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Abstract.  For a nonlinear control system, there are many uncertainties, such as the structural model, 

controlled parameters and external loads. Although the significant progress has been achieved on the robust 

control of nonlinear systems through some researches on this issue, there are still some limitations, for 

instance, the complicated solving process, weak conservatism of system, involuted structures and high order 

of controllers. In this study, the computational structural mechanics and optimal control theory are adopted 

to address above problems. The induced norm is the eigenvalue problem in structural mechanics, i.e., the 

elastic stable Euler critical force or eigenfrequency of structural system. The segment mixed energy is 

introduced with a precise integration and an extended Wittrick-Williams (W-W) induced norm calculation 

method. This is then incorporated in the market-based control (MBC) theory and combined with the force 

analogy method (FAM) to solve the MBC robust strategy (R-MBC) of nonlinear systems. Finally, a single-

degree-of-freedom (SDOF) system and a 9-stories steel frame structure are analyzed. The results are 

compared with those calculated by the H∞ -robust (R-H∞) algorithm, and show the induced norm leads to 

the infinite control output as soon as it reaches the critical value. The R-MBC strategy has a better control 

effect than the R-H∞ algorithm and has the advantage of strong strain capacity and short online computation 

time. Thus, it can be applied to large complex structures. 
 

Keywords:  market-based control; force analogy method; robustness; extended W-W algorithm; precise 

integration method 

 

 

1. Introduction 
 

A precise process model is necessary for existing control strategies. However, there are usually 

many uncertainties in real nonlinear controlled systems, such as the unknown higher order, 

external load uncertainties and error of model parameters. The determination of a system matrix is 

not very accurate (Kuperman and Zhong 2011). Since 1950s, the control of uncertain nonlinear 

systems has attracted the attention of many researchers. The adaptive and robust controls are two 

main methods to solve these uncertainties and have been significantly improved. Based on the 

varied controlled objects and targets, there are different design tools in an nonlinear control 
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including the feedback linearization, variable structure control, non-source-based control, and back 
stepping (Aloliwi and Khalil 1997). Many adaptive control methods have been proposed to reduce 
the dependency of feedback linearization on the accurate mathematical models (Marino and Tomei 
1997). The nonlinear adaptive control on nonparametric uncertainties prompted the development 
of robust adaptive control (Zhou and Wen 2011). The nonlinear robust control is proposed for the 
unmodeled dynamics and external disturbances in the uncertain nonlinear systems, considering the 
mathematical model and the worst effects of uncertainties on the performance of systems when 
designing controllers (Wang and Lin 2013). The design tools for the control method include 
differential geometry, small gain theorem, Lyapunov synthesis and non-source and dissipative 
approaches (Baskar and Bradley 1994, Cho et al. 2008, Luo and Sun 2015). The main research 
problems are robust stabilization of unmodeled dynamics and criterion design for the robust L2 
performance of external disturbance, i.e., the H∞ robust control (Katebi et al. 1997). An adaptive 
robust control introduces the adaptive estimation of parameter uncertainties in the nonlinear robust 
control to reduce the conservatism of controllers for the expected control performance (Liu et al. 
2009). If these uncertainties are not handled properly during the controller design process, the 
worse performance may result in the controlled system instable for the closed-loop system. 
Therefore, uncertainties of controlled object should be considered and is meaningful to design the 
controller based on the inaccurate models of uncertainties. 

The market-based control (MBC) mechanism is a discrete control strategy (Lynch and Law 
2002). And a complex control system is simulated by the market, in which the controllers and 
energy output are replaced respectively by sellers and consumers; therefore, the whole control 
system can be discretized. If the free market can rationally allocate resources, the control of 
vibration is also rational and effective by analogy. The MBC strategy is first applied to the 
structural vibration control in civil engineering by Lynch and Law (2002). The method describes 
the derivation of energy market-based control (Lynch and Law 2004), a decentralized approach 
that models the structural control system as a competitive marketplace. At present, the most of 
studies on the MBC focus on linear structures; for example, Huo and Li (2005) applied the MBC 
to the semi-active TLCD control and proposed a new semi-active TLCD control scheme based on 
the market mechanisms. the MBC strategy was applied to the semi-active vibration isolation 
system and put forward to the corresponding control strategy (Li and Li 2008), Which effectively 
controlled the MRD voltage in real time. However, the research on the MBC robust theory is quite 
few. 

