a fill height of H=45
m and across the stope width at a depth y = 33.7 m,
obtained by the proposed solution (Egs. (34)-(41)) and
other analytical solutions, and also those given by
numerical simulations (a) for 2B = 3 m with ¢ = 40°
and (b) for 2B = 6 m with ¢ =30°

As can be seen, this earth pressure coefficient K depends
on position x, but not on y. A similar approach has been
proposed by Jahanbakhshzadeh et al. (20173, b), but with a
different type of solution.

Numerical results obtained by Li and Aubertin (2008),
with additional simulations performed here, have been used
to determine the value of the correction factor &, for a
variety of conditions. Applying a curve fitting technique to
the numerical results leads to the following expression for

factor ¢,
$ = [77"!' (225 - 77) \/@] tan?-25 P (40)

where 7 is defined as follows

n =15+0.25 (%)0'25 tang (41)

Fig. 4 shows the variation of the correction factor &, as
a function of (x/B) for different friction angles for narrow
(Fig. 4(a)) and wide (Fig. 4(b)) stopes. One sees that the
value of &, remains constant along the centerline, but
tends to increase near the wall with the internal friction
angle.

Egs. (34)-(41) constitute the proposed analytical
solution for estimating the horizontal and vertical stresses in
vertical backfilled opening at any point (x, y) within the
backfilled stope.

5. Assessment of the proposed solution using
numerical simulations

As mentioned above, some of the numerical results
obtained by Li and Aubertin (2008) have been used to
obtain Egs. (40) and (41) through a calibration process (i.e.
adjustment of parameters to obtain a good agreement
between the proposed solution and numerical results). An
illustration of this calibration is shown in Fig. 5 for the
horizontal and vertical normal stresses along the VCL (x =0
m) and across the width of the stope at a depth y = 33.7 m;
these results were obtained from the proposed solution
(Egs. (34)-(41)) and compared with those provided by Li
and Aubertin (2008) (following simulations with FLAC-2D,
Itasca 2002). In these calculations, the backfill has a height
of H = 45 m. The first calculation was made with ¢ = 40°
and 2B = 3m (Fig. 5(a)) and the second with ¢ = 30° and
2B = 6 m (Fig. 5(b)). The horizontal to vertical stresses
based on the analytical solutions of Handy (1985), Li and
Aubertin (2008) and Jahanbakhshzadeh et al. (2017) as well
as the overburden solution (o, = yy and g, = K,0,, with
K, given by Jaky’s equation) have also been plotted on the
same figure. It can be seen that the vertical and horizontal
normal stresses obtained by the proposed solution (Egs.
(34)-(41) using K,s = K,) are very close to those obtained
from numerical modeling. An improvement is obtained
compared to the other existing solutions. In all cases, the
calculated stresses are much lower than those based on the
overburden solution.

To test the flexibility of the proposed analytical solution
and its ability to predict representative stresses for other
conditions, additional numerical simulations have been
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(a) Physical model (adapted from Li et al. 2003)
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42 1 -0

solution.

Table 1 Numerical simulations performed with FLAC-2D
(calculations made with y = 18 kN/m®, u= 0.2, E = 300
MPa, ¢ =0 kPa and y = 0°)

E]

El

EIE

3

2

(b) Numerical model

Fig. 6 Physical and numerical models used for the
additional simulation conducted to test the proposed

E] z 3

B
10 both)

H

H

[

7

3

10

Cases Figures 2B (m) 39 H (m)
1 7,8,9 35
4.5
2 10 25
45
3 1la 15 38
4 11b 10 33
5 12a 37 80
8
6 12b 32 20

conducted with FLAC-2D (ltasca 2002). Fig. 6 shows the
physical (Fig. 6(a)) and numerical (Fig. 6(b)) models for a
stope having a width 2B = 4.5 m, filled to a height of H =
45 m. The rock mass is considered homogeneous, isotropic,
and linearly elastic. It has a Young’s modulus of E = 30
GPa; a Poisson’s ratio of x = 0.3 and a unit weight of y = 27
kN/m?®. The backfill is assumed to be elasto-plastic obeying
the Mohr-Coulomb criterion. It is characterized by a unit
weight of y = 18 kN/m?, a Young’s modulus of E = 300
MPa, a Poisson’s ratio of 4 = 0.2, and a varying internal

