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1. Introduction 
 

Wind forces cause aerodynamic instability of suspension 

bridge structures resulting in failures that need to be 

considered for bridge design and assessment (Andersen and 

Brandt 2018). Tacoma Narrows in 1940 in Washington, 

Brighton Chain Pier in 1836 in England, and Wheeling in 

1854 in West Virginia are some examples of suspension 

bridges being destroyed because of the aerodynamic 

instabilities and uncontrolled oscillations (Arioli et al. 2015, 

Steinman 2017). Hence, monitoring and controlling of the 

wind-induced structural motions receive very much 

attention nowadays because of periodic hurricanes occur in 

many parts of the world. A wide variety of numerical and 

mathematical approaches have been used for structural 

health monitoring (SHM) of bridge structures 

(Farhangdoust and Mehrabi 2019, Zhou et al. 2018, Soman 

et al. 2018, Xu 2018, Feng et al. 2018, Saha et al. 2018). In 

the literature, vortex shedding, flutter, buffeting, and 

galloping can induce aerodynamic instabilities leading to 

suspension bridge collapses as a consequence of wind-

bridge interaction (Larsen and Larose 2015, Guo et al. 

2019, Vaz et al. 2018, Azzi et al. 2018). The dynamic 

response of Kap Shui Mun Bridge in Hong Kong has been 

modeled by Zhang et al. (2012) in which vortex shedding, 

flutter, and buffeting have been addressed as the load 

excitations. Vortex shedding is recognized as an undesirable  

aeroelastic phenomenon of the wind-bridge interaction 

which potentially causes large dynamic oscillations in the  
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suspension bridges (Gazzola 2015, Simiu 2011, Larsen et 

al. 2000). Vortex shedding results from rolling-up of the 

separating shear layers of a bluff body alternately on each 

side of structure gives rise to fluctuating lift forces. A large 

number of articles have been published on the vortex-

induced oscillation of engineering structures (Wang et al. 

2018, Munir et al. 2018). The structure will resonate and its 

oscillations will become self-sustaining if the frequency of 

vortex shedding matches structure’s fundamental frequency 

(Li et al. 2011, Fujino and Yoshida 2002). Vibration 

analysis of suspension bridge deck subjected to the vortex 

shedding instability has been a concern to engineers 

because of the associated bridge failure experienced (Laima 

et al. 2014, Wang et al. 2018). In order to tackle the 

aerodynamic instability of suspension bridge structures, 

various teams and researchers have put their concentrations 

on figuring vortex-induced vibrations out (Zhang et al. 

2008). A single-side pounding tuned mass damper was 

implemented by Wang et al. (2018) to mitigate vortex-

induced vibrations of a bridge deck. They experimentally 

investigated the proposed TMD performance and concluded 

that the maximum response of their model was reduced by 

94% using the TMD with mass ratio of 2%. Due to different 

given Reynolds numbers, VIV performance has been 

studied for twin-box bridge sections of Great Belt East 

Bridge and the Stonecutters Bridge by Zhang et al (2008). 

Smith (2008) studied dynamic response of Wye Bridge 

which is a cable stayed box girder bridge with length span 

of 235 m. They measured the dominant frequencies of 

wind-induced vibration and studied the effect of vortex 

shedding excitation on fatigue life of the bridge structure. 

Field measurements of a twin steel box girder suspension 

bridge with a center span of 1650 m have been implemented 
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by Li et al. (2011) using the pressure sensors. The vertical 

vortex-induced resonance of the bridge deck has been 

assumed to be perpendicular to the longitudinal bridge axis. 

