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Abstract.  Soils are subjected to additional stresses due to the loads transferred by the foundations of the buildings. 

The distribution of stress in soil has great importance in geotechnical engineering projects such as stress, settlement 

and liquefaction analyses. The purpose of this study is to examine the shear stresses on horizontal plane below the 

rectangular foundations subjected to biaxial bending on an elastic soil. In this study, closed-form analytical solutions 

for shear stresses in x and y directions were obtained from Boussinesq’s stress equations. The expressions of 

analytical solutions were simplified by defining the shear stress influence values (I1, I2, I3), and solution charts were 

presented for obtaining these values. For some special loading conditions, the expressions for shear stresses in the soil 

below the corners of a rectangular foundation were also given. In addition, a computer program was developed to 

calculate the shear stress increment at any point below the rectangular foundations. A numerical example for 

illustrating the use of the presented solution charts was given and, finally, shear stress isobars were obtained for the 

same example by a developed computer program. The shear stress expressions obtained in this work can be used to 

determine monotonic and cyclic behavior of soils below rectangular foundations subjected to biaxial bending. 
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1. Introduction 
 

When the soils are subjected to external loads due to buildings, embankments or excavations, 

the stress distribution in soil changes. Stresses applied to the soil by the external loads are not 

constant under and around the structure and they also vary with the depth. The distribution of 

stress in soil due to surface loads has a great importance in geotechnical engineering. It is often 

necessary to calculate the stresses at different depths in foundation analysis and design. For 

example, to calculate the foundation settlement, the estimation of the vertical stress increment in 

the soil mass due to net foundation load is required. In foundation design procedure, it is essential 

to check that the shear stresses induced from the foundation loads must not exceed the shear 

strength of the soil. Hence, the calculation of the shear stresses below the foundation is required.  

The other problem in geotechnical engineering is the presence of the initial static shear stress 

on horizontal planes below the foundations and in earth structures such as slopes, dams and 

embankments (Arangelovski and Towhata 2004, Ishibashi et al. 1985). Dagdeviren et al. (2012), 
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Keyhani and Haeri (2013) showed the effect of anisotropic consolidation on monotonic undrained 

behavior of clay and silty sand. Hyodo et al. (1994) and Song (2003) examined the undrained 

monotonic and cyclic loading behavior of clay and silt soils subjected to static shear stress. Vaid 

and Chern (1983), Uchida and Hasegawa (1986), Hyodo et al. (1991), Rahhal and Lefebvre (2000), 

Vaid et al. (2001), Sivathayalan and Ha (2011), Yang and Sze (2011) and Chiaro et al. (2012) were 

investigated the influence of the initial static shear stress on liquefaction resistance of sandy soils 

by using isotropically and anisotropically consolidated specimens. Seed (1983) developed the Kα 

correction factor to represent the effect of initial static shear stress on liquefaction resistance. Then, 

Boulanger (2003) presented reasonable and practical guideline for describing the combined effects 

of relative density and confining stress on Kα correction factor. Recently, the existing proposals for 

determination of the Kα correction factor were examined with new data sets covering a wide range 

of relative densities, confining stresses and static shear stress levels by Yang et al. (2013). The 

results of these studies showed that presence of the initial static shear stress significantly affects 

the behavior of soils under dynamic loading. Therefore, it is very important to calculate the shear 

stresses below the foundation of the structures prior to the dynamic analysis. 

In geotechnical engineering, the induced stresses from foundation pressures are generally 

determined by Boussinesq’s equations based on the theory of elasticity. Under the assumptions of 

semi-infinite, weightless, isotropic, homogeneous and elastic half-space soil, Boussinesq (1885) 

presented a mathematical solution for obtaining the stress distribution resulting from vertical point 

loading on the soil surface. Although natural soil deposits generally are not fully elastic, isotropic 

or homogeneous, calculations for estimating the vertical stress distribution give fairly good results 

for practical purposes. Therefore, the Boussinesq’s solutions are widely used to obtain the stresses 

induced from foundation loads for all types of soils (Das 2010, Algin and Algin 2009). 

