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Rationally modeling collapse due to bending and 
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Abstract. The capacity of pipelines to resist collapse under external pressure and bending moment is a
major aspect of deepwater pipeline design. Existing design codes present interaction equations that
quantify pipeline capacities under such loadings, although reasonably accurate, are based on empirical data
fitting of the bending strain, and assumed simplistic interaction with external pressure collapse. The
rational model for collapse of deepwater pipelines, which are relatively thick with a diameter-to-thickness
ratio less than 40, provides a unique theoretical basis since it is derived from first principles such as force
equilibrium and compatibility equations. This paper presents the rational model methodology and
compares predicted results and recently published full scale experimental data on the subject. Predictive
capabilities of the rational model are shown to be excellent. The methodology is extended for the problem
of pipeline collapse under point load, longitudinal bending and external pressure. Due to its rational
derivation and excellent prediction capabilities, it is recommended that design codes adopt the rational
model methodology.
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1. Introduction

The problem of pipeline collapse under external pressure and bending moment has been subject to

extensive research; for example Gellin (1980), Corona and Kyriakides (1988), Zimmerman et al.

(1995), Choi and Ayers (2005) and Wolodko and DeGeer (2006) studied this problem. Based on the

dedicated research (Sintef 1996), empirical collapse equations are incorporated in DNV-OS-F101

(2010); such research used reliability based statistical analysis to best fit proposed interaction

equation to test data (Collberg et al. 1997). API (2009) proposed a limit state design approach based

largely on empirical data (Murphey and Langner 1985, Fowler and Langner 1991, Fowler 1990). The

empirical approach and formulation of API (2009) and DNV-OS-F101 (2010) have withstood the

test of time and usage on deepwater projects to date.

The rational model is the first methodology that addresses pipeline collapse from first principles of

mechanics with derivable equations. This is illustrated in Figs. 1 through 9, where much of the

derivations given in sections below are provided. Applications of the model are presented by

comparing its predictions to experimental results and 3-dimensonal finite element analysis. As a

result of this model, pipe collapse phenomenon is better understood and the influence of different
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factors can be derived (e.g. ovalization, anisotropy, etc.) and incorporated in the interaction equation

in a logical manner. The rational model can be extended to related problems, such as pipe collapse

due to point load, as presented herein.

2. Pipe capacity and collapse mechanism

The cross sectional failure of pipelines under external pressure and longitudinal bending can be

estimated using plastic hinge analysis. Collapse will occur only when four plastic hinges at 12-, 3-,

6- and 9-o’clock positions are formed in a pipe ring leading to a mechanism (Fig. 8). The maximum

plastic moment capacity of the ring is calculated by adding up the plastic moment capacities of each

of the hinges. This maximum plastic moment capacity of a ring is calculated based on the classical

plastic analysis theory (Baker and Heyman 1969). It is assumed in the equations below that

longitudinal bending compressive yield stress, σo, has been achieved at 6-o’clock position and also

tensile yield stress has been achieved at 12-o’clock.

Plastic capacity for 3- and 9-o’clock hinges

The hinges and 3- and 9-o’clock are in the neutral axis and see no longitudinal stress (strictly

speaking, on a long pipeline under plane strain Poisson’s ratio will lead to longitudinal compressive

stresses, however these are relatively small and will be neglect herein). See Fig. 1 for intermediate

steps in the derivation of the two equations below, where the pipe thickness is t; the ring width b is

taken below as L and the force ratio F/Fp is equal to σh/σo below.

•  = plastic hinge capacity without external pressure effects.

• = plastic hinge capacity with compressive hoop stress σh due to

external pressure p, where, σh = (pOD)/(2t), po = 2tσo/OD, thus p/po = σh/σo.

Plastic capacity for 6-o’clock hinge under longitudinal compressive stresses

At the 6-o’clock hinge, compressive longitudinal stress lead to a bi-axial state of stress and von-

Mises stress criteria is used to calculate the resulting yield stress in each plane. See Fig. 2 for some

intermediate steps in the derivation of the two equations below
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Fig. 1 Bending states of elasto-perfectly-plastic material with rectangular cross section: (a) elevation, (b)
section, (c) yield, (d) fully plastic and (d) fully plastic w/ compressive load
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• = plastic hinge capacity with longitudinal compressive stresses, but without

external pressure induced compressive hoop stress.

• = 6-o’clock hinge capacity with longitudinal compressive stress and

including compressive hoop stress due to external pressure. 

Plastic capacity for 12-o’clock hinge under longitudinal tensile stresses

The plastic hinge capacities under longitudinal tensile stress are given below

• = plastic hinge capacity with longitudinal tensile stresses, but without

pressure induced compressive hoop stress.