The local damage, overload and other initial faultiness should be considered in the robust 
analysis for structures because they often enter plastic state when subjected to strong earthquakes. 
Conventional nonlinear analytical methods are time consuming. However, the force analogy 
method (FAM) is an efficient nonlinear analysis method (Lin and Pian 1969) that has been applied 
to the seismic analysis for engineering structures in recent years. The basic assumption is that 
when the structure enters the nonlinear stage, the plastic deformation occurs at certain locations 
while the rest of components remain elastic. The performance of local positions can be described 
by the plastic hinge, the rotation of which causes the plastic displacement of structures. The core 
step of the FAM is to assume that the plastic hinge is an ideal one under the bending moment and 
thus the nonlinear solving process is obtained through the relationship between the plastic hinge 
and the restoring force of structure. The FAM was applied to a nonlinear prediction optimization 
control (Wong 2005), in which the time delay of active control was well solved owing to the fast 
response of the FAM. A computational approach was proposed to study the potential energy of 
fully nonlinear framed structures and other energy characteristics due to earthquake ground 
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motions (Wong and Zhao 2007). The method uncoupled the geometric nonlinearity and material 
inelasticity effects before solving the motion equation, which directly led to the analytical 
representations of each energy form. With the consideration of full-range behaviors including the 
material and geometric nonlinearity, stiffness degradation, strength degradation, and the failure of 
RC members, Li et al. (2014) developed a procedure of nonlinear dynamic analysis of RC framed 
structures based on the FAM. Unlike the conventional varied stiffness method, the FAM requires 
less storage space and computational time. If the local deformation state can be captured, the 
overall deformation information will be obtained to realize the solution of the nonlinear 
deformation. Further, a new method that combined the linear MBC strategy and the FAM was 
presented to realize the nonlinear structural vibration control (Li et al. 2010), and the effectiveness 
of the strategy was testified through numerical examples. Moreover, the MBC robust strategy can 
be combined with the FAM to solve the robust control problems for nonlinear structures. 

The H∞ control strategy for linear systems has been achieved with great progress through recent 
researches on theory and experiments, such as the linear matrix inequalities (LMI) method (Zhang 
2004), differential game method (Kushner 2006), μ analysis and μ comprehensive method 
(Safonov 2012). However, these methods have the limitation of a complicated solving process, 
weak conservatism, complex structures and a high-order controller. The uncertainties in the 
controlled system can be expressed by the induced norm in mathematics. The literature (Zhong et 
al. 1997, Wu and Zhong 2009, Peng et al. 2014) introduced the segment mixed energy to solve the 
critical value of induced norm 2

cr   with a precise integration and extended W-W algorithm from a 
new perspective for a H∞ robust controller. They also proved that the solution could be as precise 
as computers in theory. However, since the H∞ control requires full state information and solving a 
complicated Riccati equation, it needs the long online time. The MBC requires only the state 
information of discrete points and has the advantage of short online time and easy selection of 
parameters.  

The present study uses the computational structural mechanics and optimal control theory to 
address the existing problems. The induced norm is the eigenvalue problem in structural 
mechanics, i.e., the elastic stable Euler critical force or eigenfrequency of structural vibrations (Wu 
and Zhong 2009). The precise integration and extended Wittrick-Williams method are used to 
calculate the induced norm. As for high-rise shear type structures, the MBC robust control for 
nonlinear structures (R-MBC) is proposed by introducing the induced norm into the MBC theory 
to solve nonlinear parts of structures with the FAM. Finally, a single-degree-of-freedom systems 
and a 9-layer steel frame structure are analyzed and results are compared with those calculated by 
the H∞ robust (R-H∞) algorithm, and show that the induced norm leads to the infinite control 
output as soon as it reaches the critical value. The R-MBC strategy has a better control effect than 
the R-H∞ algorithm and has the advantage of strong strain capacity and short online computation 
time. Thus, it can be applied to large complex structures. 