As the structure loads are transferred to the soil through foundations, the stress equations given 

for a point load are not realistic in many civil engineering problems. However, the stresses at any 

depth under the foundations having different geometry (circular, rectangular, strip, triangular, 

trapezoidal etc.) and different loading types (uniform, triangular, parabolic etc.) can be obtained by 

integrating Boussinesq’s solution over the loaded area. In the literature, although the closed-form 

solutions for vertical stress for different geometric shapes of loaded areas were presented by 

various authors (Newmark 1935, Gray 1943, Jarquio and Jarquio 1984, Vitone and Valsangkar 

1986, Algin 2000, Wang and Liao 2002), the shear stress solutions are limited with uniformly 

loaded strip, circular and rectangular foundations (Poulos and Davis 1974, Dagdeviren and 

Gunduz 2011). However, the foundations are generally subjected to eccentric loading. In such 

cases, the pressure distribution under the foundation is not uniform. The base stress distributions 

under the foundations may have triangular or trapezoidal forms depending on the one-way or two-

way eccentricity. 

In this study, the closed-form exact analytical solutions for the shear stresses (𝜏𝑧𝑥 , 𝜏𝑧𝑦 ) in x and 

y directions on a horizontal plane below the rectangular foundation subjected to biaxial bending 

(two-way eccentricity) were presented. In order to facilitate the applicability of the shear stress 

expressions obtained from the analytical solution, shear stress influence values were proposed and 

presented as solution charts. The shear stress expressions can be only used to calculate the shear 

stresses below the corners of the rectangular foundation. The shear stress formulas for some 

special stress conditions such as uniformly loaded, triangular loaded (linearly varying in x and y 

directions) and having a zero loaded corner rectangular foundation were presented. Additionally, a 

computer program was developed to calculate the shear stresses at any point below the foundation 

based on numerical integration method. A numerical example for illustrating the use of the 
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Shear stresses below the rectangular foundations subjected to biaxial bending 

 

Fig. 1 Positive stresses on the soil element due to vertical point load 

 

 

presented solution charts was given and, finally, shear stress isobars were obtained for the same 

example by a developed computer program. 
 

 

2. Derivation 
 

According to Boussinesq’s solution, the shear stresses resulting from a vertical point load on 

soil surface are shown in Fig. 1 on a soil element. The sign of shear stresses shown in this figure is 

positive and they are defined as 

𝜏𝑧𝑥 =
3𝑃𝑥𝑧2

2𝜋 𝑥2 + 𝑦2 + 𝑧2 5/2
 (1a) 

 

𝜏𝑧𝑦 =
3𝑃𝑦𝑧2

2𝜋 𝑥2 + 𝑦2 + 𝑧2 5/2
 (1b) 

 

When a rectangular foundation with B and L dimensions along the x and y directions, 

respectively, is subjected to biaxial bending moments, then the base stresses at the corners of the 

foundation (qA; qB; qC; qD) differ from each other. The typical distribution of the base stresses 

under the rectangular foundation subjected to biaxial bending moments is shown in Fig. 2. Since 

base stress distribution is linear, then the base stress distribution can be expressed as 
 

𝑞 = 𝑞𝐴  1 −
𝑥

𝑘
−

𝑦

𝑡
  (2) 

 

where k and t are run-out distances of linearly distributed stress function along the x and y 

directions, respectively. k and t are given by 
 

𝑘 =
𝐵. 𝑞𝐴

𝑞𝐴 − 𝑞𝐵
 (3a) 

 

𝑡 =
𝐿. 𝑞𝐴

𝑞𝐴 − 𝑞𝐶
 (3b) 
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Fig. 2 Eccentrically loaded rectangular foundation 

 

 

If qA is less than qB or qC, then k or t can be negative. 

If the rectangular foundation is divided into infinitesimally small areas, then the small point 

load (𝑞. 𝑑𝐴) acting on this small area can be substituted into Eq. (1a), giving shear stress (zx) 

under the rectangular foundation. Similarly, all the other small loads acting on the other 

infinitesimally small areas also produce shear stresses (zx) under the rectangular foundation. 

Therefore, in order to calculate the total shear stress (zx) at any point under the rectangular 

foundation, the double integration over the rectangular foundation area is calculated as 
 

𝜏𝑧𝑥 =  
3𝑥𝑧2𝑞

2𝜋 𝑥2 + 𝑦2 + 𝑧2 5/2
𝑑𝐴

𝐴

 (4) 

 

The exact analytical solution for the shear stress zx which is in x direction on x-y plane at depth 

z beneath the origin (point A in Fig. 2) is given by 
 

 𝜏𝑧𝑥  𝐴 =  − 
𝑞𝐴

2𝜋
.