• = 12-o’clock hinge capacity with longitudinal tensile stresses and

including compressive hoop stress due to external pressure.

The total bending moment capacity of a ring of pipe, , is found by adding the bending

moment capacity of the four hinges, and it is given in Eq. (1) below. The ring will collapse only

when all four hinges are formed and the total applied static bending moment must equal .

For basic development of plastic collapse theory, please refer to Section 2.1 and Fig. 2.6 of Baker

and Heyman (1969). The four-hinge collapse analysis has been used by Palmer and Martin (1975)

in the problem of buckle propagation, but Palmer and Martin (1975) used post initial buckling

energy dissipated during propagation to estimate the propagating pressure. However, herein the

onset of collapse is calculated, by the equations of maximum transverse hinge capacities in a ring

of a pipe

(1)

Noting that the external pressure, po, that corresponds to yield stress in the hoop direction is given
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Fig. 2 Out-of-plane compression in addition to bending and bending plus axial load (elasto-plastic material w/
rectangular cross section): (a) 3-D section, (b) fully plastic and (c) fully plastic w/ compressive load
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by po = 2tσo/OD, thus we define the pressure ratio, PR, as the ratio of external pressure to the yield

pressure: PR = p/po = σh/σo. Using the above formulae, thus

(2a)

Or, equivalently, using the above definitions for Mp and 

(2b)

In Eqs. (2a) and (2b), is half of the total plastic bending moment capacity of the ring of a pipe

with thickness t, length equal to L, in the presence of longitudinal bending and external pressure.

This bending moment capacity is transverse to the longitudinal axis of the pipeline.

In the case of longitudinal bending without external pressure, half of the total transverse plastic

bending moment capacity (ring plastic capacity) is given by Eq. (3) below. How to equate the total

applied bending moment with the transverse ring plastic capacity is given in the next section.

(3)

3. Longitudinal bending generate transverse stress

The cornerstone of the rational model is the recognition that when a pipe is subjected to bending

moment, the longitudinal stresses generate transverse stress components due to the pipe curvature.

This behavior has been described qualitatively in Section 5.1 of Karamanos and Tassoulas (1991),

from where Fig. 3 in this paper is taken. Such figure was the inspiration source for the rational

model development. While Karamanos and Tassoulas (1991) provided a qualitative description of

the problem of pipeline collapse (or ovalization instability) under bending, a quantitative evaluation

follows.

In Fig. 4 the length of the pipe ring segment is L, the radius of curvature is ρ and the sector angle

is α, thus ρα = L. Let dF be an infinitesimal longitudinal force vector, and let dFv be its component
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Fig. 3 Transverse stress due to longitudinal bending stresses in pipe under pure bending (source: Fig. 5.1 of
Karamanos and Tassoulas (1991)
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normal to the originally undeformed pipe axis. Similar triangles (Fig. 4) at the pipe end and

assumption of a small angle lead to

(4)

Fig. 5 shows a side view of the upper right-hand quarter of a ring; also shown are the stresses

acting on the cross section, where for fibers distant from the neutral axis greater than yo stresses are

the longitudinal yield stress σoL. The (infinitesimal) longitudinal force is dF = σoLdA = σoLtRdθ. Using

these relationships, the elemental transverse force acting on the pipe ring is

(5)

It is assumed that the entire cross section is yielding, which is fairly accurate for the strain at 12

o’clock, ε T, greater than twice the yield strain. Integrating Eq. (5) from θ = 0 to θ = π/2, the total

reaction V (see Fig. 5) at the 3 o’clock fiber is

2dFv αdF=

2dFv
L

ρ
---σoLtRdθ=

Fig. 4 Geometric relationships for longitudinal stresses in pipe under pure bending

Fig. 5 Transverse loading on a pipe ring as a resulting of longitudinal bending
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(6)

Curvature, κ = 1/ρ, and longitudinal strain can be related. Fig. 6 shows the cross section (left-side)

and a side view (right-side) of the deformed and undeformed ring (upper right-hand quarter only).

Ovalization effects are taken into account by the ovality ratio ∆ = δR/R = δD/D. Simple triangle

geometry shown in Fig. 6 yields the relationship between longitudinal strain at the extreme fiber,

εT = δL/L, and curvature, κ = 1/ρ, as follows

(7)

Eqs. 6 and 7 lead to

(8)
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Fig. 6 Curvature-strain relationships on pipe ring under pure bending (upper right hand quarter shown)

Fig. 7 Idealized uniform load on ring due to longitudinal bending and curvature
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Fig. 7 shows the quarter ring cross-section. By averaging the total load across the ring span, the

equivalent uniformly distributed load is w = V/R(1 + ∆) acting on the ring cross section; then using

Eq. (8) the uniformly distributed load is given by

(9)

Eq. (9) is the average transverse load due to longitudinal bending on the upper half of an elasto-

perfectly-plastic pipe. From elementary mechanics, the total bending moment acting on the upper

half of the ring cross-section (which is treated as a simply supported beam) is MT = w[D(1 + ∆)]2/8.