 
 

2. Principle of MBC 
 
2.1 Supply and demand functions 
 
The MBC applies the free market competition mechanism to the control system since it has a 

certain similarity to the market. Compared with a free market economy in which goods owned by 
a seller are scarce resources to be allocated, in the control system, the controlled energy required 
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by the controlled structure (led by control device output) is a scarce resource to be allocated 
(Lynch and Law 2004). The key problem with the MBC algorithm in the field of engineering 
control is to determine the demand equation of the controlled structure, i.e., the consumer with 
respect to the control device. The proper selection of demand equation has great influence on the 
quality of control system. 

When using the market mechanisms to simulate the structure of control system, the supply and 
demand function of virtual market does not have a strict form. The market price, as a primary 
consideration when selecting the supply function, means that the higher prices lead to the greater 
supply. The selection of demand function lies in the consideration of response of structure and the 
price of control energy, which means that the higher the prices, the less the structures tend to be 
purchased, and vice versa. The present study pays attention to effects of nonlinear control. The 
plastic deformation of structure must be considered when constructing a functional supply and 
demand model. The MBC multi-market strategy model can be derived as follows. 

The control energy demand of the i-story ( ,Di jQ ) in the jth submarket has a relationship with the 
inter-story displacement ( ,di jx ), inter-story velocity ( ,di jx ), wealth ( ,i jW ) and price ( jp ), which can 
be expressed by 

 , , , ,( , , , )Di j di j di j i j jf Q x x W p                           (1) 

The energy supply of the kth control energy source in the jth submarket ( ,Sk jQ ) related with the 
market price and elastic displacement can be given by 

 , ( )Sk j jfQ p                               (2) 

When the supply and demand in the sub-market reaches to equilibrium 

 , ,Di j Sk j
i k

 Q Q                              (3) 

where the equilibrium price pj of the jth market can be obtained by combining Eqs. (1)-(3), which 
is called a Pareto optimization solution. This can be substituted into Eq. (2) to obtain the control 
energy needed for each story. That is, in each time step, the equilibrium price of each market can 
be solved according to the equal control energy and demand energy. The energy distribution is 
globally optimal at this moment. In the meantime, the Pareto optimal solution itself is a static 
optimization solution, which is equivalent to a dynamic optimization solution because it is 
distributed discretely in time. 

 
2.2 Force analogy method (FAM) 
 
Compared with the conventional nonlinear analysis method, the stiffness matrices are 

unchanged throughout the computational process. The basic theory of the FAM is to decompose 
the structural state as a superposition of elastic and plastic states; at the same time, the 
displacement of the structure is divided into the elastic and plastic displacements (Lin and Pian 
1969, Wong 2005, Wong and Zhao 2007, Li et al. 2014).When the constitutive relation of 
structures is then broken lines shown in Fig. 1 (Li et al. 2011), the elastic line of OA is firstly 
extended, then the force F(t) is intersected at point B, so the abscissa of point B is the elastic 
displacement. Therefore, the displacement of structures can be represented as 
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zero, that is, the external disturbance is produced entirely by A , one can obtain a critical value 
2
cr  according to Eq. (14), which is the value at which the system can excite itself when there are 

no external excitations. This norm represents the optimal anti-jamming performance which can 
reach to, and the control system generally takes the suboptimal value (which satisfies that 2 2

cr 
) to design. When 2  is larger than 2

cr , the system will not lose stability because of w ; that is, 
the system can bear an external disturbance and is stable. Y can be quantified by its norm; i.e. 