 
 
 
 
 

 
 
 
  

𝐿

 𝐿2 + 𝑧2 
1
2

−
𝐿𝑧2

 𝐵2 + 𝑧2  𝐵2 + 𝐿2 + 𝑧2 
1
2

 

+
𝑧

𝑡
 

𝑧

 𝐿2 + 𝑧2 
1
2

+
𝑧

 𝐵2 + 𝑧2 
1
2

−
𝑧

 𝐵2 + 𝐿2 + 𝑧2 
1
2

− 1 

+
𝑧

𝑘
 
𝐵𝐿𝑧 −  𝐵2 + 𝑧2  𝐵2 + 𝐿2 + 𝑧2 1/2 arctan 

𝐵𝐿
𝑧 𝐵2 + 𝐿2 + 𝑧2 1/2 

 𝐵2 + 𝑧2  𝐵2 + 𝐿2 + 𝑧2 1/2
 

 
 
 
 
 

 
 
 
 

 (5) 

 

To simplify Eq. (5), the foundation dimensions B and L are normalized by using depth z as 

𝑚 = 𝐵 𝑧 ; 𝑛 = 𝐿 𝑧 . Using k, t definitions given in Eqs. (3a) and (3b) and also using m and n 

definitions in Eq. (5), the expression becomes 
 

 𝜏𝑧𝑥  𝐴 = (−)𝑞𝐴  𝐼1 +  1 −
𝑞𝐶

𝑞𝐴
 𝐼2 +  1 −

𝑞𝐵

𝑞𝐴
 𝐼3  (6) 
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Shear stresses below the rectangular foundations subjected to biaxial bending 

where 𝐼1 , 𝐼2 , 𝐼3 are called influence values for shear stress in x direction on x-y plane (Fig. 2) and 

are defined by 

𝐼1 =
𝑛

2𝜋
 

1

 1 + 𝑛2 1/2
−

1

 1 + 𝑚2  1 + 𝑚2 + 𝑛2 1/2
  (7a) 

 

𝐼2 =
1

2𝜋𝑛
 

1

 1 + 𝑚2 1/2
+

1

 1 + 𝑛2 1/2
−

1

 1 + 𝑚2 + 𝑛2 1/2
− 1  (7b) 

 

𝐼3 =
1

2𝜋𝑚
 

𝑚𝑛

 1 + 𝑚2  1 + 𝑚2 + 𝑛2 1/2
− arctan  

𝑚𝑛

 1 + 𝑚2 + 𝑛2 1/2
   (7c) 

 

The shear stress influence values in Eq. (7) are functions of m and n values. Moreover, these 

influence values are independent from the stress distribution function and base stress intensity. In 

order to facilitate the applicability of the formulas, solution charts for 𝐼1 , 𝐼2 , 𝐼3 influence values 

have been presented in Figs. 3, 4 and 5, respectively. The solution charts for these influence values 

are similar to the vertical stress increment chart presented by Fadum (1948). These charts are 

simple and easily applicable to geotechnical engineering applications. 

 

 

 

Fig. 3 Shear stress influence values (𝐼1, 𝐼1
∗) 
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Fig. 4 Shear stress influence values (𝐼2, 𝐼2
∗) 

 

 

 

Fig. 5 Shear stress influence values (𝐼3, 𝐼3
∗) 
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Shear stresses below the rectangular foundations subjected to biaxial bending 

Similarly, the shear stresses at any depth below the other corner points of the rectangular 

foundation are obtained from Eqs. (8)-(10). 
 

 𝜏𝑧𝑥  𝐵 = 𝑞𝐵  𝐼1 +  1 −
𝑞𝐷

𝑞𝐵
 𝐼2 +  1 −

𝑞𝐴

𝑞𝐵
 𝐼3  (8) 

 

 𝜏𝑧𝑥  𝐶 = (−)𝑞𝐶  𝐼1 +  1 −
𝑞𝐴

𝑞𝐶
 𝐼2 +  1 −

𝑞𝐷

𝑞𝐶
 𝐼3  (9) 

 

 𝜏𝑧𝑥  𝐷 = 𝑞𝐷  𝐼1 +  1 −
𝑞𝐵

𝑞𝐷
 𝐼2 +  1 −

𝑞𝐶

𝑞𝐷
 𝐼3  (10) 

 

When similar operations are applied to shear stresses in y direction on x-y plane, the shear 

stress under the corner point A shown in Fig. 2 is calculated by 
 

 𝜏𝑧𝑦  𝐴 = (−)
𝑞𝐴

2𝜋
.