Using Eq. (9) and neglecting second order ovality terms, the total moment can be written as

(10)

Eq. (10) estimates the total transverse bending moment, due to longitudinal bending, acting on the

upper half of a ring of the pipe as a function of the extreme fiber strain (see also Fig. 8). Thus, as a

pipe bends, components of the longitudinal bending stresses act into the cross-section. This, in turn,

generates a transverse bending moment, MT, which ovalizes the pipe cross-section, or ring, until it

fails or collapses.

4. Local buckling of pipe under pure bending

In this section, the buckling strain due to bending only is derived. Collapse happens when a cross-

section ring forms a plastic hinge mechanism (four plastic hinges as indicated in Fig. 8) leading to

local buckling. Therefore, when rings of the pipe form a mechanism, they loose their stiffness, the

ovalization (initially uniform along the pipe length) will localize at the weakest point along the pipe

(e.g. a thinner ring) and a local buckle will form. 

Using Eq. (10), the longitudinal bending leads to a total applied moment, MT, in the upper half of

a pipe ring. Similarly, in the bottom half of a pipe ring MT is also acting, for a total applied bending

moment of (2 MT). When this total applied moment reaches the plastic capacity of the ring, (2 ),
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Fig. 8 Load w, total moment Mo and elastic ovality on an unit-length ring
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where  is given by Eq. (3), collapse follows. The critical axial strain at 12 o’clock fiber is

defined as εT = εc, and is found by making Eqs. (10) and (3) equal, thus

(11)

The anisotropy ratio N = σoH/σoL is the ratio between hoop and longitudinal yield stresses.

Developing Eq. (11), and using , the critical axial strain at extreme (12 o’clock) fiber, εc, is

(12)

The above equation yields the critical strains (at extreme fiber) at onset of local buckling. To

solve Eq. (12), a relationship between longitudinal strain εT and the ovality ∆ needs to be evaluated.

However, a first approximation of the critical strain, denoted εco, can be found by neglecting

ovalization, that is, setting ∆ = 0, which leads to

(13)

The above gives a first approximation of the critical buckling strain. Since it does not include

ovalization effects it slightly overestimates the critical strain. Note that Eq. (13) already deduces an

observed but so far unexplained feature of pipe collapse. It is clear from the derivation presented

herein, that greater values of σoL (longitudinal yield stress, which generates the applied ring load)

when compared to σoH (hoop yield stress, which characterizes the ring load capacity), result in a

greater applied transversal load and a reduction in the ring capacity. Of course, this is captured in

the anisotropy ratio N, as defined above. The ratio N can be less than one for pipe manufactured by

the UOE method.

4.1 Bending strain and ovalization

In order to solve Eq. (12), a relationship between longitudinal strain at extreme fiber, εT, and

ovalization, ∆, will be estimated as follows. Consider a unit length ring under uniformly distributed

load w, such as shown in Fig. 8, in an elastic deformation mode. The elastic load-deflection for an

initially perfectly circular ring of pipe is given by (Roark and Young 1982)

(14)

Using MO = MT, where MT is as given by Eq. (10) (but neglecting ∆) and substituting into Eq. (14),

the following approximate relationship between longitudinal strain at the 12 o’clock fiber, εT, and the

ovality, ∆, is obtained

(15)

MB

T

π

8
---LεcσoLtD 1 2∆+( ) L

σoHt
2

4
------------ 3=

2 3 π  1.1≅⁄

εc 1 2∆+( ) 1.1N

D t⁄( )
-------------=

εco
2 3N

π D t⁄( )
-----------------

1.1N

D t⁄( )
-------------= =

δR R⁄ ∆
MO D t⁄( )2

EDt
-----------------------= =

∆ π

8
---
σoL

E
-------- D t⁄( )2εT≅



Rationally modeling collapse due to bending and external pressure in pipelines 481

Eq. (15) represents an initial load-deflection curve. As the longitudinal bending increases, yielding

in the hoop direction starts and the load deflection starts deviating from Eq. (15). Yielding starts at

the 12 o’clock fiber when the stress at the extreme fiber equals . Taking this into account

and also adding an initial ovality, ∆I, the approximate relationship between total ovality ∆, and the

longitudinal strain at the 12 o’clock under bending only is given by

(16)

Where εTY and ∆Y are given by

(17)

(18)

(19)

For more details on the derivation of Eqs. (16) through (19), see Nogueira and Lanan (2000). 