Based on the experimental data, Wu et al. (2013), 

developed two advanced nonlinear aero-elastic analysis 

frameworks for cable-stayed bridges using the artificial 

neural network and Volterra series-based models. Torsional 

divergence and flutter in two different suspension bridges 

under aeroelastic forces were modeled and analyzed by 

Arena and Lacarbonara (2012) using a fully nonlinear 

model. More recently, Zhou et al. (2018) presented a fully 

integrated finite element (FE) model in time domain, for 

vortex induced vibration analysis of long-span twin-box 

girder bridges with various geometries and wind fairing 

shapes. Because of the low cost, versatility, and simple 

required instrumentation, different researches have been 

carried out within the conventional tuned mass dampers 

(TMDs) for vibration control of long-span suspension 

bridge decks (Zhang et al 2012, Han et al. 2019). The 

feasibility of applying passive control devices to attenuate 

the vortex-induced oscillations along the spans of the steel 

twin-box-girder Rio Niterói Bridge has been numerically 

and experimentally investigated by Battista and Pfeil 

(2000). Rohman and John (2006) investigated the responses 

of cables and deck for a flexible long-span suspension 

bridge in both directions of along-wind and across-wind 

using a single passive and semi-TMD. A modified single-

side pounding TMD has been proposed by Wang et. al 

(2018) to investigate the vibration control of VIV of a 

bridge deck under action of a nonlinear force. They 

employed a numerical optimization based on the verified 

impact force model to obtain simplified design formulas for 

the TMD systems. Some other researchers have also 

utilized various optimization algorithms like algorithm 

genetics to enhance the system’s performance (Hussain et 

al. 2015, Ranjbar et al. 2016). Conventional TMDs have 

been tuned so far only for natural frequency of the 

suspension bridge deck, however, to get a more sensitive 

and better performance, there is a basic question that needs 

to be answered: Which mechanism of TMDs can be tuned 

in a broadband frequency of inputs? Using bistable 

mechanisms can give TMDs the ability of taking the 

advantages of an exceptional sensitivity to broadband 

inputs. Bistable systems have been used to improve power 

generation capability in energy harvesting devices which 

are for effective conversion of a wide variety of vibration 

excitation environments into usable electrical power 

(Pellegrini et al. 2013, Harne and Wang 2013, Leadenham 

and Erturk 2014, Tang and Yang 2012, Nguyen et al. 2013). 

Specifically, bistable energy harvesting applications have 

been utilized in many instruments for harnessing energy 

from vibrations of infrastructures (Farhangdoust et al. 

2019), environment (Wang et al. 2018, Vocca et al. 2012), 

sound waves (Zhou et al. 2017) and ocean waves 

(Younesian and Alam 2017). This paper aims at developing 

a bistable tuned mass damper (BTMD) model vibration 

control of VIV in a suspension bridge deck. The BTMD has 

one unstable and two stable states in which switching 

between two stable states leads to more pronounced and 

high performance of the bridge vibration control system. 

Therefore, employing the BTMD for bridge structures can 

be addressed as one of the most effective and practical 

applications among scholars in the area of vibration control 

applications. Two types of single and broadband frequency 

of vortex shedding load are applied to the bridge structure. 

Accordingly, a performance comparison between the 

nonlinear BTMD and conventional linear TMD is carried 

out. Consequently, an iterative algorithm is employed to 

optimize the design parameters of the nonlinear BTMD for 

Kap Shui Mun Bridge in Hong Kong which is one of the 

longest a cable-stayed bridge in the world. 

 

 

2. Vibration theory for vortex shedding modeling 

 

Vortex shedding is an aero-elastic phenomenon in the 

wind-bridge interaction which potentially causes large 

dynamic oscillations of suspension bridges [14-15]. The 

shedding of vortices on the bridge deck gives rise to 

fluctuating lift forces. The bridge structure will resonate if 

the frequency of vortex shedding ( fv ) and hence the 

frequency of the associated lift force, matches structure’s 

frequency (fn). This is the case at the wind speed of Ucrit 

Eq. (1), vortex shedding frequency aligns itself to the 

structure’s frequency fn [13] 

Ucrit =
1

St
fn (1) 

In which, St is the Strouhal number which is depends on 

the cross section dimension D and the Reynolds number. 