 
 
 
 
 

 
 
 
  

𝐵

 𝐵2 + 𝑧2 
1
2

−
𝐵𝑧2

 𝐿2 + 𝑧2  𝐵2 + 𝐿2 + 𝑧2 
1
2

 

+
𝑧

𝑘
 

𝑧

 𝐵2 + 𝑧2 
1
2

+
𝑧

 𝐿2 + 𝑧2 
1
2

−
𝑧

 𝐵2 + 𝐿2 + 𝑧2 
1
2

− 1 

+
𝑧

𝑡
 
𝐵𝐿𝑧 −  𝐿2 + 𝑧2  𝐵2 + 𝐿2 + 𝑧2 1/2 arctan 

𝐵𝐿
𝑧 𝐵2 + 𝐿2 + 𝑧2 1/2 

 𝐿2 + 𝑧2  𝐵2 + 𝐿2 + 𝑧2 1/2
 

 
 
 
 
 

 
 
 
 

 (11) 

 

If the foundation dimensions are normalized by depth z as, 𝑚∗ = 𝐿/𝑧 and 𝑛∗ = 𝐵/𝑧, then Eq. 

(11) is simplified. The shear stresses in y direction on x-y plane at any depth below the corner 

points of the rectangular foundation (Fig. 2) can be summarized as 
 

 𝜏𝑧𝑦  𝐴
= (−)𝑞𝐴  𝐼1

∗ +  1 −
𝑞𝐵

𝑞𝐴
 𝐼2

∗ +  1 −
𝑞𝐶

𝑞𝐴
 𝐼3

∗  (12a) 

 

 𝜏𝑧𝑦  𝐵
= (−)𝑞𝐵  𝐼1

∗ +  1 −
𝑞𝐴

𝑞𝐵
 𝐼2

∗ +  1 −
𝑞𝐷

𝑞𝐵
 𝐼3

∗  (12b) 

 

 𝜏𝑧𝑦  𝐶
= 𝑞𝐶  𝐼1

∗ +  1 −
𝑞𝐷

𝑞𝐶
 𝐼2

∗ +  1 −
𝑞𝐴

𝑞𝐶
 𝐼3

∗  (12c) 

 

 𝜏𝑧𝑦  𝐷
= 𝑞𝐷  𝐼1

∗ +  1 −
𝑞𝐶

𝑞𝐷
 𝐼2

∗ +  1 −
𝑞𝐵

𝑞𝐷
 𝐼3

∗  (12d) 

where 

𝐼1
∗ =

𝑛∗

2𝜋
 

1

 1 + 𝑛∗2 
1
2

−
1

 1 + 𝑚∗2  1 + 𝑚∗2 + 𝑛∗2 
1
2

  (13a) 

 

𝐼2
∗ =

1

2𝜋𝑛∗
 

1

 1 + 𝑚∗2 
1/2

+
1

 1 + 𝑛∗2 
1/2

−
1

 1 + 𝑚∗2 + 𝑛∗2 
1/2

− 1  (13b) 
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Fig. 6 Superposition examples for shear stress calculations at point O 

 

 

𝐼3
∗ =

1

2𝜋𝑚∗
 

𝑚∗𝑛∗

 1 + 𝑚∗2  1 + 𝑚∗2 + 𝑛∗2 
1/2

− arctan  
𝑚∗𝑛∗

 1 + 𝑚∗2 + 𝑛∗2 
1/2

   (13c) 

 

When Eqs. (7) and (13) are noticed, it is seen that 𝑚∗ and 𝑛∗ expressions are used instead of 

𝑚 and 𝑛 expressions in the equations, respectively. Thus, the solution charts in Figs. 3-5 can be 

used to determine the shear stress in both the x and y directions on horizontal plane. If 𝑚 and 𝑛 

are used, then 𝐼1 , 𝐼2 , 𝐼3  influence values are obtained; if 𝑚∗
 and 𝑛∗

 are used, then 𝐼1
∗, 𝐼2

∗, 𝐼3
∗ 

influence values are obtained from solution charts. 

