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 1. Introduction 
 

Sloped rolling-type bearings have been studied 

extensively and also applied practically in the past two 

decades owing to their unique feature – keeping constant 

horizontal acceleration transmitted to the to-be-protected 

object (Harvey and Kelly 2016). That is, designing sloped 

surfaces in contact with rollers (Tsai et al. 2007, Lee et al. 

2010, Wang et al. 2014, 2017, 2019) or balls (Kasalanati et 

al. 1997, Vargas and Bruneau 2009) together with constant 

damping force can make the seismic isolators mechanically, 

in-plane exhibit a zero post-elastic stiffness performance. 

This feature, of course, can facilitate the performance-based 

design (Ghobarah 2001, Hwang et al. 2004) if the to-be-

protected object is vulnerable when undergoing excessive 

vibration (or acceleration) during earthquakes. In other 

words, during the design procedure of an isolation system 

composed of sloped rolling-type bearings, once their 

sloping angle and the built-in or additional damping force 

have been determined, the maximum horizontal 

acceleration response of the to-be-protected object can then  
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be easily decided based on the dynamic equation of motion 

derived in past relevant researches (Wang et al. 2017) 

without further performing time-consuming nonlinear 

dynamic analyses. However, this feature might cause the 

procedure for predicting their horizontal isolation 

displacement under a given seismic demand very different 

from and even more complicated than the equivalent lateral 

force procedure (Iwan and Gates 1979, Hadjian 1982, 

Hwang 1996) commonly used for most of seismic isolators 

that mechanically reveal bilinear hysteretic behavior (Kelly 

1990). 

Wang et al. (2019) conducted a series of nonlinear 

response history analyses to numerically study the 

horizontal displacement responses of sloped rolling-type 

bearings designed with different sloping angles and friction 

damping force under various ground motions. It was 

indicated that the larger the designed sloping angle and 

friction damping force, in particular of the latter, the smaller 

the resulted horizontal isolation displacement. However, the 

augment of sloping angles and friction damping force will 

result in larger (or worse) horizontal acceleration 

transmitted to the to-be-protected object. In other words, 

increasing sloping angles and friction damping force will 

enlarge the transmitted horizontal acceleration response, i.e. 

will sacrifice the acceleration control performance. Besides, 

an increase in friction damping force might cause an 

unacceptable self-centering performance, which will 

significantly affect the serviceability and functionality of 

the to-be-protected object. This issue really needs more 
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attention when the performances of the objects protected by 

sloped rolling-type bearings under minor, moderate, and 

major earthquakes are equally important. 

In Makris and Chang’s study (2000, 2002), the 

effectiveness of different energy dissipative mechanisms 

used in seismic isolation systems against near‐fault pulse‐

like ground motions was numerically examined. The results 

showed that adopting friction damping, compared with 

viscous damping, could more effectively reduce 

displacement demands and suppress displacement 

amplification under the ground motions which possess a 

long pulse period close to the designed isolation period. 

However, inevitably, friction damping may cause permanent 

displacement of seismic isolation systems. In addition to 

designing a single suitable friction coefficient for friction-

type dampers or seismic isolators against some specific 

ground motions considered (Jangid 2017), several variable 

friction damping mechanisms in a passive manner have 

been proposed to effectively reduce acceleration and 

displacement responses of seismic isolation systems 

subjected to different ground motions. In Tadjbakhsh and 

Lin’s study (1987), a progressive increased frictional 

resistance was developed by tightening a set of friction 

plates. The numerical results presented that adopting the 

proposed mechanism, compared with the constant frictional 

resistance design, can have more reductions in acceleration 

and relative displacement transmissibility. A well-known 

case, which has already become a mature seismic-resistant 

product at present and has been widely applied in 

engineering practice, is the double (or triple) friction 

pendulum bearing (Fenz and Constantinou 2006, 2008, 

Abdollahzadeh and Darvishi 2017, Shahbazi and 

Taghikhany 2017, Yurdakul and Ates 2018). In addition to 

different friction coefficients to present variable energy 

dissipation capabilities, varying curvature radii to present 

different stiffness (restoring force) capabilities were also 

adopted to offer designers greater flexibility to optimize the 

seismic performances of friction pendulum bearings at 

different stages as much as possible. Besides, the residual 

displacement responses of the double friction pendulum 

bearing designed with different friction coefficients as well 

as its accumulation conditions were also numerically and 

experimentally investigated (Ponzo et al. 2017). In Panchal 

and Jangid’s study (2008), a variable friction pendulum 

system, in which the friction force increased up to a certain 

value of displacement and then decreased with further 

increase in displacement, was proposed. Based on the 

numerical results, it was demonstrated that adopting the 

proposed variable friction pendulum system can effectively 

control the responses of seismically isolated buildings under 

near‐fault ground motions. In Calvi et al.’s study (2008), 

the seismic performances of flat and curved sliding bearings 

designed with different sliding materials and frictional 

properties were numerically examined. The numerical 

results showed that their performances can be improved 

significantly compared with the conventional seismic 

isolation solutions, in light of their higher energy absorption 

capacity.  

Therefore, sloped rolling-type bearings are mechanically 

modified to be equipped with linearly variable damping 

force in this study. That is, as the horizontal isolation 

displacement increases, the built-in friction damping force 

will be passively and linearly increased. The feasibility of 

the prototype design, first, is demonstrated experimentally. 

A modified analytical model considering linearly variable 

damping force, then, is proposed based on the original 

analytical model only considering constant damping force. 

The accuracy and applicability of the modified analytical 

model is verified through comparing its prediction with the 

shaking table tests. Moreover, to further discuss the 

advantages and disadvantages of sloped rolling-type 

bearings designed with linearly variable damping force, 

their numerical results are compared with those of sloped 

rolling-type bearings designed with conventional, constant 

damping force. 