Vortex shedding load per unit length can be then obtained 

by (Simiu and Yeo 2019) 

Fv(x, t) = q(z) d(z)C̃Lsin [2πfv(z)t] (2) 

q(z)=
1

2
pU(z)2 (3) 

where 𝑞(𝑧)  denotes the velocity pressure, 𝑈(𝑧)  is the 

mean wind velocity at height z, 𝑑(𝑧)  represents the 

structural width, and �̃�𝐿 is the root mean square (RMS) lift 

force coefficient for cross sectional geometry. Wind is a 

turbulent flow for which the wind velocity dependence on 

height above the surface. According to this feature of 

atmospheric boundary layer (ABL), the vortex shedding 

load per unit length is calculated by (Simiu and Yeo 2019) 

Fv(x, t) = q(z) d(z)CL(z, t) (4) 

Where 𝐶𝐿(𝑧, 𝑡)  is the nondimensional normalized lift 

force. Experimental tests prove that the resonant 

amplification will be occurred not only at the wind speed 

𝑈𝑐𝑟𝑖𝑡  Eq. (1), but also at any speed within an interval [13]. 

1

St
fnD − ∆U < Ucrit <

1

St
fnD + ∆U (5) 

In which, ∆𝑈 𝑈𝑐𝑟𝑖𝑡⁄  is of the order of a few percent and 

depends on cross section dimension D and the mechanical 

damping. 𝑈𝑇 as the part of turbulence with periods much 

longer than natural vibration period of the structure has an  
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essential role on shaping the broadband frequency of vortex 

shedding. Hence, the maximum turbulent wind speed 

variation from the mean speed 𝑈𝑇  needs to be added to the 

mean velocity 𝑈𝑐𝑟𝑖𝑡  as a contribution to a moderately 

varying mean velocity of vortex shedding (Simiu and Yeo 

2019). Therefore, the wind velocity of vortex shedding 

yield 

fv + fv
′ = St

Ucrit + UT

d
 (6) 

According to the ABL, to assume turbulence 𝑈𝑇 has 

normal distribution is a proper approximation. The 

autospectrum 𝑆𝐶𝐿(𝑧,𝑡) of the normalized lift force is given 

by (Simiu and Yeo 2019) 

fSCL(z,t)

C̃L
2(z)

=
f

√πB(z)fv(z)
exp [− [

1 − f/fv(z)

B(z)
]

2

] (7) 

Where �̃�𝐿
2(𝑧)  denotes the standard deviation of the 𝐶𝐿 

and 𝐵(𝑧) is spectral bandwidth which is the broadband 

frequency of vortex shedding. The lower and upper band of 

the effective frequency are respectively defined by 

fj
L = fj − fj

T =
St U

d
−

St UT

d
= fj [1 −

UT

U
] (8) 

fj
U = fj + fj

T =
St U

d
+

St UT

d
= fj [1 +

UT

U
] (9) 

If the structure’s natural frequency for 𝑗𝑡ℎ mode of 

vibration lies on a broadband frequency between 𝑓𝑗
𝐿 and 

𝑓𝑗
𝑈, mode of vibration 𝑗 will be excited by the vortex 

shedding. According to the friction velocity and the 

standard deviation for the turbulent horizontal wind  

 

 

 

component, the maximum value of turbulent wind velocity  

variation is given by 

δ(UT) =
A Uz K

ln (z/z0)
 (10) 

Where 𝑧0 is the surface roughness length which depends 

on terrain exposure, 𝐴 is an empirical constant for the  

surface roughness length, 𝐾 is von Karman constant, and 

𝑧  is the height of bridge deck above the ground. 