The expressions presented above give the shear stresses at any depth below the corners of the 

rectangular foundation. In case when the shear stress is desired at any other point, then the loaded 

area is divided into some other rectangular parts as shown in Fig. 6. The shear stresses below the 

corresponding corners are determined for each rectangular part and then net shear stress can be 

calculated by using the superposition rule. This procedure is similar to the calculation procedure of 

the vertical normal stress based on Newmark’s solution. However, during the superposition of 

shear stress values, the directions of shear stresses must be taken into account. The calculation 

procedure of the shear stress below the O-point inside ABCD rectangular loaded area is shown in 

Fig. 6(a). In order to obtain the shear stresses below the O-point, ABCD loaded area is divided to 

the four rectangular loaded areas. The shear stresses in x direction below point O, which are 

induced by AEGO and GOCF loaded areas, have positive sign; whereas the those induced by 

EBOH and OHFD loaded areas have negative signs. The net shear stress at point O can be 

evaluated by adding the shear stresses contributed by the four rectangular loaded areas as shown in 

Fig. 6(a). The calculation of the shear stress at any point outside the ABCD loaded area is given in 

Fig. 6(b). In this case, AECO rectangular area is assumed to be the loaded area, whereas BEDO 

rectangular area is assumed to be the unloaded area. Thus, the net shear stress at O-point is 

calculated as shown in Fig. 6(b). 
 

 

3. Shear stresses for special stress conditions under the rectangular foundations 
 

3.1 Uniformly loaded rectangular foundations 
 

If the flexible rectangular foundation is only subjected to the vertical load, the base stresses 
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Shear stresses below the rectangular foundations subjected to biaxial bending 

under the corners of the rectangular foundation (qA = qB = qC = qD = q) are equal and the foundation 

becomes uniformly loaded rectangular foundation as shown in Fig. 7(a). For the uniformly loaded 

rectangular foundations, the factors of 𝐼2 and 𝐼3 defined in Eqs. (6), (8)-(10) and the factors of 

𝐼2
∗ and 𝐼3

∗ defined in Eq. (12) become zero. At this situation, the shear stress expressions given in 

Eqs. (6) and (12a) transform to Eqs. (14a) and (14b). The shear stress formulas for the points 

beneath the other corner points of the rectangular foundation are summarized in Table 1 and 2. 
 

 𝜏𝑧𝑥  𝐴 = (−)𝑞 × 𝐼1 (14a) 
 

 𝜏𝑧𝑦  𝐴
= (−)𝑞 × 𝐼1

∗ (14b) 

 

 

  
(a) (b) 

 

 

 

 

(c) (d) 

Fig. 7 Special stress conditions 

 

 

Table 1 Shear stresses in x-direction beneath the corners for different loading types (𝜏𝑧𝑥 ) 

Shear stress in 

x-direction 

Loading type 

3.1 Uniformly 

loaded (Fig. 7(a)) 

3.2 Triangularly loaded 

(x-direction) (Fig. 7(b)) 

3.3 Triangularly loaded 

(y-direction) (Fig. 7(c)) 

3.4 Zero-loaded 

corner (Fig. 7(d)) 

 𝜏𝑧𝑥  𝐴 (−)𝑞 × 𝐼1 (−)𝑞 ×  𝐼1 + 𝐼3  (−)𝑞 ×  𝐼1 + 𝐼2  (−) − 𝑞 ×  𝐼2 + 𝐼3  

 𝜏𝑧𝑥  𝐵 𝑞 × 𝐼1 −𝑞 × 𝐼3 𝑞 ×  𝐼1 + 𝐼2  𝑞 ×  𝐼1 − 𝐼2 + 𝐼3  

 𝜏𝑧𝑥  𝐶 (−)𝑞 × 𝐼1 (−)𝑞 ×  𝐼1 + 𝐼3  (−) − 𝑞 × 𝐼2 (−)𝑞 ×  𝐼1 + 𝐼2 − 𝐼3  

 𝜏𝑧𝑥  𝐷 𝑞 × 𝐼1 −𝑞 × 𝐼3 −𝑞 × 𝐼2 𝑞 ×  2𝐼1 + 𝐼2 + 𝐼3  
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Table 2 Shear stresses in y-direction beneath the corners for different loading types (𝜏𝑧𝑦 ) 