 

 

2. Prototype design with linearly variable damping 
force 

 

2.1 Mechanical design 
 

In Wang et al.’s previous researches (2014, 2017, 2019), 

sloped rolling-type bearings (denoted as SRB hereafter), as 

illustrated in Fig. 1,  consisted of a set of upper, 

intermediate, and lower bearing plates together with two 

pairs of mutually orthogonal cylindrical rollers (sandwiched 

between the upper and intermediate bearing plates as well 

as between the intermediate and lower bearing plates, 

respectively). The constant friction damping force designed 

for SRB was practically realized by using the rubber pads 

which were attached to the side surfaces of the upper, 

intermediate, and lower bearing plates and whose curved 

surfaces slid against the flat stainless steel surfaces of the 

side plates. Since seal ball bearings were used for 

connecting the multiple cylindrical rollers in parallel with 

the side plates, they can have the same displacement 

response (or a synchronized motion) during external 

excitation. Based on the Coulomb friction law for 

simplicity, the sliding friction force was simplified as a dry 

friction problem and thus its magnitude can be assumed to 

be proportional to the normal force. The constant normal 

force required for the constant sliding friction between the 

rubber pads and flat stainless steel surfaces was equal to the 

reaction force produced by compressing the linear spring 

modules embedded in the side surfaces of the three bearing 

plates and installed behind the rubber pads. Note that two 

linear spring modules were installed behind each rubber 

pad, and totally two rubber pads slid against each side plate. 

In addition, totally two parallel side plates were respectively 

connected with two ends of a pair of cylindrical rollers 

along each horizontal principle direction. It has been 

discussed in Wang et al.’s previous study (2014) that 

installing multiple (i.e., two or more) rollers in each 

horizontal principle direction was beneficial for the overall 

stability performance. Therefore, the total normal force, 

which was intended to produce the sliding friction force 

between a pair of parallel side plates and two opposite side 

surfaces of the upper and intermediate bearing plates (or the 

intermediate and lower bearing plates), was contributed by  
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compressing totally four linear spring modules in parallel. 

Linear spring modules can be effortlessly adjusted and 

replaced to meet different design requirements in 

engineering practice. Herein, SRB designed with constant 

damping force is denoted as SRB-CDF. 

In this study, in order to design linearly variable 

damping force for SRB, the flat stainless steel surface, as 

shown in Fig. 1, is replaced by a V-shaped one, as 

illustrated in Fig. 2. Except for the damping force design, 

the remaining design mechanisms, basically, are identical to 

those proposed in Wang et al.’s previous researches (2014, 

2017, 2019). By doing so, when there is no horizontal 

sliding displacement of the rubber pad relative to the V-

shaped stainless steel surface (i.e., at the static condition), 

the constant normal force can still be provided by the initial 

shortening of the linear spring modules installed behind the 

rubber pad. More importantly, when the horizontal sliding 

displacement of the rubber pad relative to the V-shaped 

stainless steel surface increases, rationally neglecting the 

very limited elastic deformation of the rubber pad for 

simplicity, the shortening of linear spring modules, the 

resultant normal force, and the resultant friction damping 

force will be proportionally and linearly enlarged. Herein, 

SRB designed with linearly variable damping force is 

denoted as SRB-LVDF. If this mechanical design can be 

practically realized, adopting more complicated or 

combined functions other than a linear one to design the 

sliding surfaces of the side plates of SRB for diverse control 

performance goals of variable damping force could also be 

doable technically. 

 

 

 

2.2 Modified analytical model 
 

A simplified model for SRB-CDF at static and motion 

conditions, in which a single cylindrical roller is 

sandwiched between two V-shaped rolling surfaces 

designed with different sloping angles and constant friction 

damping force is designated, are illustrated in Figs. 3(a) - 

3(b) (Wang et al. 2017), respectively. Through rationally 

linearizing the trigonometric functions during derivation 

since the sloping angles are usually designed as a 

considerably small value, when the roller is moving 

between two sloped surfaces (i.e., in the slope rolling 

range), the simplified equation of motion for the horizontal 

dynamic behavior of SRB-CDF under horizontal (or in-

plane) excitation is obtained by (Wang et al. 2019) 
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2

D
g

F
x x g θ θ x x

M m


   


 (1) 

where M, m1, and m2 are the seismic reactive masses of the 

protected object, superior bearing plate, and roller, 

respectively; r is the sectional radius of the roller; θ1 and θ2 

are the sloping angles of the superior and inferior bearing 

plates, respectively (θ1=0 and θ2=0, respectively, represent 

that the surfaces of the superior and inferior bearing plates 

in contact with the roller are designed to be flat ones); 

ẍg(�̈�𝑔) is the horizontal (vertical) acceleration excitation;, 

x1(z1), ẋ1(ż1) and ẍ1(�̈�1) and are the horizontal (vertical) 

displacement, velocity, and acceleration responses of the 

protected object and superior bearing plate relative to the  

 

Fig. 1 Detailed decomposition of SRB-CDF (PS: the number in the parenthesis denotes the amount of the component used in 

a single bearing) 

 

Fig. 2 Detailed decomposition of SRB-LVDF ( PS: the number in the parenthesis denotes the amount of the component used 

in a single bearing) 

 

PS: the number in the parenthesis denotes the amount of the component used in a single 

bearing.   

Upper bearing plate (1) 

Lower bearing plate (1) 

Intermediate bearing plate (1) 

Cylindrical roller (4) 
Side plate (4) 

Rubber pad (8) 

Flat stainless steel surface (4) 

Seal ball bearing (8) 

Linear spring module (16) 

(1) 

 

PS: the number in the parenthesis denotes the amount of the component used in a single bearing.   