friction angle ¢; both the cohesion ¢ (= 0) and dilation

Step:1416499
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Fig. 7 Iso-contours of the major and minor principal
stresses (negative in compression) in the backfilled stope
provide by the simulation with FLAC-2D for Case 1 (see
details in Table 1).
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Fig. 8 Illustration of the various solutions, based on the
horizontal and vertical normal stresses (a) along the VCL
and (b) across the width at y = 33.7 m, obtained by the
proposed solution (Egs. (34)-(41)), and other analytical
solutions, and also those given by numerical simulations
for Case 1 (¢ =35° 2B=4.5m, H=45m), Table 1
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Fig. 9 Variation of the horizontal to vertical normal stress
ratio K(= a,/a,) across the half-width of a stope at (a)
a depth of y = 22.5 m and (b) another depth of y = 33.7
m, obtained by the proposed solution (Eq. (39)) and
numerical simulations for Case 1 (¢ = 35°, 2B = 4.5 m,
H =45 m), Table 1
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Fig. 10 Illustration of the various solutions, based on
the horizontal and vertical normal stresses (a) along the
VCL and (b) across the width of the stope at a depth of
y = 33.7 m, obtained by the proposed solution (Egs.
(34)-(41)) and other analytical solutions, and also those
given by numerical simulations for Case 2 (¢ = 25°,
2B=45m,H=45m), Table 1

angle y (= 0) are nil. The boundaries conditions at the base
and along the two sides (rock mass) are fixed in all
directions. The stope is filled sequentially with 15 layers (3
m thick each). The cases covered by the numerical
simulations are shown in Table 1.

Fig. 7 shows the distributions of the major (Fig. 7(a))
and minor (Fig. 7(b)) principal stresses in the backfilled
stope given by the numerical simulation with FLAC-2D for
Case 1 (Table 1). One sees that the stresses are higher at the
center of the stope than near the walls. They increase
(almost) linearly with the depth near the surface of the
backfill but tends to become constant at large depth (see
also following figures). These are typical indicators of an
arching effect (Aubertin et al. 2003, Li et al. 2003). It is
also seen that the curvature of the iso-contours tends to
change with depth; the aspect is not taken into account with
the proposed solution, as will be discussed below.

Fig. 8 shows the variation of the horizontal and vertical
normal stresses along the VCL (Fig. 8(a)) and across the
width of the stope at a depth of y = 33.7 m (Fig. 8(b)),
obtained from the proposed solution (Egs. (34)-(41)) and
numerical simulation for Case 1. The figure also shows the
stresses calculated with other existing solutions based on
the overburden or an arching effect. One sees that the
agreement between the numerical results and those
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Fig. 11 Illustration of the various solutions, based on
the horizontal and vertical normal stresses and along
the VCL (upper graphs) and across the width  (lower
graphs) of the stope at a depth of y = 33.7 m, obtained
by the proposed solution (Egs. (34)-(41)) and other
analytical solutions, and also those given by numerical
simulations: (a) for Case 3 (¢ =38° 2B=15mand H
=45 m), Table 1 and (b) for Case 4 (¢ = 33°, 2B =10
mand H = 45 m), Table 1
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Fig. 12 Illlustration of the various solutions, based on the
horizontal and vertical normal stresses along the VCL
(upper graphs) and across the width (lower graphs) of the
stope at a given depth, obtained by the proposed solution
(Egs. (34)-(41)) and other analytical solutions, and also
those given by numerical simulations: (a) for Case 5 (¢ =
37°,2B =8 mand H = 80 m), Table 1 and (b) for Case 6
(¢ =32° 2B=8mand H=20m), Table 1
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predicted by the proposed solution (Egs. (34) to (41) using
K,s = K,) is excellent. There is an improved correlation
with the simulation compared with the other solutions.