Shear stress in 

y-direction 

Loading type 

3.1 Uniformly 

loaded (Fig. 7(a)) 

3.2 Triangularly loaded 

(x-direction) (Fig. 7(b)) 

3.3 Triangularly loaded 

(y-direction) (Fig. 7(c)) 

3.4 Zero-loaded 

corner (Fig. 7(d)) 

 𝜏𝑧𝑦  𝐴 (−)𝑞 × 𝐼1
∗ (−)𝑞 ×  𝐼1

∗ + 𝐼2
∗  (−)𝑞 ×  𝐼1

∗ + 𝐼3
∗  (−) − 𝑞 ×  𝐼2

∗ + 𝐼3
∗  

 𝜏𝑧𝑦  𝐵 (−)𝑞 × 𝐼1
∗ (−) − 𝑞 × 𝐼2

∗ (−)𝑞 ×  𝐼1
∗ + 𝐼3

∗  (−)𝑞 ×  𝐼1
∗ + 𝐼2

∗ − 𝐼3
∗  

 𝜏𝑧𝑦  𝐶 𝑞 × 𝐼1
∗ 𝑞 ×  𝐼1

∗ + 𝐼2
∗  −𝑞 × 𝐼3

∗ 𝑞 ×  𝐼1
∗ − 𝐼2

∗ + 𝐼3
∗  

 𝜏𝑧𝑦  𝐷 𝑞 × 𝐼1
∗ −𝑞 × 𝐼2

∗ −𝑞 × 𝐼3
∗ 𝑞 ×  2𝐼1

∗ + 𝐼2
∗ + 𝐼3

∗  

 

 
The expressions in Eqs. (14a) and (14b) are equal to the shear stress expressions given by 

Dagdeviren and Gunduz (2011). So, the solution obtained for the uniformly loaded rectangular 

foundation is a special case of the general shear stress expressions given in Eqs. (6), (8)-(10) and 

(12). 
 
3.2 Triangularly loaded rectangular foundations (Linearly varying in x-direction) 

 
If the flexible rectangular foundation is subjected to positive bending moment in y-direction 

(My) and vertical load (P) such that My/P = B/6, then for the foundation becomes the triangularly 

loaded rectangular foundation (linearly decreasing in x-direction) as shown in Fig. 7(b). For this 

rectangular foundation, the base stresses under the corner points are defined as 

 

𝑞𝐴 = 𝑞𝐶 = 𝑞          and          𝑞𝐵 = 𝑞𝐷 = 0 (15) 

 

In order to determine the shear stresses in x-direction below the corner points Eqs. (6) and (8)-

(10) can be used. For this case, the factor of the 𝐼2 influence value becomes zero and the factor of 

the 𝐼3 influence value becomes 1. For this case, the basic shear stress expressions transform to 

those shown in Table 1. For this rectangular foundation problem, the shear stresses in y-direction 

beneath the corner points can be calculated by the equations given in Table 2. 

 

3.3 Triangularly loaded rectangular foundations (Linearly varying in y-direction) 
 

If the flexible rectangular foundation is subjected to negative bending moment in x-direction 

(Mx) and a vertical load (P) such that |Mx/P| = L/6, then for this case, the foundation becomes the 

triangularly loaded rectangular foundation (linearly decreasing in y-direction) as shown in Fig. 7(c). 

For this rectangular foundation, the base stresses under the corner points are defined as 

 

𝑞𝐴 = 𝑞𝐵 = 𝑞          and          𝑞𝐶 = 𝑞𝐷 = 0 (16) 

 

For this rectangular foundation problem, the shear stresses in x-direction and y-direction below 

the corner points can be calculated by equations given in Tables 1 and 2, respectively. 
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3.4 Rectangular foundations with a zero-loaded corner 
 

If the flexible rectangular foundation is subjected to a positive bending moment in x-direction 

(Mx) and a negative bending moment in y-direction (My) in addition to a vertical load (P) such that 

|My/P| = B/12 and Mx/P = L/12, then the foundation load increases in x and y directions as shown 

in Fig. 7(d) (Vitone and Valsangkar 1986). In this stress condition, the base stress at corner point A 

is zero, base stresses at corners B and C are equal to q, and base stress at corner D is equal to 2q. 