5. Local buckling with bending and external pressure 

The next step in the model development is to include the external pressure, p. If the pressure acts

without bending, the elastic or elasto-plastic buckling limit state yields the critical pressure, pc. This

limit state is well known and for more details the reader is referred to Timoshenko and Gere (1961)

or Fowler and Langner (1991). The API (2009) equation yields an excellent estimate of the critical

pressure of a perfectly circular pipe

(20)
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interaction equation relating bending and pressure to local buckling. The external pressure effects on

the right-hand side of Eq. (11) have already been derived and Eq. (2a), which will decrease the

hinge capacities.

The pressure effects on the left-hand side of Eq. (11) can be estimated by adding the total bending

moment due to pressure at the 12 o’clock fiber in the deformed ring position. The total moment to

be added on the left-hand side of Eq. (10) due to pressure is found developing the equation given in

Fig. 9, neglecting square terms in δR; this is given in Eq. (23) below. Timoshenko and Gere (1961)

provide a similar derivation in their section 7.4 and their Fig. 7-8.

(23)

Therefore, the total applied transverse bending moment in the upper half of a pipe ring due to

pressure and longitudinal bending is thus, MA = + MT. The collapse equation with the effects of

external pressure is MA = , as shown in Eq. (24) below.

(24)

Rearranging Eq. (24), and noting that the ring length cancels out, the collapse interaction equation

relating pressure and bending effects is given by

(25)

In order to use Eq. (25), the total ovality ∆ as a function of longitudinal strain εT and pressure p,

must be reasonably accurate since Eq. (25) is an equality between applied moment (left-hand side)

and hinge-mechanism capacity (right-hand side), in the ovalized (deformed) configuration. However,

∆ = f (εT) in Eq. (16) was derived without considerations of external pressure. It is well known that

external pressure increases ovality, either initial ovality or ovality due to bending (Coronas and

Kyriakides 1988). The pressure effects on the ovality is taken into account also in a rational way
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Fig. 9 Total moment due to pressure on upper half of ring
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following Eqs. (7-19) of Timoshenko and Gere (1961), where and initially ovalized ring has its

ovality amplified by external pressure amplification ratio

(26)

Such a term is also used with very good accuracy estimating the elastic deflection of slender

column with compressive loads, also Timoshenko and Gere (1961) Section 1.7. Therefore, the

equation for ovality will take into account pressure amplification effects by using Eq. (26) as

follows, where ∆ is given by Eq. (16) and PC is given by Eq. (20)

(27)

Based on the above developments, the equations for the rational model are grouped in the section

below for clarity and conciseness.

6. Rational model equations for pipe collapse
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Hyperbolic ratio  S = εco/εTy

Critical strain approx. (13)

Collapse pressure (20)

Plastic pressure (21)

Elastic pressure (22)

For the case of external pressure only, εT = 0 in Eq. (25). Thus, the rational model basic Eq. (25)

is re-arranged as shown by Eq. (28) below, to make sure that the perfect circular pipe case is

correctly represented

(28)

7. Rational model comparisons

7.1 Rational model predictions vs. 3-D finite element analysis of pressure and ovalization

The effects of external pressure on pipe ovalization will be examined first. Fig. 10 reproduces Fig. 3.13

of Karamanos and Tassoulas (1993). Karamanos and Tassoulas (1993) developed a three-

dimensional finite element (FE) formulation for analysis of pipes. In Fig. 10, the relationship

between pressure and ovalization is shown for a pipe designated as C22J1 (pipe characteristics are

shown in Fig. 11). The authors used the mean diameter to calculate a buckling pressure of

pc = 879.6 psi, as well as plastic pressure of po = 2,730 psi. Therefore, for consistency, the rational
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Fig. 10 Reproduction of Fig. 3.13 of Karamano and Tassooulas (1993) showing pressure (normalized by Po)
by ovalization in specimen C22J1 (see Fig. 10 below for data) obtained by three-dimensional finite-
element analysis
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model predictions, shown in Fig. 9, also use the mean diameter in the relevant equations (elsewhere

in this paper the outer diameter is always used). The rational model predictions shown in Fig. 11

and the FE results of Fig. 10 compare excellently.