Consequently, substituting Eq. (10) into Eqs. (8) and (9), 

the effective frequency band of the vortex shedding can be 

calculated as 

𝑓𝑣
𝐿 = 𝑓𝑣 [1 −

𝛿(𝑈𝑇)

𝑈
] < 𝑓𝑣𝑜𝑟𝑡𝑒𝑥−𝑠ℎ𝑒𝑑𝑑𝑖𝑛𝑔 < 𝑓𝑣

𝑈 = 𝑓𝑣 [1 +
𝛿(𝑈𝑇)

𝑈
] (11) 

 
 
3. Mathematical modelling 

 

The Kap Shui Mun Bridge is selected as the case 

suspension bridge for numerical simulations and 

mathematical modelling of BTMD. This bridge is located in 

Hong Kong and is known as one of the longest cable-stayed 

bridges in the world (Fig. 1). Interior span of the bridge 

with length of 430 (m) is taken as a framework along with 

other geometric parameters of the bridge from the records 

(Zhang et al. 2001). As it is shown in Fig. 2, the bridge is 

modeled by a free-free constrained Euler-Bernoulli beam 

with two types of BTMD and TMD.  

The governing equation of motion for the bridge having 

a linear conventional TMD can be presented as follows 

EI
∂4w

∂x4
+ ρAc

∂2w

∂t2
+ KF ∗ w = −Ql(x, t) (12) 

 

 

(a) Cross-section view (b) Side view 

Fig. 1 Two different views of the Kap Shui Mun Bridge (Ko et al. 2002), Copyright 2020, Elsevier 

  
(a) BTMD (b) TMD 

Fig. 2 Two schematic configuration of bridge with BTMD and TMD 
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Ql(x, t) = [Fv(x, t) + C ∗ ẇ + 2 ∗ Kr ∗
∂w

∂x
+ CLT

∗ (ẇ − Ẏ) + KLT  ∗ (w − Y)] 
(13) 

mŸ + CLT ∗ (Ẏ − ẇ) + kLT ∗ (Y − w) = 0 (14) 

In which, 𝐹𝑣(𝑥, 𝑡)  is the wind force, 𝐶𝐿𝑇  and 

𝐾𝐿𝑇  denote damping coefficient and stiffness of the TMD, 

respectively. 𝑚  and 𝐶  are the mass of TMD and the 

damping coefficient of the bridge. Parameters 𝐾𝐹 and 𝐾𝑟  

represent respectively cables and rotational stiffness (Due to 

the adjacent spans). Using eigenfunction expansion 

(Galerkin method), one can assume 

𝑤(𝑥, 𝑡) = ∑ 𝑞𝑛(𝑡)𝑋𝑛(𝑥)

𝑛

          𝑛 = 1,2, … (15) 

Substituting Eq. (15) into Eqs. (14) and (16) and then 

implementing the orthogonality condition of the mode 

shapes would give 

In a same derivation procedure, the following set of 

nonlinear differential equations are derived in general form 

for the bridge deck with a BTMD system. Partial 

differential equations of the bridge can be obtained as 

follows 

In which, Fv(x, t) is the vortex shedding force, KNBT 
and KLBT are respectively nonlinear and linear BTMD 
stiffness, CBT is damping coefficient of the BTMD. 
Accordingly, substituting Eq. (15) into Eqs. (18) and (19) 
and then implementing the orthogonality condition of the 
mode shapes would provide 

q̈n(t) + 2ξωnq̇n(t) + ωn
2qn(t) = −

1

Mn
∫ Qb(x, t)Xn(x)dx

L

0

 

       n = 1,2, … 

(21) 

Ÿ + 2ξBTMDωBTMD (Ẏ − ∑ q̇j(t)Xj(xBTMD)

j

) 

−ωBTMD
2 (Y − ∑ qj(t)Xj(xBTMD)

j

) 

+
KNBT

m
(Y − ∑ qj(t)Xj(xBTMD)

j

)

3

= 0 

      j = 1,2, … 

(22) 

Consequently, implementing the boundary conditions of 

free-free for the beam, one can find the mode shapes 

solution 

Xn(x) = sinβnx + sinhβnx 

+ [
cosβnL − coshβnL

sinβnL + sinhβnL
] (cosβnx + coshβnx) 