 T T2d 2,min
t f

f f ft
 

U
Y Y Y Z S Z Y                    (12) 

where 

 T 2d
t f

t
 w w w                            (13) 

Considering the most disadvantageous disturbance, the excitation w should be set to maximize 
Y  (Tan et al. 2008) 

 2 2 2,max min cr   
Uw

Y w                       (14) 

The extreme value of induced norm is a variation problem and satisfies the dynamic equation 
and output equation, so the problem is conditional variation. Eq. (14) can be changed to 

 T 2 T T( 2 - 2)d 2,max min
t f

c f f f ct
J J  

Uw
Y Y w w Z S Z             (15) 

By substituting Eq. (9) into Eq. (15) and introducing Lagrange parameter vector λ, one can 
obtain 

 
T T T T T T

u u

2 T T

( ( ( ) ( )) + 2 )

- 2)d 2, 0

t cf
cA w p z z zt

f f f cA

J t t

J  

      

 

 Z AZ B w B U F x U U U D C Z Z C C Z / 2

w w Z S Z


  (16) 

where JcA is the extended indicator functional, which has four types of variables. By selecting the 
maximum of w and minimum of U for JcA, one can obtain 

 2 TcA
w


 


 

J
= 0,  w B

w
                        (17) 

 T 1 T
u u( ) ( )cA

z




 
J

= 0,   B U D C Z
U

                    (18) 

Set the stationary value of JcA equaling to λ in Eq. (16), and substituting Eq. (17) into Eq. (18) 
yields 

 ( ) ( ) ( ) ( ) ( )c
pt t t t t  Z AZ BU + F x                    (19) 

where 2 T T 1 T
u u( )w w z   A A B B B D C , 2 T T 1

u u( )w w   B B B B B . 
The present study uses an exponent supply and demand function model (Li and Li 2008), 

whose control force can be expressed by 
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, ,( ) p

d i d iQ e     U W αx βx                         (20) 

where c is the demand adjustment coefficient that can be set to 1, p is the equilibrium price of 
control energy, α and β are the corresponding algorithm stability parameters, ,d ix  and ,d ix  are 
the inter-story drift and velocity of system, respectively; W  is the wealth of control devices, and 
Q is the gain coefficient. 

The parameters for the control force are selected based on the following procedure: four 
earthquake waves are used to perform the dynamic analysis of an uncontrolled structure. Calculate 
the average of the story drift and inter-story peak velocity of uncontrolled structures when 
subjected to these ground motions. Normalize the two average values, i.e., α and β. Finally, choose 
the control gain factor Q according to the output force range of control device. 

 
3.2 Computation of optimal induced norm 
 
In Eq. (19), the extra term 2   in the system matrix is the characteristic of robust control. 

When 2   tends to zero, it is the MBC algorithm. The external disturbance is caused entirely by 
A , which means that the deviation of A causes the disturbance. When 2   increases, A  has 
a great impact on the stability. However, over large 

2
cr 

 will leads to the system instability. Thus, 
the critical value of 

2
cr 

is worthy to discuss.  
According to structural mechanics and optimal control theory, the induced norm 2  is the 

eigenvalue problem in the structural mechanics, i.e., the elastic stable Euler critical force or the 
eigen-frequency of structural vibration (Zhong et al. 1997, Zhong 2004, Tan et al. 2008, Peng et 
al. 2014). According to the extended Wittrick-Williams (W-W) algorithm, the precise integration 
can be solved for the critical parameter 

2
cr 

. The integration divides a time step η into τ=2N 

sub-steps, and N can be approximately. 
The variational Eq. (16) can be expressed by 

 T T( ( , ) ( ) ( ))d 2
t cf

cA p f f ft
J V t t     Z Z F x Z S Z               (21) 

where 

 T T 2 T T T T T T
u u u u u u( , ) ( ) / 2 ( - ) ( ) / 2w w z z zV     Z B B B B A B D C Z Z C I - D D C Z       (22) 

Define the interval (k, k+1) mixed energy 

 T T T( , ) 2 2a b b a b b a aV   Z FZ G Z QZ                      (23) 

where 
T

u u- zF = A B D C , 
T 2 T

u u w w G = B B B B  and 
T T

u u( )z zQ = C I - D D C . 
The importance of the interval mixed energy is that two consecutive intervals (ta, tb) and (ta, tc) 

can be combined into a longer interval (ta, tc), whose interval mix energy is 

 T T T
a c c a c c a a( , ) 2 2V   Z FZ G Z QZ                      (24) 

where 

 T 1 1
1 1 2 1 1( )c

   Q Q F Q G F                         (25) 
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Table 1 Main parameters of structure 

Structural component Elastic modulus EI (N×m2) Yielding moment M(N×m) 