7.2 Rational model predictions compared to experimental results of fowler (1990) 

The rational model predictions are compared to experimental results presented in Table 6 of

Fowler (1990). Fig. 12 shows the rational model interaction equation predictions and experimental

results of Fowler (1990). It should be noted that the results for the rational model are based on the

average pipe properties as shown in Fig. 12. The rational model interaction equation produces good

and slightly conservative results when compared to experimental values. 

Fig. 11 Application of amplification factor given by Eq. (26) to pipe with same characteristics as specimen
C22J1 with initial ovality as indicated

Fig. 12 Rational model pressure vs. bending strain predictions (average pipe data used) versus experimental
results for pipes with D/t = 23.9 (average)
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7.3 Rational model predictions compared to Oman to India experimental results

The rational model predictions are compared to ten experimental results of full scale collapse tests

from the Oman-to-India collapse program (Stark and McKeehan 1995). This comparison is shown

in Fig. 13. In this case, the individual pipe characteristics were taken into account by the rational

model, including hoop and longitudinal yield data (not shown). It can be seen that excellent

agreement is also obtained for almost all test results. It is noted that the hoop stress were determined

by compressive tests, and for pipe specimen ZFV 18 the original data shows for this pipe a unusual

low compressive hoop yield stress of 56.15 ksi, when the average hoop yield stress of 64.9 ksi for

Fig. 13 Rational model prediction vs. Oman-to-India experimental results

Table 1 Test data and results for 26-inch OD pipes (Stark and McKeehan 1995) and rational model’s
predictions

Pipe designation ZFV8 ZFV16 ZFV21 ZFV18 ZFV19 ZFV22 ZFV7 ZFV23 ZFV20 ZFV13

Experimentally 
applied strain (%)

0.00 0.19 0.21 0.36 0.77 0.81 0.85 1.04 1.06 1.50

Exp. collapse 
pressure (psi)

7,009 6,700 6,800 6,300 6,500 5,500 5,400 5,000 5,000 5,500

OD (in) 26 26 26 26 26 26 26 26 26 26

WT (in) 1.619 1.620 1.623 1.618 1.620 1.622 1.616 1.628 1.621 1.640

∆Ι(%) 0.0038 0.13 0.16 0.14 0.19 0.16 0.16 0.19 0.18 0.17

σoH (ksi)[1] 60.50 71.53 66.89 66.00 73.42 63.26 61.52 60.79 65.00 61.08

σoL (ksi)[1] 73.00 80.40 79.40 75.20 73.10 76.30 74.20 75.20 75.00 74.00

Rational model 
predicted collapse 
pressure (psi)

6730 6808 6337 6156 6266 5480 5105 4964 5230 4788

Ratio of exp. and 
predicted values 

1.041 0.984 1.073 1.039 1.037 1.004 1.058 1.007 0.956 1.149

Note 1: Average value of measured hoop, σoH and longitudinal, σoL, yield stress for each specimen
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all pipes. Such discrepancy was noted in the original collapse test program report, as probably

caused by an error in the measurement of the stress-strain response, since compressive uniaxial tests

are more difficult than tensile tests as they require (a) stiff testing conditions, (b) an accurately

machined specimen and (c) alignment of the line of loading with the axis of the specimen. For this

pipe specimen the average hoop yield stress of 64.9 ksi is used. Both Fig. 13 and in Table 1 show

that excellent agreement between rational model predicted collapse pressures and the experimental

collapse pressures (for the given applied strain), with the average of the ratios between prediction

and experimental results is 1.035, with a standard deviation of 0.05. That is, in average, the

experimental values are 3.5% higher than the predicted values, with a excellent correlation between

predictions and experimental results.

7.4 Rational model predictions compared to Mardi Gras experimental results

The rational model predictions are compared to seven data points from the Mardi Gras Transportation

System experimental results reported by DeGeer et al. (2004). Fig. 14 shows the rational model

predictions and experimental results presented by DeGeer et al. (2004). It can be seen in Fig. 14

and in Table 2 that the rational model yields very good predictions of the experimental values.

Furthermore, the ratio between experimental results and predictions is 1.141; that is, in average, the

experimental values are 14.1% higher than the predicted values. It should be noted that the yield

stresses used in the rational model predictions (as noted in Table 2) are not individual values

reported per pipe, but average inferred by the author from Fig. 2 of DeGeer (2004), it is believed

that the prediction would improve if yield stresses for each pipe were available.

7.5 Rational model predictions compared to Blue Stream experimental results

The rational model predictions are compared to fifteen data points from the Blue Stream project

experimental results recently reported by DeGeer et al. (2005) in Fig. 15 and Table 3. The average

Fig. 14 Rational model prediction vs. Mardi Gras Transportation System experimental results reported by
DeGeer et al. (2004)
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of the pressure ratios between experimental results and rational model predictions is 1.05 (which

means on average experimental results are 5% higher than rational model predictions), and a

variance of 0.009. Thus, the rational model predictions are in excellent agreement with experimental

results, and have very low dispersion. Note that for this data set the yield strength is provided for

each pipe by DeGeer et al. (2005) in Table 3.