 

𝑞𝐴 = 0           and          𝑞𝐵 = 𝑞𝐶 = 𝑞          and          𝑞𝐷 = 2𝑞 (17) 

 

For this rectangular foundation problem, the shear stresses in x-direction and y-direction below 

the corner points can be calculated by equations given in Tables 1 and 2, respectively. 

 

 

4. Numerical solution and computer program 
 

The presented analytical solutions for rectangular foundations can only be used for finding the 

shear stresses below the corners of loaded area. When the shear stress is desired at any point 

except the corner of the rectangular foundation, the loaded area must be divided into different 

rectangular parts. The contribution of each part below the corner point is determined and net shear 

stress can be calculated by superposition rule. However, that kind of analytical solution are time 

consuming and numerical integration methods can be used in order to eliminate the disadvantage 

of the analytical solution. 

The simplest numerical integration method is to divide the loaded rectangular area into small 

areas. In this method, the small equivalent point loads (Pi) acting on these small areas and their 

effects on the related points are calculated as shown in Fig. 8. Then, net shear stresses (zx, zy) at 

any point under the rectangular foundation are determined by superposition rule. The numerical 

method can be formulated as 
 

𝑃𝑖 = 𝑞𝐴  1 −
𝑥𝑖

𝑘
−

𝑦𝑖

𝑡
 .

𝐵𝐿

𝑛𝑒
 (18) 

 

𝜏𝑧𝑥 =  
3𝑃𝑖 . ∆𝑥𝑖 .  ∆𝑧𝑖 

2

2𝜋.  𝑅𝑖 
5

𝑛𝑒

𝑖=1

 (19) 

 

𝜏𝑧𝑦 =  
3𝑃𝑖 . ∆𝑦𝑖 .  ∆𝑧𝑖 

2

2𝜋.  𝑅𝑖 
5

𝑛𝑒

𝑖=1

 (20) 

 

where 𝑛𝑒  is the total number of the small areas, 𝑃𝑖  is the equivalent point load acting on small 

area; 𝑥𝑖  and 𝑦𝑖  are the x and y coordinates of the centroid of the small area, 𝑅𝑖  is the distance 

between the centroid of the small area and the point which for the stress increment will be 

calculated. 

As the number of the small areas increases, the results obtained with numerical solutions 

approach to the results of analytical solution. Since Coduto (1999) suggests that the minimum 

number of the small areas must not be less than 1000, it is decided to use 10000 small areas in 
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Fig. 8 Numerical integration method 

 

 

developed computer program. However, this condition is not sufficient especially in order to 

determine the stress statements in planes close to foundation base (𝑧 = 0). In this study, the edge 

lengths of the small elements (𝑏, 𝑙) were selected as one-fourth of the 𝑅𝑖  as suggested by Stoll 

(1960). In that case, the differences between the analytical and numerical solutions are expected 

about 2% (Capper and Cassie 1969). 

The stress distribution is generally presented as stress isobars in practice. A stress isobar is a 

stress contour which connects all points below the ground surface at which the shear stress is the 

 

 

 

Fig. 9 Pseudocode for computer program 
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same. The calculation of the shear stress increment at any point with stress isobars is very easy and 

practical. In order to obtain the stress isobars, the soil mass was divided into 60 parts in the x and y 

directions and was divided into 50 parts in the z direction. The shear stress increments were 

calculated at a total of 189771 points. The pseudocode for the computer program is shown in Fig. 

9. 
 

 

5. Numerical example 
 

A numerical example is given to show how the shear stress expressions can be used in 

calculating the shear stresses at any depth below the corners of the rectangular foundation 

subjected to biaxial bending. 
 

Problem: 
The data for a typical rectangular foundation subjected to biaxial bending as shown in Fig. 2 

are given below. The shear stresses in x-direction (𝜏𝑧𝑥 ) and y-direction (𝜏𝑧𝑦 ) below the corners are 

asked to be calculated at depth z = 4 m. 
 