(23) 

βn
4 =

ρAωn
2 − Kf

EI
 (24) 

 

 

 

Fig. 3 Optimization map for the BTMD 

 

 

Fig. 4 Bridge deflection without TMD, with the BTMD, 

and with conventional linear TMD 

q̈n(t) + 2ξωnq̇n(t) + ωn
2qn(t) = −

1

Mn
∫ Ql(x, t)Xn(x)dx

L

0

 

n = 1,2, … 

(16) 

Ÿ + 2ξLTMDωLTMD (Ẏ − ∑ q̇j(t)Xj(xLTMD)

j

) 

+ωLTMD
2 (Y − ∑ qj(t)Xj(xLTMD)

j

) = 0 

j = 1,2, … 

(17) 

EI
∂4w

∂x4
+ ρAc

∂2w

∂t2
+ KF ∗ w = −Qb(x, t) (18) 

Qb(x, t) = [Fv(x, t) + C ∗ ẇ + 2 ∗ Kr ∗ w′ − KLBT ∗ (w

− y) + CBT ∗ (ẇ − Ẏ) + KNBT

∗ (w − Y)3] 
(19) 

mŸ − KLBT ∗ (Y − w) + CBT ∗ (Ẏ − ẇ) + KNBT

∗ (Y − w)3 = 0 (20) 
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4. Numerical results and discussion 
 

In order to verify the proposed BTMD design, a 

numerical study is carried out in this section. Two scenarios 

are developed to evaluate the performance of TMD and 

BTMD systems and to examine the influence of the wind 

force on the vibration performance of the suspension bridge 

systems modeled by Fig. 2. 

In the first case study, the applied force is assumed to be 

harmonic (sinusoidal) using Eq. (2). The mass ratio of 

BTMD to the bridge is taken to be 0.05. Two parameters of 

stiffness and damping coefficient are the design parameters 

that need to be optimized for getting the best performance 

for passive vibration controls. As it is depicted in Fig. 3, 

𝐾𝑁𝑀𝑇  and 𝐶𝑀𝑇  as the design parameters of BTMD are 

optimized.  

The optimization map is designed in order to enhancing 

the BTMD performance by minimizing the VIV of the 

suspension bridge. Apart from that, For the conventional 

linear TMD, the parameters of 𝐾𝐿𝑇  and 𝐶𝐿𝑇  are also 

optimized and used here for making a comparison 

performance between the TMD and the proposed BTMD. 

Deflection of the different configurations of the bridge 

system is evaluated by Fig. 4. As a result, one can find that 

the deflection for the bridge system used BTMD has 

decreased 37% more than the system used the conventional 

linear TMD. 

For the first scenario, the displacement of the BTMD 

and conventional linear TMD are also investigated in Fig. 5. 

The performance comparison between their displacements 

proves that the BMTD has a better efficiency as a passive 

vibration control for suppressing the VIV of suspension 

bridge structures. 

The phase-plane diagrams are obtained for the BTMD 

and conventional linear TMD systems in Fig. 6. For the 

phase-plane of TMD, we have a trajectory in the phase-

plane around the stable point which is zero (Fig. 6(a)).  

For the BTMD system, we see a chaotic-like behavior 

for the phase-plane diagram in which the trajectory 

surrounds the two stable equilibrium points and results an 

improved performance in suppressing the VIV of 

suspension bridges compared with the conventional linear 

TMD (Fig. 6(b)). 

 

 

 

Fig. 5 Displacements of the BTMD and linear TMD 

 

 

Fig. 7 Random loading generated by the Monte Carlo 

simulation 

 

 
For the second case study, a broadband input is 

considered using Eq. (4) for the applied force. Toward this 
goal, by use of the spectral density of the wind force and 
Monte Carlo simulation, a typical load pattern has been 
generated over the bridge deck. Time history of the wind 
leading is presented in Fig. 7. Similar to the first case study, 
an optimization map is developed for designing 𝐾𝑁𝑀𝑇  and 
𝐶𝑀𝑇 as the design parameters of the BTMD (Fig. 8). 