Table 2 Test data and results for 28-inch OD, 1.5-inch WT, pipes (DeGeer et al. 2004) and rational model’s
predictions

Pipe designation EP24A-HT EP25A-AR EP25B-HT EP26A-AR EP27A-AR EP28A-HT EP29A-HT

Experimentally 
applied strain (%)

0.240 0.00 0.00 0.471 0.526 0.347 0.448

Exp. Collapse
pressure (psi)

6,802 5,699 7,319 5,299 4,998 6,499 6,397

OD (in) 27.982 28.001 28.009 27.988 27.979 27.973 28.001

WT (in) 1.512 1.508 1.509 1.490 1.492 1.488 1.514

∆Ι(%)[1] 0.1875 0.1775 0.0955 0.0775 0.0890 0.1175 0.1390

σoH (ksi)[2] 80.7 70.3 80.7 70.3 70.3 80.7 80.7

σoL (ksi)[2] 76.0 72.5 76.0 72.5 72.5 76.0 76.0

Rational model 
predicted collapse 
pressure (psi)

5,494 5,202 6,045 4,831 4,758 5,397 5,389

Ratio of exp. And 
predicted values 

1.238 1.096 1.211 1.097 1.050 1.204 1.187

Note 1: Initial ovality values given are half of the those (maximum) values from Degeer et al. (2004) due to
the difference in ovality definition.
Note 2: Average value for all pipes of measured hoop, σoH and longitudinal, σoL, yield stress for as-received
(AR) and heated treated (HT) pipe as per Fig. 2 of DeGeer et al. (2004)

Fig. 15 Rational model prediction vs. Blue Stream experimental results - DeGeer et al. (2005)
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7.6 Rational model applied to safe point load on pipelines 

Since the model is a rational one, it can be readily extended, for example to a pipe-to-pipe

crossing condition or also to a roller load on a stinger during pipeline installation. The crossing case

is examined herein. The total applied bending moment in the ring, with an applied point load at 12

o’clock (such as in a crossing situation) has three component: one due to the crossing force F,

another due to the transverse stresses resulting of the longitudinal moment (Eq. (10)) and another

component due to the external pressure (Eq. (23)). Fig. 16 below shows a ring of radius R which has

increased its radius by δR along the 3- and 9-o’clock hinges at onset of collapse, so the total

deformed ring span equals D(1 + ∆). Taking bending moments in the deformed configuration, the

total applied bending moment  on the upper half of the ring due to the concentrated load F is

given below by Eq. (29). 

 (29)

The total applied transverse bending moment on the upper half of the ring due to the transverse

stress w as a result of longitudinal bending (Eq. (10)), external pressure p (Eq. (23)) and point load

F (Eq. (29)) is thus, MA = + MT + , as shown in Eq. (30) below.

MT

C

MT

C
FD 1 ∆+( ) 4⁄=

MT

P
MT

C

Table 3 Test results for Blue Stream pipe, 24-inch OD, 1.25-inch WT, Grade X65 (DeGeer et al. 2005) and
rational model predictions

Pipe[1] 

Experimental results

OD
(in)

WT
(in)

DI

(%)
σoH

(ksi)[2]
σoL

(ksi)[2]

Rational model 
predicted col. 
pressure (psi)

Ratio of exp. 
and predicted 

values

Applied 
strain
(%)

Collapse 
pressure 

(psi)

1 0.000 6531 24.02 1.2488 0.221 81.97 81.57 5,376 1.21

2 0.000 6546 24.00 1.2323 0.214 80.62 80.12 5,218 1.25

3 0.478 5298 24.016 1.2465 0.214 78.99 78.23 4,729 1.12

6 0.749 5109 24.028 1.2465 0.188 80.44 80.70 4,551 1.12

7 0.000 5399 24.02 1.2480 0.184 79.75 81.86 5,365 1.01

8 0.000 5080 24.051 1.2657 0.158 67.34 73.58 4,908 1.03

9 0.000 5370 24.047 1.2469 0.192 71.30 76.92 4,916 1.09

13 0.665 4325 24.051 1.2500 0.168 72.46 75.54 4,348 0.99

14 0.918 4136 24.024 1.2500 0.240 74.85 79.39 4,089 1.01

15 0.912 3745 24.031 1.2500 0.176 70.32 74.89 4,013 0.93

16 0.786 4194 24.043 1.2575 0.187 70.72 76.34 4,153 1.01

17 0.471 4731 24.020 1.2484 0.181 74.02 77.94 4,577 1.03

18 0.469 4499 24.020 1.2469 0.190 73.15 77.21 4,512 1.00

19 0.571 4702 24.039 1.2453 0.16 73.55 77.00 4,465 1.05

20 0.876 3599 24.028 1.2480 0.269 73.98 77.43 4,049 0.89

Note 1: Pipe designation per DeGeer et al. (2005) 
Note 2: Yield values are average for each pipe per data presented in Table 3 of DeGeer et al. (2005)