Fig. 9 shows the variation of the horizontal to vertical
normal stress ratio K across the half-width of a stope at a
depth of y = 22.5 m (Fig. 9(a)) and another depth of y =
33.7 m (Fig. 9(b)), obtained by the proposed analytical
solution (Egs. (39) to (41)) and numerical modeling with
FLAC-2D. The figures indicate that the proposed solution
captures the non-uniform distribution across the width of
the stope.

Figs. 10 to 12 shows the variation of the horizontal and
vertical normal stresses along the VCL (upper graphs) and
across the width (lower graphs) of the stope at a given
depth, provided by the proposed solution (Egs. (34) to (41))
and by simulations with FLAC-2D, considering ¢ = 25°,
2B = 4.5 m and H = 45 m (Fig. 10, Case 2, Table 1), ¢ =
33°,2B =10 mand H = 45 m (Fig. 11(a), Case 3, Table 1),
¢ =38° 2B =15mand H =45 m (Fig. 11(b), Case 4, Table
1), ¢ =37°,2B=8mand H =80 m (Fig. 12(a), Case 5,
Table 1), and ¢ =32° 2B =8 mand H =20 m (Fig. 12(b),
Case 6, Table 1). One sees that there is a good agreement
between the numerical results and those given by the
proposed solution, in all cases. This suggests that the
proposed solution could be used to estimate the stresses in
vertical backfilled openings.

6. Discussion

A modified analytical solution has been developed for
the stresses in backfilled stopes based on a circular arc
distribution. It gives the vertical and horizontal stresses at
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any position in the opening. An expression has also been
obtained for the horizontal to vertical stress ratio,
K(= a,/0,). There is a good agreement between the
proposed solution and numerical modeling results, in terms
of the vertical and horizontal stresses and earth pressure
coefficient along the VCL and across the width of the
opening. Additional improvements to this solution can still
be made by considering the following aspects:

« In this paper, the radius R of the circular arc element
was considered as a constant, as proposed by Harrop-
Williams (1989) and Singh et al. (2011). This may not
reflect the real response of fill placed in a confined opening.
Rather, it can be expected that this radius may change with
depth, particularly near the surface of the backfill. This
trend can be seen from the iso-contours of the major (Fig.
7(a)) and minor (Fig. 7(b)) principal stresses obtained by
numerical modeling.

» The numerical results showed that K is equal to K,
at the center line and close to the K, near the walls. These
simulation results were obtained by considering the
Poisson’s ratio (u) and internal friction angle (¢) of the
backfill as two independent parameters. Complementary
work has also been done to investigate the stresses in
backfilled stope by considering interrelated u and ¢ to
obtain a unique and consistent earth pressure coefficient at
rest K, (e.g., Falaknaz et al. 2015, Jahanbakhshzadeh et al.
2017). This assumption could also be adopted for the
analytical solution developed here.

* The proposed solution assumes that the earth pressure
coefficient changes across the width of the stope, but
remains constant with depth. Numerical results (Li and
Aubertin 2015, Yang et al. 2017a) and in situ measurements
(Thomson et al. 2012) have shown that the K value could
also depend on depth.

« Improvements can also be considered by taking into
account a different shape for the arc, and other factors
including water pressures, cohesion, and proprieties of the
interfaces along the fill-wall contact. This is particularly the
case for barricade design, for which the most critical time is
shortly after the placement of a fresh backfill containing
relatively large amount of water (Li and Aubertin 2019c, d,
Komurlu and Kesimala 2015, Yang et al. 2017b).

« Additional laboratory and field measurements to
validate (or calibrate) the proposed model and analytical
solutions would also be welcome.

7. Conclusions

An analytical solution was developed by considering a
circular arc element to evaluate the stresses in vertical
backfilled openings. The analytical solution includes a
varying radius for the circular element. The validity of the
proposed solution has been evaluated using a large number
of numerical modeling results. The good agreement
between the analytical solution and the numerical
simulations, in terms of earth pressure coefficient and
stresses, indicate that this solution can be useful to estimate
the stresses in backfilled openings.
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