The numerical results in Fig. 9 show that the 
conventional linear TMD has a better performance in 
suppressing the VIV of the suspension bridge in comparison 
with the BTMD if and only if a narrow band of wind speed  

 

(a) BTMD 

 
(b) TMD 

Fig. 6 Phase-plane trajectories for the conventional linear 

TMD and BTMD 
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Fig. 9 Optimization map for the BTMD 

 

 

Fig. 10 Comparison performance between BTMD and TMD 

in different bands of input 

 

 

(16 to 23 m/s) is considered for the vortex shedding 

velocity  𝑈𝑐𝑟𝑖𝑡  Eq. (1). However, as experimental tests 

demonstrate the resonant amplification is occurred at any 

speed within a broadband input of vortex shedding velocity 

(Eq. (5)) [13], the numerical results for this condition 

illustrate the BTMD system has the most optimal 

performance compared with the conventional linear TMD. 

 

 

Fig. 11 The performance map of using BTMD for the 

interior bridge deck 

 

η  defined as an improvement indicator for the bridge 

vibration control system by: 

η =
RMS(xBWBT) − RMS(xBWLT)

RMS(xBWLT)
 (25) 

In which, xBWBT and xBWLT denote the deflection of 

bridge system with the BTMD and with the conventional 

linear TMD, respectively. Fig. 9 shows where BTMD 

improves the efficiency of the bridge control vibration 

system (η > 0) and where the conventional linear TMD has 

a better performance (η < 0). 

Fig. 10(a) shows that there is a trajectory around the  

stable point of zero for the phase-plane diagram of the 

conventional linear TMD. As phase-plane diagram is shown 

in Fig. 10(b), there is a chaotic-like behavior for the BTMD 

system in which the trajectory surrounds the two stable 

equilibrium points and results the most optimal 

performance for the condition that the resonant 

amplification is assumed to be at any speed within a 

broadband input of vortex shedding velocity. 

Finding the best location of installation for the BTMD is 

an important item that needs to be addressed for improving 

the effectiveness of the vibration control system. Fig. 11 

illustrates a performance map in which the BTMD system is 

localized for the interior deck of the bridge. The main 

  
(a) BTMD (b) TMD 

Fig. 8 Phase-plane trajectories for the conventional linear TMD and BTMD 
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challenges for developing an accurate BTMD for 

infrastructure systems are a detailed initial field vibration 

measurement and accurate design and manufacturing for the 

device. 
 

 

5. Conclusions 
 

In order to suppress vortex-induced vibration of 

suspension bridge deck, a bistable tuned mass damper 

(BTMD) mechanism was proposed in this paper. Design 

parameters of the nonlinear BTMD were optimized, and 

then the BTMD system got localized for the interior deck of 

the suspension bridge. Under two different wind load 

excitations of harmonic (sinusoidal) and broadband input of 

vortex shedding, optimization maps were obtained to pick a 

pair of optimal damping and nonlinear stiffness. For the 

case study, i.e., Kap Shui Mun Bridge, it was shown that we 

need extra damping and less nonlinear stiffness for the case 

of broad-band excitation against monochromatic load 

pattern. For the monochromatic loading pattern, a 

remarkable reduction factor of 37% was recorded for the 

BTMD against conventional TMD. The reason for that 

superior performance was found to be chaotic reciprocation 

of the dissipating mechanism between the two equilibrium 

positions. For the case of spectral loading, the optimal 

performance basins for the TMD and BTMD were obtained 

in the wind speed domain. It was shown that each control 

system has superior performance at specific range of the 

wind speeds. It was also found that the performance of the 

BTMD is very much dependent on the bending rigidity of 

the supports as well as the location of its installation and in 

our case found to be about 30% percent of the main span 

length from towers. 
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