1st rows columns 2.87×106 3.107×105 

1st rows beams 2.87×106 3.107×105 

 
Table 2 Main parameters of magnetorheological damper 

Diameter of 
cylinder 

(mm) 

Effective length 
of piston 

(mm) 

Diameter of 
piston rod 

(mm) 

Gap spacing 
 

(mm) 

Performance 
liquid 

viscosity(Pa·s) 

Fluid maximum 
yield stress 

(kPa) 

250 300 60 2 1 50 

 
 
The structure is controlled by an MRD control device, the calculation model of MRD is the 

shear valve type, the damping force is from 23 kN to 1200 kN, and its parameters are listed in 
Table 2. The semi-active control law uses the corrected limited boundary Hrovat algorithm 
(Hrovat et al. 2014) 

 
d d,min

d d,max

d d,max d,max

sgn( ), 0

sgn( ), 0,

sgn( ), 0,

c x f x ux

u u x ux u u

c x f x ux u u

  
  
   

  

 

  

                   (30) 

where x  is the story velocity, and d,max d d,maxu c x f  , in which d,max d d,minu c x f   are the 
maximum and minimum damping forces from MRD at any time, respectively. 

The parameters of controller can be obtained from Eq. (20) as: the gain factor K=700000, 
α=diag([0, 0.0057]) and β=diag(0.573, 0.571]). The critical value of the induced norm for the 
uncertain part of the system can be determined according to the extended W-W algorithm, i.e., 
Eqs. (21)-(29) and the value equals to 8.32. In practice, the optimal value is the critical value by 
0.3 times. Fig. 6(a) and 6(b) show the relative displacement and control force for different values 
of parameter γ, respectively. It can be seen that when parameter γ-2 is close to the critical value, the 
control effect becomes worse and requires the greater control force.  

Fig. 7 shows the moment of the No.2 plastic hinge and hysterical relationship of the plastic 
rotation wave, and Fig. 8 displays the time history of the plastic rotation of the No.2 hinge when 
subjected to the El Centro earthquake. FREE represents uncontrolled and R-MBC represents the 
robust MBC for nonlinear structures designed by the present study. It can be seen that the structure 
enters a plastic state without any control. The FAM performs well in the dynamic nonlinear 
analysis of structure, and the R-MBC strategy reveals a good performance in the nonlinear control 
of structure.  

Table 3 shows the peak response and control effect under different cases when subjected to the 
El Centro earthquake wave. It can be concluded that the response of the R-MBC strategy is 
smaller than that of the N-MBC strategy because the R-MBC considers the uncertainty of system 
when the control force parameters are the same. The uncertainty means that the system matrix is 
varied. Therefore, the responses of structure are different between the two cases, which 
demonstrate the importance of considering the robustness for the controlled system. Moreover, the 
R-MBC strategy designed by the present study achieved a good control effect for structure. For 
example, the relative displacement of the 1st floor decreased by 70.75%, and the absolute  
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(a) Inter-story displacement (b) Control force 

Fig. 6 Time history of relative displacement and control force under different γ 
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acceleration decreased by 39.72%. To demonstrate the importance of robustness analysis, Fig. 9 
shows the displacement time history of first floor under the El Centro seismic excitation. 

Fig. 10 shows the damper output force against the structural response, in which the control 
force is output in the form of damping force because the variable damping is of characteristic of 
MRD, and the force is in the opposite direction to the relative velocity. Fig. 11 shows the response 
of price and wealth of the virtual market in the controlled time. Compared to the ground motion 
time history, the price has the same variation trend as the input ground motions for every 
algorithm, which indicates that the price mechanism and wealth distribution reflect the variation of 
the needed control force and the impact of input on the output force of the controlled system when 
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the structure is subjected to an earthquake wave. 
 