Upper bearing plate (1) 

Lower bearing plate (1) 

Intermediate bearing plate (1) 

Cylindrical roller (4) 

Side plate (4) 

Rubber pad (8) 

V-shaped stainless steel surface (4) 

Seal ball bearing (8) 

Linear spring module (16) 

(1) 

131



 

Shiang-Jung Wang, Yi-Lin Sung and Jia-Xiang Hong 

 

 

 

origin O (or the inferior bearing plate), respectively; x2(z1), 

ẋ2(ż2) and ẍg(�̈�2).are the horizontal (vertical) displacement, 

velocity, and acceleration responses of the roller relative to 

the origin O (or the inferior bearing plate), respectively; the 

positive directions of x and z are correspondingly defined to 

be rightward and upward in the figure; g is the acceleration 

of gravity; I is the moment of inertia of the roller; α is the 

angular acceleration of the roller (the positive rotation is 

defined to be clockwise in the figure); f1(f2) and N1(N2) are 

the rolling friction force and normal force acting between 

the superior bearing plate and roller (between the roller and 

inferior bearing plate), respectively; and FD is the total 

built-in friction damping force acting parallel to the slope of 

the bearing plates, which is proportional to the total normal 

force ND and is produced by four rubber pads and a parallel 

pair of flat sliding surfaces. For simplicity in this study, the 

non-uniform friction distribution (Wei et al. 2017) which 

might cause different seismic responses is not considered.  

As observed from the free body diagram of two rubber pads 

and one flat sliding surface shown in Fig. 4(a) on which 

 

 

 

only ND/2, RD/2, and FD/2 are exerted, the total reaction 

force RD is produced by compressing the linear spring 

modules with a total elastic constant of ks installed behind 

the rubber pads. Each linear spring module as shown in Fig. 

4(a) has an elastic constant of ks/4. If rationally assuming 

that the directions of gravitational force of the rubber pads 

and linear spring modules are perfectly perpendicular to 

those of ND and RD, the magnitude of ND, theoretically, is 

equal to that of RD. Note that since the sloping angles are 

usually designed as a considerably small value, the 

horizontal displacement of the protected object (or the 

superior bearing plate) relative to the inferior bearing plate, 

i.e., x1, can be rationally approximated as twice as that of 

the roller (or the side plate) relative to the inferior bearing 

plate, i.e., x2 (Lee et al. 2010, Wang et al. 2014). In other 

words, the horizontal displacement of the protected object 

(or the superior bearing plate) relative to the roller (or the 

side plate), i.e., x1-x2, is almost the same as that of the roller 

(or the side plate) relative to the inferior bearing plate, i.e., 

x2. 

 
(a) static condition 

 
(b) free body diagrams when sgn(x1)=sgn(x2)=1 and  sgn(ẋ1)=sgn(ẋ2)=1 

Fig. 3 A simplified model for SRB-CDF and SRB-LVDF (Wang et al. 2017) 

  
(a) SRB-CDF (with a flat sliding surface) (b) SRB-LVDF (with a V-shaped sliding surface) 

Fig. 4 Free body diagrams of two rubber pads and one sliding surface 
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(a) FD(x1)sgn(ẋ1) versus x1 without considering effect 

 arising from the normal force component  
(b) the normal force component versus x1 

 
(c) FD(x1)sgn(ẋ1) versus x1 considering effect arising from the normal force component 

 
(d) hysteretic behavior of SRB-LVDF 

Fig. 5 Illustration of modified analytical models for SRB-LVDF 

 

Fig. 6 Test installation 
  

SRB-LVDF1 SRB-LVDF2 
Accelerometer  

Displacement transducer  

Displacement transducer  

SRB-LVDF 

Lead block 
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To not alter the previous design mechanism too much, 

the prototype of SRB-LVDF in this study is developed 

based on that of SRB-CDF. Different from SRB-CDF, the 

curved surfaces of rubber pads slide against a V-shaped 

surface with a constant slope of tan θD rather than a flat one. 

Therefore, the magnitude of the total built-in friction 

damping force during motion is a linear function of 

horizontal isolation displacement FD(x1) rather than a 

constant FD. As observed from the free body diagram of two 

rubber pads and one V-shaped sliding surface shown in Fig. 

4(b) on which, ND(x1)/2, RD(x1)/2 and FD(x1)/2 are exerted, 

the total reaction force RD(x1) is produced by compressing 

the linear spring modules with a total elastic constant of ks 

installed behind the rubber pads. Each linear spring module 

as shown in Fig. 4(b) has an elastic constant of ks/4. If 

rationally assuming that the directions of gravitational force 

of the rubber pads and linear spring modules are perfectly 

perpendicular to those of the total normal force ND(x1) 

directed perpendicular to the sliding surfaces as well as 

RD(x1), theoretically, ND(x1) is a force component of RD(x1), 

i.e., ND(x1)=RD(x1)cosθD. 

The produced friction damping force can be resolved 

into two force components respectively directed parallel to 

and horizontally perpendicular to the x direction, as also 

shown in Fig. 4(b). Accordingly, the effective friction 

damping force directed parallel to the x direction varying 

with x1 (or 2x2), i.e., FD(x1)sgn(ẋ1), and its hysteresis loop 

are expressed by Eq. (2) and presented in Fig. 5(a), 

respectively. 

   

   

1 1

0 max 01
1 1max

1

sgn

sgn sgn( )



 
  
  

D

D D D

F x x

x
F F F x x

x
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where 𝐹𝐷
0 is the magnitude of the minimum (or initial) 

friction damping force produced by the initial shortening of 

the linear spring modules l0 and 𝐹𝐷
𝑚𝑎𝑥  is the magnitude of 

the maximum friction damping force at the designed 

maximum horizontal displacement capacity |𝑥1
𝑚𝑎𝑥| (or at 

the maximum shortening of the linear spring modules lmax). 

Furthermore, as also observed from Fig. 4(b), the 

horizontal force component of the total normal force 

directed perpendicular to the sliding surface, i.e., 

ND(x1)sinθD or RD(x1)sin2θD/2, might have a non-negligible 

influence on the x-directional total friction damping force. 

