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Abstract. A gradient-based evolutionary optimization methodology is presented for finding the optimal
design of both the added dampers and their supporting members to minimize an objective function of a
linear multi-storey structure subjected to the critical ground acceleration. The objective function is taken as
the sum of the stochastic interstorey drifts. A frequency-dependent viscoelastic damper and the supporting
member are treated as a vibration control device. Due to the added stiffness by the supplemental viscoelastic
damper, the variable critical excitation needs to be updated simultaneously within the evolutionary phase of
the optimal damper placement. Two different models of the entire damper unit are investigated. The first
model is a detailed model referred to as “the 3N model” where the relative displacement in each component
(i.e., the spring and the dashpot) of the damper unit is defined. The second model is a simpler model
referred to as “the N model” where the entire damper unit is converted into an equivalent frequency-
dependent Kelvin-Voigt model. Numerical analyses for 3 and 10-storey building models are conducted to
investigate the characters of the optimal design using these models and to examine the validity of the
proposed technique.

Keywords: optimal damper placement; evolutionary optimization; viscoelastic damper; critical excita-
tion; stochastic process; supporting stiffness, multi-storey buildings.

1. Introduction

In the early stage of the development in passive structural control, the installation itself of
supplemental dampers was the principal objective. It appears natural that, after extensive
developments of various damper systems, another target was directed to the development of smart
and effective installation of such dampers.

Although the motivation was inspired and directed to smart and effective installation of dampers,
research on optimal damper placement has been limited. Several studies have dealt with this subject
in the early stage. De Silva (1981) presented a gradient algorithm for the optimal design of discrete
dampers in the vibration control of a class of flexible systems. Constantinou and Tadjbakhsh (1983)
derived the optimum damping coefficient for a damper placed on the first storey of a shear building
subjected to horizontal ground motions. Gurgoze and Muller (1992) presented a numerical optimal
design method for a single viscous damper in a prescribed linear multi-degree-of-freedom system.
Zhang and Soong (1992) proposed a seismic design method for finding the optimal configuration of
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viscous dampers for a building with specified storey stiffnesses. Hahn and Sathiavageeswaran
(1992) performed parametric studies on the effects of damper distribution on the earthquake
response of buildings, and showed that, for a building with uniform storey stiffnesses, dampers
should be added to the lower half of the building. Tsuji and Nakamura (1996) proposed an
algorithm to find both the optimal storey stiffness and damper distribution for a shear building
subjected to the spectrum-compatible ground motions.

Rather recently, Takewaki (1997) developed another optimal method for the smart damper
placement with the help of the concepts of inverse problem approaches and optimal criteria-based
design approaches. He solved a problem of optimal damper placement by deriving the optimality
criteria and then by developing an incremental inverse problem approach. Subsequently, Takewaki
and Yoshitomi (1998), Takewaki et al. (1999) and Takewaki (2000a) introduced a different approach
based on the concept of optimal sensitivity. The optimal quantity of passive dampers is obtained
automatically together with the optimal placement through this new method. The essence of these
approaches is summarized in Takewaki (2009).

In the meanwhile, significant works have been developed by many researchers (Singh and
Moreschi 2001, 2002, Garcia 2001, Garcia and Soong 2002, Liu et al. 2003, Silvestri et al. 2003,
Xu et al. 2003, 2004, Uetani et al. 2003, Park et al. 2004, Wongprasert and Symans 2004, Kiu et
al. 2004, Trombetti and Silvestri 2004, 2007, Tan et al. 2005, Liu et al. 2005, Lavan and Levy
2005, 2006a, b, Levy and Lavan 2006, Silvestri and Trombetti 2007, Marano et al. 2007, Aydin et
al. 2007, Cimellaro 2007, Cimellaro and Retamales 2007, Attard 2007, Cimellaro and Retamales
2007, Viola and Guidi 2008, Wang and Dyke 2008). Most of these studies have developed new
optimal design methods of supplemental dampers and proposed effective and useful approaches.