 

Table 3 Peak response and control effect under different cases when subjected to El Centro earthquake wave 

Earthquake Cases 
Absolute displacement Absolute acceleration 
Peak 
(cm) 

Reduction 
rate (%) 

Peak 
(m/s2) 

Reduction 
rate (%) 

El Centro 

FREE 20.0 — 7.15 — 

N-MBC 13.34 33.3 6.38 10.77 

R-MBC 5.85 70.75 4.31 39.72 
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Fig. 9 Displacement time history of first floor under El Centro seismic excitation (Note: FREE represents 
uncontrolled, N-MBC represents the MBC algorithm without the robustness factor, and R-MBC represents 
the robust MBC for nonlinear structures) 
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Fig. 10 MRD damping force versus inter-story displacement and velocity under EI Centro seismic excitation
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Table 4 Main parameters of nine-story steel frame structure 

Structural component Elastic modulus EI(N×m2) Yielding moment M(N×m) 

1st to 3rd rows columns 2.31×108 1.97×106 

4th to 6th rows columns 1.59×108 1.53×106 

7th to 9th rows columns 1.47×108 1.41×106 

1st to 3rd rows beams 2.38×108 1.53×106 

4th to 6th rows beams 2.10×108 1.27×106 

7th to 9th rows beams 1.44×108 1.05×106 

 
Table 5 The response and control effects of the top story 

Earthquake 
record 

Case 
Inter-story drift Absolute acceleration 

Time consumed
(s) Peak 

(cm) 
Reduction 
rate (%) 

Peak 
(m/s2) 

Reduction 
rate (%) 

El Centro 

FREE 2.66 — 13.44 — — 

R-H∞ 1.25 53.01 10.14 24.55 6.42 

R-MBC 0.88 66.92 8.84 34.23 1.93 

Kobe 

FREE 2.71 — 10.68 — — 

R-H∞ 1.86 31.37 6.39 40.17 5.86 

R-MBC 1.35 50.18 5.49 48.60 1.30 
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Fig. 14 The maximum relative displacement of each story during El Centro earthquake 
 
 
The determination of controller parameters can be obtained from Eq. (16). The gain factor 

K=1200000, α=diag([0.36, 0.30, 0.34, 0.29, 0.28, 0.28, 0.27, 0.23, 0.30]) and β=diag([3.61, 2.96, 
3.4, 2.86, 2.85, 2.76, 2.7, 2.26, 2.97]). The induced norm of the uncertain part of system can be 
determined by the extended W-W algorithm. Table 5 lists the peak response and decreasing 
amplitude ratio of the 9th floor of the structure when subjected to El Centro and Kobe earthquake 
excitations. It can be seen that the R-MBC and R-H∞ strategies both achieved good control 
effectiveness. For the El Centro wave, the former strategy has a decreasing amplitude ratio of 
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66.92%, and the latter is 53.01%; the computation time of former strategy is 69.94% faster than 
that of the latter strategy. For the Kobe wave, the former strategy has a decreasing amplitude ratio 
of 50.18%, and the latter is 31.37%; the computation time of former strategy is 77.82% faster than 
that of the latter strategy for the El Centro wave. This is because the R-MBC requires only 
multiplication when calculating the gain matrix, whereas the nonlinear robust optimal control 
needs the complicated iterative process for solving the Riccati equations. The control effect of the 
R-MBC is better than the R-H∞ in terms of the absolute acceleration under the actions of two 
earthquake waves. To illustrate the clear control effect of two cases, Fig. 14 shows the maximum 
relative displacement of each story. Fig. 14(a) is the inter-story drift of each floor, and Fig. 14(b) is 
the absolute acceleration of each floor. The control effect of the R-MBC is also better than the 
R-H∞ when using the same approach to address the uncertainty of the system because the R-H∞ 

strategy is time invariant and has an insufficient capacity to change according to working 
conditions. However, the control force of the R-MBC is determined by the supply and demand in 
the virtual market, which determines the price of virtual market. Thus, price fluctuations lead to 
changes in the gain matrix of the controlled system, which means that the control energy can be 
distributed reasonably in every moment. Besides, the H∞ norm which can be obtained by the 
extended W-W and precise integration method is introduced into the MBC system, and then the 
calculation of the induced norm can be transferred to the calculation of interval matrix and 
eigenvalue. 