Its variation with x1(or 2x2) considering sgn(x1)=±1 is 

illustrated in Fig. 5(b). Therefore, the resultant force of the 

two force components as presented in Figs. 5(a) - 5(b) 

should be taken into consideration to represent the actual x-

directional friction damping force performance of SRB-

LVDF, as given in Eq. (3) and shown in Fig. 5(c). 
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As observed from Fig. 5(c), because of the existence of 

the last term in Eq. (3), the proposed linearly variable 

damping force design mechanism will provide slightly 

larger force in the first and third quadrants, i.e., when 

sgn(x1), sgn(ẋ1) and sgn(x1)=-1, sgn(ẋ1)=-1, respectively, 

compared with that in the second and fourth quadrants, i.e. 

when sgn(ẋ1)=-1, sgn(ẋ1)=1 and sgn(x1)=1, sgn(ẋ1)=-1, 

respectively. Therefore, in the future study or application, if 

any other more complicated or combined functions, rather 

than simple ones such as a linear function discussed in this 

study, are implemented into SRB with the same design 

mechanism, it is noted that in addition to the produced 

friction damping force in the direction of interest, the force 

component of the normal force corresponding to the 

designed function in the direction of interest should also be 

taken into consideration to have more conservative and 

accurate numerical simulation. 

Taking the pounding prevention mechanism suggested 

in Wang et al.’s previous study (2014) into consideration, 

an arc rolling range with a curvature radius (R) is provided 

at the intersection of two inclines of V-shaped surfaces in 

contact with rollers. When the roller is moving between a 

round surface with a fixed curvature radius and a flat 

surface as well as between two round surfaces with a fixed 

curvature radius (i.e., in the arc rolling range), the 

simplified equations of motion for the horizontal dynamic 

behavior of SRB-LVDF under horizontal (or in-plane) 

excitation are obtained by using Eqs. (4) and (5), 

respectively (Wang et al. 2014, 2017). 

 1 1 1
1

g
sgn
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D
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F
x x x x

R M m
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sgn
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D
g

F
x x x x

R M m
     


 (5) 

Based on the simplified equation of motion when the 

roller is moving on a round surface as given in Eq. (4) or 

(5), as well as that when the roller is moving between a 

sloped surface and a flat surface as given in Eq. (1), in 

which FD is replaced by FDsgn(ẋ1) calculated as per Eq. (3), 

a modified analytical model for characterizing the 

horizontal hysteretic behavior of SRB-LVDF can be 

established, as illustrated in Fig. 5(d). 

 

 

3. Experimental verification and numerical prediction 
of SRB-LVDF 
 

3.1 Test specimens and protocol 

 

Two SRB-LVDF specimens, denoted as SRB-LVDF1 

and SRB-LVDF2 hereafter, consist of lower, intermediate, 

and upper bearing plates from bottom to top. There are two 

pairs of mutually orthogonal cylindrical rollers respectively 

sandwiched between the lower and intermediate bearing 

plates as well as between the intermediate and upper 

bearing plates. The surfaces of the lower (or upper) and 

intermediate bearing plates in contact with the rollers are 

designed to be flat and dual V-shaped with a sloping angle 

of 6 degrees, respectively. An arc rolling range of 12.6 mm  

134



 

Sloped rolling-type bearings designed with linearly variable damping force 

 

 

with a curvature radius of 60 mm is designed at the 

intersection of two inclines of V-shaped surfaces in contact 

with rollers. The maximum displacement capacity in each 

horizontal principle direction is ±210 mm, i.e., 𝑥1
𝑚𝑎𝑥=±210 

mm. The seismic reactive masses of the lower (or upper) 

bearing plate, the intermediate bearing plate, and a single 

roller are 25.41 kg, 29.44 kg, and 4.58 kg, respectively. The 

sectional radius (r) of each cylindrical roller is 17.5 mm. 

The total elastic constants of the four linear spring 

modules in parallel (ks) designed for SRB-LVDF1 and SRB-

LVDF2 are 8.5 N/mm and 15 N/mm, respectively. The 

initial shortening of linear spring modules (l0) designed for 

SRB-LVDF1 at the equilibrium position is 11 mm, while 

that for SRB-LVDF2 is 10 mm. The V-shaped surfaces of 

the side plates sliding against the rubber pads for SRB-

LVDF1 are designed with a slope (tanθD) of 0.067 (=lmax-

10)/(|𝑥1
𝑚𝑎𝑥 |/2)=7 mm/ 105 mm), while those for SRB-

LVDF2 are designed with a slope of 0.19 (=lmax-

10)/(|𝑥1
𝑚𝑎𝑥 |/2)=20 mm/ 105 mm). In other words, when 

reaching the maximum horizontal displacement |𝑥1
𝑚𝑎𝑥 |/, 

the maximum shortening of linear spring modules (lmax) 

designed for SRB-LVDF1 is 18 mm, while that for SRB-

LVDF2 is 30 mm. Referring to the past experimental 

identification results (Wang et al. 2014, 2017), the kinetic 

friction coefficient between the rubber and stainless 

materials (µk) adopted in SRB-CDF is approximated by a 

constant of 0.3. Thus, as per Eq. (3), the x-directional total 

friction damping force of SRB-LVDF1 (SRB-LVDF2) can 

then be designed to be linearly varied from 110 N (180 N) 

at the equilibrium position to 220 N (900 N) at the 

maximum horizontal displacement (when sgn(x1)=1,  

 

 

sgn(ẋ1)=1 and sgn(x1)=-1, sgn(ẋ1)=-1 and to 140 N (220 N) 

at the maximum horizontal displacement (when sgn(x1)=-1, 

sgn(x1)=1 and sgn(x1)=1, sgn(ẋ1)=-1). The design 

parameters of SRB-LVDF1 and SRB-LVDF2 are 

summarized in Table 1. 

The to-be-protected object above SRB-LVDF1 and 

SRB-LVDF2 is simulated by regularly arranged lead blocks 

with a total seismic reactive mass of 500 kg. The test setup 

on the shaking table, containing the two test specimens as 

well as accelerometers and displacement transducers 

installed for dynamic measurement, is presented in Fig. 6. 