In this paper, an evolutionary method is proposed for finding the optimal design of both dampers
and their supporting members to minimize an objective function of a linear multistorey structure
subjected to critical resonant ground input. While many researches have been accumulated on the
design of passive dampers themselves, passive dampers design including the supporting members
are very limited. The objective function is taken as the sum of the mean-squares of the interstorey
drifts. A frequency-dependent viscoelastic damper including the supporting unit is taken into
account. Due to the added stiffness by the viscoelastic damper, the resonant variable critical
excitation (Takewaki 2002, 2007) needs to be updated in the evolutionary phase of optimal damper
placement. Two different models of the whole damper unit are investigated. The first model is a
detailed model referred to as “the 3N model” where the relative displacement between each
component of damper unit can be defined. The second model is a simpler model referred to as “the
N model” where the whole damper unit is converted to an equivalent frequency-dependent Kelvin-
Voigt model. Numerical analyses are conducted to show the accuracy of these models and to
examine the validity of the proposed optimal design method.

2. Structural model with viscoelastic dampers and the supporting members

Consider an N-storey planar shear building model with frequency-dependent acrylic visco-elastic
dampers (VED) and their supporting members. Let kr; and cp; denote the storey stiffness and the
damping coefficient in the i-th storey of the main frame. The floor mass of the i-th storey is denoted
by M,. The dependency of VED on temperature and strain amplitude is not taken into account here.
This acrylic VED is assumed to be described by a 4-elements model as shown in Fig. 1 (Lee et al.
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Fig. 1 Structural model with viscoelastic damper including supporting member
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Fig. 2 Damper models simplified as “3N model” and “N model”

2002). ki, kvi, omi and cy; represent the spring stiffnesses and dashpot damping coefficients in VED
in the i-th storey. In order to take into account the stiffness k,; of the supporting member, the 4-
elements VED model is connected in series with another spring k. This entire damper unit can be
converted to two different models (Fig. 2).
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The first model is a detailed model, as shown in Fig. 2, allocating small lumped masses, i.e., a
and b, between the components of spring and dashpot. Let ug;, #;; and u,; denote the i-th storey floor
displacement relative to the ground and the displacements of the lumped masses, a and b, relative to
the ground. This VED model has three degrees-of-freedom in each storey and the structure with this
VED model is referred to as “the 3N model”. The stiffness and damping matrices of this VED
model are independent of frequency. The components of stiffness and damping matrices Kgy, Cyyp,
of the whole building model with VED are linear combinations of kg, kmi, kvis Cris Cmis Cvi and k.
Because of the complex connection of each structural component, the overall stiffness matrix is not
a simple one (not triple-type matrix). For this reason, it may be disadvantageous to utilize this 3N
model for a large-scale structure and a simpler VED model is needed.

The second VED model is referred to as “the N model”. In this VED model, the whole damper
unit is converted into an equivalent frequency-dependent Kelvin-Voigt model. The equivalent
stiffness and damping coefficients in the i-th storey may be expressed by

Kpi (@, 845, ko) = {(A —sz)(C—Dw2)+EFa)2}/{(C—Dw2)2 +F2w2} )
Cpi(@, Sy, ko) = {(BF —DE)w* +CE - AF} / {(C—sz 2+ F2m2} ©)
where the coefficients A4 to F are given as

A=kpkyikyis B =kpiemicyis C = kyika; + kviky;
D =cycy;s E =k (kyiop + ko + kyiicyi)

F = ch' (kbl +kVi)+kMi (CMi +CVi) (3a—f)

The derivation of Egs. (1) and (2) can be found in Appendix 1.
In this paper, a comparison between these two models (3N model and N model) is performed later
within the scope of optimal damper placement.

3. Critical excitation for variable design

In the seismic-resistant design of important structures, time-history analysis is often used for a set
of recorded ground motions. However, it is well recognized that the ground motions include various
uncertainties of various levels. In order to account for these uncertainties, more reliable and robust
structural design methods are needed. The critical excitation method is adopted in this paper. The
critical excitation method was initiated by Drenick (1970) and much subsequent research has been
accumulated (Takewaki 2007).