Fig.15 shows the rotations curves versus the time history of the 5th PHL under the El Centro 
seismic excitation. The uncontrolled structure has entered the plastic stage, and the FAM can 
detect the order and size of plastic hinges when they occur. Fig. 16 exhibits the MRD damping 
force versus the inter-story displacement and velocity under the El Centro seismic excitation. It 
can be seen that the MRD output force has a stronger correlation with the inter-floor relative 
velocity than that with the inter-floor relative displacement, and the MRD damping force lies in 
the opposite direction of relative velocity. Moreover, the R-MBC performs better than the R-H∞ in 
realizing the opposite damping force to the inter-floor relative velocity, so the R-MBC is more 
suitable for the MRD semi-active control strategy. 

Fig. 17 shows the structural energy response with the R-H∞ and R-MBC strategies under the El 
Centro seismic excitation. IE, CE, KE, DE and SE are total energy inputted by ground motions, 
dissipated energy of the control device, kinetic energy of the system, damping energy and elastic 
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potential energy, respectively. Fig. 17(c) indicates that the total dissipated energy required from 
the control device is almost the same under the R-H∞ and R-MBC. Figs. 17(a)-(b) depict the 
energy response time history of structure for two working cases. It can be seen that most of input 
energy has been dissipated by the MRD control device when it is in use, and the kinetic energy, 
elastic energy and damping energy decreased. From Table 5 and Fig. 17, the energy response time 
history is almost the same under the R-H∞ and R-MBC. However, the control effect of the R-MBC 
algorithm is better than that of the R-H∞ algorithm, which proves the effectiveness of the R-MBC 
algorithm. 

In conclusion, the R-H∞ is an optimal control algorithm based on the full state feedback, and its 
effectiveness is dependent on the accurate feedback of full state. This algorithm might have a time 
delay and long online time when there are many degrees of freedom. However, the R-MBC 
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Fig. 16 MRD damping force versus inter-story displacement and velocity under El Centro seismic excitation
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Fig. 17 Structural energy response with R-H∞ and R-MBC strategy under El Centro seismic excitation. Solid 
green line: IE (input seismic energy), dashed pink line: CE (control energy), dotted black line: KE (kinetic
energy) + DE (potential energy) + SE (damping energy) 
 
 
requires only the information of discrete layer. That is, it gives the static discrete Pareto optimal 
control of response of discrete layer to realize the optimal control of the whole system. The 
R-MBC requires less information and short computational time, which can eliminate the impact of 
time delay. The numerical example demonstrates that the R-MBC can achieve a better control 
effect than the R-H∞ strategy in terms of nonlinear robust control since it has the advantage of a 
simple parameter determination process for controller parameters, independence of global 
variables and ease of use. 

 
 

5. Conclusions 
 
The demand for the control force based on the R-MBC depends on the equilibrium price that 

controls energy because its strategy takes advantage of the market price lever concept. To some 
extent, the time history has a relationship with external excitations such that the R-MBC strategy 
performs well in reflecting the impact of an input on the controlled system and has a good 
adaptability. The numerical examples of the 1-story and 9-story buildings with the MRD devices 
further demonstrate the effectiveness of the proposed R-MBC algorithm. The approach has the 
advantage of simple parameter determination and short online computation time, which provides a 
reference on its practical application. The following conclusions were drawn throughout the 
numerical simulation analysis. 

• The present study uses the computational structural mechanics and optimal control theory to 
determine the uncertainty of systems by introducing the induced norm into the MBC system. The 
induced norm is the elastic stable Euler critical force, and smaller than the critical value rather than 
close to the critical value. 

• The FAM is introduced into the linear MBC robust system to enhance the computation 
efficiency of the nonlinear robust control system. The numerical examples of the 1-story and 
9-story buildings with the MRD devices demonstrate that the FAM could capture the order and 
value of plastic hinge for each moment. 

• This paper introduces the induced norm with the FAM to design a nonlinear MBC robust 
controller. The numerical examples indicate that the R-MBC has a better control effect than the 
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R-H∞ when the control energy is the same, and prove the effectiveness of the proposed strategy. 
• The energy price mechanism in the MBC theory can reflect the change in the control force 

demand when the structure is subjected to earthquakes and reflect the influence of input energy on 
the output force of a controlled system. 
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