Substituting the quantitative design parameters 

aforementioned into Eqs. (1), (3) and (4), the numerical 

hysteretic models of SRB-LVDF1 and SRB-LVDF2 can be 

obtained, as shown in Fig. 7. 

As detailed in Table 2, three recorded ground motions 

obtained from the Pacific Earthquake Engineering Research 

(PEER) Ground Motion Database, denoted as El Centro, 

Kobe, and TCU129 hereafter, and one artificially generated 

acceleration history (Chai et al. 2002) compatible with the 

required response spectrum (RRS) specified in AC156 

(2010), denoted as AC156 hereafter, are selected as the 

unilateral acceleration inputs. The 5% damped acceleration 

and displacement response spectra of these unilateral 

acceleration inputs with a peak acceleration (PA) value 

normalized to 1 g are shown in Fig. 8. 

 

3.2 Test results 
 

The measured horizontal acceleration and displacement 

response histories as well as the hysteresis loops of SRB-

LVDF1 and SRB-LVDF2 under El Centro, Kobe, TCU129,  

Table 1 Design parameters of test specimens and numerical models 

Design 

parameter 

Lower and upper 

(intermediate) 

bearing plates 
max

1x

(mm) 

Arc 

rolling 

range(mm) 

R 

(mm) 

Friction 

damping 

force 

design 

0

DF  

(N) 

max

DF  

(N) 
k  

 1 sin 2

2

D DR x 
 

at 
max

1x  (N) Mass 

(kg) 

Sloping 

angle 

(degrees) 

SRB-LVDF1 

24.51 

(29.44) 

0 

(6) 

210 

12.6 60 

Linearly 

variable 

110 180 

0.3 

40 

SRB-LVDF2 180 560 340 

SRB-CDF- 

250 

300 

Constant 250 250 0 

SRB-CDF- 

50-50 

Linearly 

variable 

50 705.2 544.8 

SRB-LVDF- 

50-100 
50 377.6 272.4 

SRB-LVDF- 

50-150 
50 268.4 181.6 

SRB-LVDF- 

100-50 
100 455.2 544.8 

SRB-LVDF- 

100-100 
100 277.6 272.4 

SRB-LVDF- 

100-150 
100 218.4 181.6 

SRB-LVDF- 

150-50 
150 205.2 544.8 

SRB-LVDF- 

150-100 
150 177.6 272.4 

SRB-LVDF- 

150-150 
150 168.4 181.6 
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and AC156 are presented in Figs. 9 - 12, respectively. The 

quantitative information, including experimental maximum 

transmitted acceleration (Amax,test), experimental maximum 

isolation displacement (Dmax,test), and experimental residual 

displacement (Dres,test) are also provided in these figures. 

Apparently, the acceleration transmitted to the protected 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

object above either SRB-LVDF1 or SRB-LVDF2 can be 

well controlled and significantly reduced compared with the 

PA values of the unilateral acceleration inputs. More 

importantly, the experimental damping force is, as expected, 

linearly augmented with increasing the horizontal isolation 

displacement, i.e., x1, although some fluctuations owing to  

Table 2 Acceleration input programs for experimental and numerical study 

Acceleration input 
Input earthquake information or 

response spectrum condition 

Excitation 

direction 
 PA (g) 

Scale 

(%) 

Recorded 

earthquake 

history 

El 

Centro 

IMPVALL/I-ELC180 

Imperial Valley, U.S. 

1940/05/19 

Unilateral 

direction 

Experimental study 0.35 100% 

Numerical study 

0.175 50% 

0.35 100% 

0.525 150% 

0.7 200% 

Kobe 

KOBE/KJM000 

Kobe, Japan 

1995/01/16 

Experimental study 0.82 100% 

Numerical study 

0.246 30% 

0.492 60% 

0.82 100% 

1.23 150% 

TCU 

129 

Chi-Chi/TCU129 

Chi-Chi, Taiwan 

1999/09/21 

Experimental study 1.01 100% 

Numerical study 

0.505 50% 

1.01 100% 

1.515 150% 

2.02 200% 

Artificial 

acceleration 

history 

AC 

156 

RRS specified in AC156 

Isolated equipment is placed at 3rd 

floor (8.75m in elevation) of a 7-

story building (24m in height) at 

Taipei City 

Experimental study 0.62 100% 

Numerical study 

0.31 50% 

0.62 100% 

0.93 150% 

1.24 200% 

 

Fig. 7 Numerical hysteretic models of SRB-LVDF1 and SRB-LVDF2 

  

Fig. 8. 5% damped response spectra of selected unilateral acceleration inputs (PA=1 g) for experimental and numerical study 
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(a) acceleration response histories 

 
(b) displacement response histories 

 
(c) hysteresis loops 

Fig. 9 Experimental responses and numerical predictions of SRB-LVDF1 and SRB-LVDF2 under El Centro 

 
(a) acceleration response histories 

 
(b) displacement response histories 

Fig. 10 Continued 
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the breakaway friction effect at initiation of sliding 

(Constantinou et al. 1990) are inevitable, which still needs 

further mechanical improvement or more precise simulation 

in the future. In other words, the test results demonstrate 

that the proposed linearly variable damping force design in 

a passive control manner can be implemented into SRB. As 

a consequence, the design of SRB-LVDF is practically 

feasible. In addition, after external disturbance, both SRB-

LVDF1 and SRB-LVDF2 have very limited residual 

displacement, which indicates that SRB-LVDF can have a 

very satisfactory re-centering performance. Under all the 

 

 

 

unilateral acceleration inputs, the maximum horizontal 

displacement responses do not exceed the maximum 

displacement capacity of SRB-LVDF1 and SRB-LVDF2, 

i.e., 210 mm. 

As introduced before and as can be observed from Fig. 