490 André C. Nogueira

(30)

The total maximum crossing load F that causes collapse on an effective pipe ring is found as

before with the rational model collapse equation MA =  as developed below in Eq. (31)

(31)

Eq. (31) is analogous to Eq. (24), with the addition of the bending moment due to the crossing

load. The ovality function ∆ is similar to Eq. (16), with the addition of the applied bending moment

due to the crossing load, , as primary bending moment; and the crossing load, F, becomes the

independent variable that drives the ovalization function as well and the hyperbolic coefficient S, as

follows

(32)

Where FY is such that the ring starts yielding at 12 o’clock based on the elastic solution (neglecting

the pressure effects), and ∆Y is the corresponding ring deflection, thus 

(33)

(34)
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Fig. 16 Applied loads on pipe ring and the four-hinge collapse mechanism
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(35)

Where Fo is such that the ring collapses under external pressure, neglecting axial bending (for

simplicity), thus

(36)

Finally, in order to have a completely defined equation, the effective ring length is conservatively

defined as half of the outside diameter, as given by Eq. (36) below. This definition corresponds to a

load spread angle of  (see Fig. 17).

(37)

To illustrate the methodology for calculation the maximum crossing load on pipelines per the

rational model equations 31 through 36, Table 4 below is presented. Numerical results for all

variables are given for several pipeline parameters. The table is broken in three parts for easy of

reading. Basic input data are: pipeline yield stress = 65 ksi, water depth = 4,400 ft, thus external

water pressure = 1,956 psi, initial ovalization for all pipes = 1%, the maximum longitudinal bending

moment for each pipe is assumed (should be calculated based on a global bending analysis), for

S Fo FY⁄=

Fo

Mpp

12
Mpp

3
+( )D
4

---------------------------------=

α 26.5
o≅

L Leff OD 2⁄= =

Fig. 17 Effective ring length in pipeline under point load or direct contact

Table 4 Sample calculations for maximum point load for several pipelines under pressure and bending-
rational model parameters given

OD WT D/t
Effective

 ring length
Hoop 
stress

Hoop 
stress to 

hoop 
yield 
ratio

Maximum 
longitudinal 

bending 
moment at 
crossing 
location

po pe
pc 

(ksi)

Pipe 
moment 
of inertia

Maximum 
longitudinal 

stress

Maximum 
longitudinal 

strain 

(inch) (inch) - (L/OD)
L 

(inch)
(ksi) (s/so) (kip-ft) (ksi) (ksi) (ksi) inch^4 (ksi) inch/inch

6.625 0.625 10.60 0.50 3.31 10.4 0.159 25.000 12.3 53.5 12.0 53 18.74 0.00065

8.625 1.000 8.63 0.50 4.31 8.4 0.130 70.000 15.1 99.3 14.90 174 20.81 0.00072

10.75 1.000 10.75 0.50 5.38 10.5 0.162 60.000 12.1 51.3 11.77 364 10.63 0.00037

12.75 0.750 17.00 0.50 6.38 16.6 0.256 50.000 7.6 13.0 6.6 509 7.52 0.00026

20 1.125 17.78 0.50 10.00 17.4 0.267 200.000 7.3 11.3 6.15 2971 8.08 0.00028
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example it equals 25 kip-ft for the 6-inch pipeline. Please note that such table is the result of an

excel spreadsheet where the maximum crossing load is found by making the total moment applied

on the ring, equal to the average plastic moment (Mp) capacity for all rings. Please note that the

maximum crossing load given below is an ultimate type load, and appropriate safety coefficients

should be applied for a safe design load. A factor of safety of 1.5 is suggested.

8. Conclusions

A rational model for ultimate pipe strength under pressure and bending was derived from first

principles. With the rational model the pipe collapse phenomenon is better understood and the

influences of different terms (e.g. ovalization and anisotropy) are incorporated by derivation.