Foundation dimensions: B = 4 m and L = 6 m 

Base stress intensities at the corners: qA = 200 kPa, qB = 140 kPa, qC = 100 kPa, qD = 40 kPa 

Depth: z = 4 m 
 

Solution: 
(a) The shear stresses in x-direction (𝜏𝑧𝑥 ): 

Normalized foundation dimensions are 
 

𝑚 = 𝐵 𝑧 =
4

4
= 1.0 and 𝑛 = 𝐿 𝑧 =

6

4
= 1.5 

 

For 𝑚 = 1.0  and 𝑛 = 1.5 ; 𝐼1 , 𝐼2 , 𝐼3  influence values can be obtained using Eq. (7) or 

alternatively from the solution charts in Figs. 3, 4 and 5, respectively. 
 

𝐼1 = 0.0745;         𝐼2 = −0.0237;         𝐼3 = −0.0422 
 

The shear stress in x-direction under the corner points A, B, C and D can be calculated from Eqs. 

(6) and (8)-(10). 

 𝜏𝑧𝑥  𝐴 =  − 10.00 kPa;          𝜏𝑧𝑥  𝐵 = 10.60 kPa; 

 𝜏𝑧𝑥  𝐶 =  − 7.29 kPa;           𝜏𝑧𝑥  𝐷 = 7.88 kPa 
 

(b) The shear stresses in y-direction (𝜏𝑧𝑦 ): 

Normalized foundation dimensions are 
 

𝑚∗ = 𝐿 𝑧 =
6

4
= 1.5;          𝑛∗ = 𝐵 𝑧 = 4/4 = 1.0 

 

For 𝑚∗ = 1.5 and 𝑛∗ = 1.0; 𝐼1
∗, 𝐼2

∗, 𝐼3
∗ influence values can be obtained using Eq. (13) or 

alternatively from the solution charts in Figs. 3, 4 and 5, respectively. 
 

𝐼1
∗ = 0.0888;          𝐼2

∗ = −0.0355;          𝐼3
∗ = −0.0430 
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The shear stress in y-direction under the corners A, B, C and D can be calculated from Eq. (12). 
 

 𝜏𝑧𝑦  𝐴
=  − 11.33 kPa;           𝜏𝑧𝑦  𝐵

=  − 10.26 kPa; 

 𝜏𝑧𝑦  𝐶
= 11.05 kPa;           𝜏𝑧𝑦  𝐷

= 9.98 kPa 

 

Similar calculations can be performed for different depths below the corner points of the 

sample rectangular foundation. The variation of the shear stresses in the x and y directions with 

depth are shown in Fig. 10. It is seen from these graphics that the variation of the shear stresses 

below the corner points are different from each other. 

Therefore, this problem was solved by developed computer program. The shear stress values 

were computed at a total of 189771 points. The stress isobars were plotted at critical planes such as 

𝑦 = 0, 𝑦 = 𝐿/2, 𝑦 = 𝐿 and 𝑥 = 0, 𝑥 = 𝐵/2, 𝑥 = 𝐵 in Fig. 11. The shear stresses concentrate 

at the edges of the rectangular foundation. The shear stresses at any point below the rectangular 

foundation can be easily calculated by shear stress isobars for different planes. 
 

 

    

Fig. 10 Shear stress distributions under the corner points of the sample rectangular foundation 
 

 

  

(a) (d) 

Fig. 11 Shear stress isobars under the sample rectangular foundation 
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 ) 

(b) (e) 
 

 

 

 

(c) (f) 

Fig. 11 Continued 

 

 

6. Conclusions 
 

In this work, closed-form analytical solutions and computer program based on numerical 

integration method were developed to determine the shear stresses at any point on a horizontal 

plane of any depth below the eccentrically loaded rectangular foundations. Both analytical and 

numerical methods used in the study are based on Boussinesq’s stress equations. In order to 

simplify the analytical solutions, the shear stress influence values were defined and were given as 

solution charts which are simple and applicable for practical uses. The shear stress expressions for 

the rectangular foundations under some typical stress conditions such as uniformly loaded, 

triangularly loaded (linearly varying in x and y direction) and the zero loaded corner were obtained 

using the analytical solutions. A numerical example was given to show how the shear stress 

expressions can be used in practice. As a result, these analytical and numerical solutions can be 

used to calculate the shear stresses for various loading types for the eccentrically loaded 
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rectangular foundations. 
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