7, SRB-LVDF1 is provided with lower values of 𝐹𝐷
0 and 

𝐹𝐷
𝑚𝑎𝑥 as well as a lower slope of the total friction damping 

force varying with x1 (or 2x2) than SRB-LVDF2. Thus, the 

test results are coincident with the design expectations, i.e., 

compared with SRB-LVDF2 under the same external 

disturbance, SRB-LVDF1, in general, has a better 

 
(c) hysteresis loops 

Fig. 10 Experimental responses and numerical predictions of SRB-LVDF1 and SRB-LVDF2 under Kobe 

 
(a) acceleration response histories 

 
(b) displacement response histories 

 
(c) hysteresis loops 

Fig. 11 Experimental responses and numerical predictions of SRB-LVDF1 and SRB-LVDF2 under TCU129 
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(b) displacement response histories 

 
(c) hysteresis loops 

Fig. 12 Experimental responses and numerical predictions of SRB-LVDF1 and SRB-LVDF2 under AC156 

   
(a) SRB-LVDF-50-50, -50-100, -50-150 

and SRB-CDF-250 

(b) SRB-LVDF-100-50, -100-100, -100-

150 and SRB-CDF-250 

(c) SRB-LVDF-150-50, -150-100, -150-

150 and SRB-CDF-250 

Fig. 13 Numerical hysteretic models of one SRB-CDF model and nine SRB-LVDF models 

 

Fig. 14 Comparison of predicted maximum transmitted acceleration between SRB-CDFand SRB-LVDF models 
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acceleration control performance (or smaller acceleration 

response) but a worse performance in suppressing 

displacement (or a larger maximum displacement response). 

 

3.3 Numerical verification 

 

By means of the author-developed analysis program, in 

which the step-by-step integration method, different 

equations of motions at different stages, and the relative 

static state (or sticking phase) are appropriately considered 

(Wang et al. 2017, 2019), the dynamic responses of SRB-

LVDF1 and SRB-LVDF2 under external disturbance can be 

numerically predicted. The relative static state, which 

means that there is no relative motion between the superior 

and inferior bearing plates as shown in Fig. 3(a) during two 

or more consecutive time steps in numerical integration, is 

the main cause of residual displacement for SRB-LVDF. By 

setting 𝑥1̈ in Eqs. (1) and (4) equal to zero, the critical 

characteristic strengths FD,C can be defined and calculated 

by Eqs. (6) and (7), respectively. 

     , 1 1 1 1

1
2 + sgn

2
D C gF M m x g θ θ x    

 (6) 

 , 1 1

1
4

4
D C g

g
F M m x x

R

 
   

 
 (7) 

As can be seen form Eqs. (6) and (7), since the sloping 

angles in the slope rolling range and curvature radius in the 

arc rolling range have been determined, FD,C is only 

relevant to 𝑥�̈�. When the calculated value of FD,C is smaller 

than the designed friction damping force FD at a specific 

time step (e.g., at ti), the relative static state will occur. In 

other words, at the time step ti, the values of 𝑥1̈ and ẋ1 are 

are equal to zero, and the value of 1x  is the same as 

that at the previous time step 
1it 
. 

The predicted horizontal acceleration and 

displacement response histories of SRB-LVDF1 and 

SRB-LVDF2 under El Centro, Kobe, TCU129, and 

AC156 are presented in Figs. 9-12, respectively, in 

which the quantitative information, including 

predicted maximum transmitted acceleration (
max, predA

), predicted maximum isolation displacement (

max, predD ), and predicted residual displacement (

res, predD ) are also provided. Two expedient 

representations to quantitatively evaluate the 

correlation between test results and numerical 

predictions, the coefficient of determination ( 2R ) and 

the author-defined energy dissipation ratio (EDR), 

which can be correspondingly calculated as per Eq. (8) 

and (9), are provided in Figs. 9-12 as well. Note that 

when the calculated values of 2R  and EDR are closer 

to one, a better correlation between test results and 

numerical predictions can be obtained. 

2 1
SSE

R
SST

   (8) 

, 

, 

D prediction

D test

W
EDR

W
  (9) 

where    
2

1

m

test predictioni i
i

SSE R R


  
  ; 

   
2

1

m

test testi mean
i

SST R R


    ; i is the data point at time 

it ; m is the total number of data points; 
testR  and 

predictionR  are the experimental and predicted responses 

(acceleration or displacement), respectively.  test mean
R  is 

the mean of m sets of values of 
testR ; and 

, D predictionW  and 

, D testW  are the predicted and experimental enclosed 

hysteresis loop areas, respectively. 

As observed from the qualitative and quantitative 

comparison results, the proposed modified analytical model 

can provide a good match of the shaking table test results. 

Some critical responses, including maximum isolation 

displacement and maximum transmitted acceleration 

responses, basically, can be well captured. Even residual 

displacement responses in an order of 10-1 mm to 100 mm 

can also be well approximated, in particular of the 

prediction results under El Centro and TCU129. Compared 

with displacement response histories and hysteresis loops, 

the numerical prediction accuracy in acceleration response 

histories might not be excellent, but still acceptable. It is 

because of frequent switches between the sticking and 

slipping phases of sliding friction motion during external 

disturbance (He et al. 2003), i.e., the breakaway friction 

effect becomes more significant (Constantinou et al. 1990). 