Published full scale test results are compared to the rational model predictions and excellent

agreement is obtained. The model is extended to that of a pipe-to-pipe contact crossing and similarly

could be easily extended to model (a) local buckling potential due to roller loads on a S-lay stinger

configuration, (b) local buckling of a buried pipeline subjected to relatively high longitudinal

bending without external pressure. Note that case (a) is of importance on laying pipe in deepwater

subject to relatively high roller loads and (b) is of importance when assessing if a buried pipeline

can withstand large fault deformation and not locally buckle (Paolucci et al. 2010). It is

Table 4 Continued

Crossing 
load that 
leads to 
ring start 

yielding, Fy

Maximum 
crossing 
load - 

calculated 
by macro

Total ovalization ratio
Applied 

moment on  
ring due to 

crossing 
load

Applied 
moment on  
ring due to 

external 
water 

pressure

Applied 
moment on  
ring due to 
longitudinal 

bending

Total 
moment 

applied on 
ring

∆ (Elastic) ∆y

Estimated 
ovalization 

w/o 
pressure

Total 
ovalization

Kips (kips)
(dR/R =
 dD/D)

(inch/inch) (inch/inch) (inch/inch) (kip-inch) (kip-inch) (kip-inch) (kip-inch)

13.187 17.51 1.825% 1.623% 2.917% 3.488% 30.01 4.96 0.24208 35.2

33.786 47.45 1.710% 1.507% 3.269% 3.763% 106.17 11.80 0.73249 118.7

33.876 44.75 1.833% 1.632% 2.896% 3.473% 124.43 21.09 0.57832 146.1

19.045 19.15 2.005% 1.999% 2.016% 2.867% 62.80 29.06 0.42639 92.3

42.823 40.30 1.984% 2.045% 1.984% 2.910% 207.37 113.80 1.69301 322.9

Table 4 Continued

Mp - average of 3 & 9 
o'clock

Mp - average of 12 & 6 
o'clock

MP - average 
all hinges

Maxium crossing force
Hiperbolic 
coefficient

No external 
pressure

With external 
pressure

No external 
pressure

With external 
pressure

With external 
pressure

Wihtout pressure 
or bending 
effects, Fo

With pressure 
or bending 
effects, Fx

S = Fo/Fy

(kip-inch) (kip-inch) (kip-inch) (kip-inch) (kip-inch) (kips) (kips)

21.0 20.5 15.4 14.7 35.2 21.3 17.5 1.6119

70.1 68.9 51.30 49.8 118.7 55.1 47.5 1.6294

87.3 85.1 63.94 61.0 146.1 54.4 44.7 1.6048

58.3 54.5 42.7 37.8 92.3 29.0 19.2 1.5202

205.7 191.0 150.56 131.9 322.9 64.6 40.3 1.5079
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recommended that independent evaluation of the rational methodology is done, along with finite

element analysis and test results, to assist in improving the equations used in existing codes.
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Nomenclature

E = Young’s modulus

Fp = plastic force

Fo = 12 o’clock point force on a ring under external pressure that leads to plastic collapse 

L = ring length; length of a pipe segment

M = bending moment

Mo = yield moment

MB
T = total moment acting on a unit-length ring of pipe under bending only

Mp = plastic moment under uniaxial stress 

Mp
* = plastic moment under biaxial stress 

Mp
3 = 3 o’clock plastic hinge capacity without external pressure effects 

Mpp
3 = 3 o’clock plastic hinge capacity with external pressure effects 

Mpp
T = half of total plastic hinge capacity of a pipe ring with bending and pressure effects 

N = σoH/σoL

p = external pressure on a pipe

po = yield load pressure (or plastic pressure) on a pipe

pc = collapse pressure on a pipe 

pe = elastic collapse pressure on a pipe

t = pipe wall thickness

R = pipe radius

Vur = total reaction at 3 o’clock fiber in a unit-length ring of pipe under bending

w = uniformly distributed load

α = sector angle of pipe segment with length L

δR = change in radius of pipe cross-section (Fig. 3)

δD = 2 δR 

∆ = δR/R = ovality

∆BP = ∆ due to bending and pressure

∆yo = ∆ at onset of yield in the hoop direction of pipe under bending

∆I = Initial ovality on a pipe

εco = critical longitudinal pipe strain at extreme fiber neglecting ovalization effects

εT = (critical) longitudinal pipe strain at extreme fiber, εT = εc at onset of local buckling

εTy = longitudinal pipe strain at extreme fiber at onset of yielding

εTyo = longitudinal pipe strain at extreme fiber at onset of yielding neglecting ovalization

σo = yield stress

σoL = yield stress in longitudinal pipe direction 

σoH = yield stress in transverse (hoop) pipe direction

ρ = radius of curvature

κ = 1/ρ = curvature
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