 

 

4. Numerical comparison between SRB-CDF and 
SRB-LVDF 

 

To have an insight into the merits and demerits of SRB-

LVDF compared with SRB-CDF in the seismic control 

performance, if there are any, one SRB-CDF model 

(denoted as SRB-CDF-250 hereafter) and nine SRB-LVDF 

models (denoted as SRB-LVDF-50-50, SRB-LVDF-50-100, 

SRB-LVDF-50-150, SRB-LVDF-100-50, SRB-LVDF-100-

100, SRB-LVDF-100-150, SRB-LVDF-150-50, SRB-

LVDF-150-100, and SRB-LVDF-150-150, hereafter), 

whose quantitative design parameters and numerical 

hysteretic models are correspondingly detailed in Table 1 

and illustrated in Fig. 13, are numerically examined. Except 

for the magnitude and variation slopes of friction damping 

force, the remaining design parameters, including the 

sloping angle of the rolling surfaces, the curvature radius of 

the arc rolling range, the seismic reactive mass and 

dimension of each component, etc., together with the total 

seismic reactive mass of the to-be-protected object above 

and the acceleration inputs, are identical to those adopted  
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for the experimental study on SRB-LVDF1 and SRB-

LVDF2. It is assumed that the kinetic friction coefficient 

between the rubber and stainless materials adopted in these 

numerical hysteretic models is still approximated by a 

constant of 0.3. The number named in SRB-CDF-250 

represents the designed constant friction damping force 

(with a unit of N). The first number named in the nine SRB-

LVDF models represents the designed initial friction 

damping force (with a unit of N), and the second one 

represents the horizontal isolation displacement (or turning 

point, with a unit of mm) after exceeding which the linearly 

variable friction damping force will become larger than the 

constant one designed for SRB-CDF-250, i.e., 250 N. In 

other words, after the horizontal isolation displacement 

exceeds the turning point, i.e., x1>50 mm for SRB-LVDF-

50-50, SRB-LVDF-100-50, and SRB-LVDF-150-50, 

x1>100 mm for SRB-CDF-50-100, SRB-LVDF-100-100, 

and SRB-LVDF-150-100), and x1>150 mm for SRB-LVDF-

50-150, SRB-LVDF-100-150, and SRB-LVDF-150-150), 

the horizontal acceleration transmitted to the protected 

object above the SRB-LVDF models will become larger 

than that above SRB-CDF-250. Generally, the smaller the 

initial friction damping force and the earlier the turning 

point designed, the larger the variation slope of the total 

friction damping force (when sgn(x1)=1 and sgn(ẋ1)=1 or  

 

 

 

sgn(x1)=-1 and sgn(ẋ1)=-1) obtained. When the designed 

variation slope of the total friction damping force (when 

sgn(x1)=1 and sgn(ẋ1)=1, or sgn(x1)=-1 and sgn(ẋ1)=-1) is 

not large sufficiently, the major portion of the total friction 

damping force will be contributed by the horizontal force 

component of the total normal force directed perpendicular 

to the sliding surface as shown in Figs. 4(b) and 5(b). Under 

this circumstance, the hysteretic behavior of SRB-LVDF 

will become slightly different from that shown in Fig. 5(d); 

for instance, SRB-LVDF-100-50, SRB-LVDF-100-100, 

SRB-LVDF-100-150, SRB-LVDF-150-50, SRB-LVDF-

150-100, and SRB-LVDF-150-150, whose numerical 

hysteretic models as shown in Figs. 13(b) - 13(c) present 

the same direction of variation slopes of the total friction 

damping force when sgn(x1)=1, sgn(ẋ1)=1 and sgn(x1)=1, 

sgn(ẋ1)=-1 or when sgn(x1)=-1, sgn(ẋ1)=-1 and sgn(x1)=-1, 

sgn(ẋ1)=1. To have more numerical comparison results, 

more PA levels are considered for the unilateral acceleration 

inputs, as detailed in Table 2. The so-called near-fault pulse-

like ground motions or those containing considerably 

abundant long period contents (Baker 2007, Jangid and 

Kelly 2001, Providakis 2008, Chopra and Chintanapakdee 

2014, Shahbazi and Taghikhany 2017) are excluded in this 

preliminary numerical study. 

The quantitative comparison, in terms of ratios of 

 

Fig. 15 Comparison of predicted maximum isolation displacement between SRB-CDF and SRB-LVDF modelst 

 

Fig. 16 Comparison of predicted residual displacement between SRB-CDF and SRB-LVDF models 
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predicted maximum transmitted acceleration, maximum 

isolation displacement, and residual displacement responses 

of the SRB-LVDF models to those of the SRB-CDF model 

under each unilateral acceleration input as given in Table 2 

are shown in Figs. 14 - 16, respectively. The data points 

presented in these figures are categorized into two groups: 

the predicted maximum isolation displacement is smaller 

and larger than the designed turning point, which are 

denoted by the blue ﹡and red ♢ symbols, respectively. Or, 

the classification could be rationally imagined that the to-

be-protected object is respectively subjected to frequent (or 

minor) and major earthquakes. As observed from Fig. 14, it 

is of no surprise that when the horizontal isolation 

displacement does not exceed the designed turning point, 

the SRB-LVDF models have a superior acceleration control 

performance to the SRB-CDF model, which is the major 

design purpose for SRB-LVDF in this study. It is 

particularly evident when designing a later turning point. 

This advantage is particularly important for some specific 

industries such as high-tech factories if remaining their 

functionality and quality control under frequent earthquakes  

rather than satisfying the same or other purposes under 

catastrophic earthquakes is their major concern for 

marketing competition. On the contrary, the larger the 

horizontal isolation displacement compared with the 

designed turning point, the worse the acceleration control 

performance; for instance, SRB-LVDF-50-50, SRB-LVDF-

100-50, and SRB-LVDF-150-50 under 200% Kobe as 

shown in Fig. 14. In addition, when designing a larger value 

of initial friction damping force and a later turning point, 

i.e., a smaller variation slope of the total friction damping  

force (when sgn(x1)=1 and sgn(ẋ1)=1 or sgn(x1)=-1 and 

sgn(ẋ1)=-1), the acceleration control performance of the 

SRB-LVDF models is more convergent to the that of the 

SRB-CDF model. 

As presented in Fig. 15, when the horizontal isolation 

displacement is either smaller or larger than the designed 

turning point, i.e., regardless of being subjected to minor or 

major earthquakes practically, in particular of the former, 

the displacement control performance of the SRB-LVDF 

models, in general, is inferior to that of the SRB-CDF 

model. It is evident when designing a smaller value of 

initial friction damping force and a later turning point, the 

former in particular. In other words, if the initial friction 

damping force is designed as a larger value, a larger 

hysteresis loop (or more precisely, a better energy 

dissipation capability) can be provided earlier so as to 

suppress the horizontal isolation displacement more 

effectively. However, meanwhile, it will also scarify the 

acceleration control performance especially when subjected 

to minor (or frequent) earthquakes. It should be noted that 

on the premise that the horizontal isolation displacement 

does not exceed the designed maximum displacement 

capacity, whether SRB-LVDF is more effective in 

suppressing displacement (or has a smaller displacement 

response) than SRB-CDF under the same external 

disturbance is not one of the design goals for SRB-LVDF in 

this study. Furthermore, when undergoing a larger 

displacement demand caused by earthquakes, e.g., SRB-

LVDF-50-50, SRB-LVDF-100-50, SRB-LVDF-150-50, and 

SRB-LVDF-150-150 under 200% AC156 as shown in Fig. 

15, it might have an opposite tendency to the observation 

aforementioned. 

As shown in Fig. 16, the SRB-LVDF models under most 

of the unilateral acceleration input as given in Table 2 can 

exhibit a better re-centering performance (or have a smaller 

residual displacement response) than the SRB-CDF model, 

which is the other major design purpose for SRB-LVDF in 

this study. Although some exceptions present a ratio much 

larger than one, e.g., SRB-LVDF-50-150 and SRB-LVDF-

150-150 under 200% El Centro as shown in Fig. 16, the 

absolute quantities of residual displacement can still be 

controlled as an order of 
010 mm, which is still very 

satisfactory for the concerns of serviceability and 

functionality. In addition, the dependence of residual 

displacement on the designed initial friction damping force 

and turn point might be of less significance, which still 

needs more numerical or experimental results for further 

verification. 

 

 

5. Conclusions 
 

The practical feasibility of implementation of the 

linearly variable damping force design in a passive control 

manner into SRB, i.e., SRB-LVDF, is experimentally 

demonstrated in this study. A corresponding analytical 

model for SRB-LVDF is also proposed and its numerical 

predictions under different unilateral acceleration inputs are 

compared with the shaking table test results. Furthermore, 

the numerical results of SRB-LVDF are compared with 

those of SRB-CDF to further probe the advantages and 

disadvantages of SRB-LVDF. Some conclusions obtained 

based on the experimental and numerical comparison 

results of the designed models under the acceleration inputs 

considered are made as follows. 

• By compressing the linear spring modules installed 

behind the rubber pads varied from the initial to 

maximum shortening, SRB can be designed with a 

function of linearly variable damping force in a passive 

control manner, i.e., SRB-LVDF. The experimental 

results of SRB-LVDF under different unilateral 

acceleration inputs, including three real earthquake 

records and one artificial acceleration history, present 

that the linearly variable damping force design performs 

as well as expected, i.e., the experimental damping force 

(or the transmitted horizontal acceleration) is linearly 

augmented with increasing the horizontal isolation 

displacement. Besides, very limited residual 

displacement after external disturbance presents that 

SRB-LVDF has a satisfactory re-centering performance. 
• The qualitative and quantitative comparisons between 

the numerical predictions by the modified analytical 

model and the experimental results of SRB-LVDF 

present that the proposed analytical model is capable of 

capturing the actual horizontal dynamic behavior of 

SRB-LVDF very well, even for the prediction of 

residual displacement responses. In the future, if other 

more complicated functions for designing variable 
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damping force are adopted in SRB, a corresponding 

analytical model can also be obtained in the same 

manner as that used in this study. Accordingly, the 

efficacy of these new and different designs can then be 

more efficiently examined and demonstrated in a 

numerical manner, instead of an experimental manner. 
• After experimentally and numerically verifying the 

practical feasibility of SRB-LVDF and the accuracy of 

the proposed analytical model, respectively, the seismic 

performance of several SRB-LVDF models with 

different damping force design parameters are 

numerically compared with that of an SRB-CDF model. 

The initial friction damping force designed for the SRB-

LVDF models is smaller than the constant one for the 

SRB-CDF model. Based on the numerical comparison 

results under the acceleration inputs considered, it can 

be seen that when the horizontal isolation displacement 

does not exceed the designed turning point, i.e., the to-

be-protected object is assumed to be subjected to 

frequent (or minor) earthquakes that seldom cause a 

very large displacement demand, the SRB-LVDF 

models, undoubtedly, have a superior acceleration 

control performance to the SRB-CDF model. It is 

particularly evident when designing a later turning 

point. In addition, with a larger value of initial friction 

damping force and a later turning point, the acceleration 

control performance of the SRB-LVDF models will be 

closer to that of the SRB-CDF model. More importantly, 

the SRB-LVDF models, in general, exhibit a better re-

centering performance (or have a smaller residual 

displacement response) than the SRB-CDF model. The 

residual displacement responses of the SRB-LVDF 

models seem to be irrelevant to the designed initial 

friction damping force and turn point. However, the 

maximum horizontal displacement response of the SRB-

LVDF models, especially when it is smaller than the 

designed turning point and a smaller value of initial 

friction damping force is designed, is larger than that of 

the SRB-CDF model. 

• The preliminary experimental and numerical results 

provided in this study show that adopting SRB-LVDF 

might be suitable to meet some special performance 

requirements of high-tech factories, i.e., both remaining 

their functionality and process control under frequent (or 

minor) earthquakes and keeping their life safety under 

catastrophic earthquakes are equally important. 

However, the current experimental and numerical results 

might not be comprehensive sufficiently, and some 

questions extended from this research might deserve 

further study and clarification in the future. For instance, 

but not limited to the following, how to have a suitable 

SRB-LVDF design especially when subjected to the so-

called near-fault pulse-like ground motions or those 

containing considerably abundant long period contents? 

Besides, as for the friction damping force design 

mechanism, if the breakaway friction effect is 

inevitable, even the effect is of insignificance, it is still 

required to be taken into consideration properly in the 

analytical model to have a more accurate and 

conservative prediction result for SRB-LVDF. 
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