Takewaki (2002) introduced the concept of variable critical excitation which has a variable
resonant frequency close to the fundamental natural circular frequency @, of the structure with
varied stiffnesses of the supplemental dampers. Based on this concept, a problem is posed here such
that the optimal viscoelastic damper placement is identified together with the selection of the
optimal stiffness of the supporting members.

Let Sy(@) denotes the power spectral density (PSD) function of the input ground acceleration
iiy(¢). The constraints on Sy(w) are the power of the PSD function (i.e., the area under the PSD
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function representing the input variance), described by
[’w S(o)do<§ 4)

and the intensity of the PSD function (i.e., the maximum or the peak value of the PSD function),
expressed by

supS,(®) <3 (%)

S and 5 are the limits on the power and intensity, respectively. These parameters of the critical
excitation are determined from the analysis of recorded ground motions. A shape of the PSD
function as a solution of this problem is assumed to be a Dirac delta function (when § is infinity)
or a band-limited white noise (when § is finite). A band-limited white noise is shown in Fig. 3
where a frequency band-width Q and upper and lower bounds @, @; of frequency are obtained
from the given parameters S and 5.

In the following sections, the optimal placement of VED is investigated in which the fundamental
natural frequency of the structure with different VED distributions may vary and @, @, for critical
excitation may change. This concept is the critical excitation for variable design (Takewaki 2002).
A similar concept has been developed by Takewaki (2000b), but the parameters w;, o, were kept
unchanged (i.e., they do not depend on the optimization variables).

4. Stochastic response evaluation in frequency domain
4.1 3N model
Let Mgy, r= {1,...,1}" denote the system mass matrix (3Nx3N) of the 3N model and the influence

coefficient vector, respectively. The imaginary unit is denoted by i = J-1. The equations of
motion of the building with VED in frequency domain can be expressed by
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2 . ..
(= oMy T i10Cyy; + Kpy)Upy (@) = =My r Ug (@) (6)

where Ugy(®) and Ug(a)) are the Fourier transforms of the nodal displacements wgy = {ug; u1q 1o
Upy Upy Uy =+ = =+ upy Uy Uy}’ and the Fourier transform of the ground acceleration it,(¢). Eq. (6)
can be described simply as

Ar Ugi(@) = By U&(a)) @)
where

Agar = - Mgy + i0Cran + Keat, By = -Mygair (8a,b)
Fourier transforms of the interstorey drifts D(w) = {Dy,~,Dy}" can then be derived by
D(®) = TrunUa(®) )

where T is a constant transformation matrix consisting of 1, -1 and 0. By substituting Eq. (7) into
Eq. (9), D(@) can be rewritten as

D(w) = TfunAB:uBfun U5(a)) (10)

The transfer functions Hg'n(a)) {Hp;(w)} of interstorey drifts can be defined as

Hglu( w) = TfullAfulleull (11)

By using the resonant PSD function, the objective function as the sum of the mean-squares
responses o—g',“ of the interstorey drifts for the 3V model can be evaluated by

N
fiv = (Uglln) f Hp13-1y) (@) Hpisary (@) (@)de (12)
i=1

where Hgl,n(a)) is the i-th component of the interstorey drift transfer function Hg'n(a)) for the 3N

model and ( )* denotes the complex conjugate.

It is well understood that the stiffness of supporting members should be strong enough to ensure
the effectiveness of the damper unit. For this reason, the stiffness ky,= {ky}(i=1,, N) of each
supporting member is treated as another design variable and the axial force of each supporting
member is constrained to an upper limit (e.g., the yield force). In the 3N model, the maximum value
of the axial force of the supporting member can be evaluated by

172
Mo = Pk [ [T Hu(@)] 5| S @)d ) (13)

where p is the peak factor for the maximum axial force of the supporting member. In order to
evaluate the maximum axial force of the supporting member, the peak factor has been introduced.
T, is a transformation matrix from the nodal displacements to the relative displacements between
both ends of supporting members (see Appendix 2).
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4.2 N model

Let A, B denote the matrix and vector for the N model corresponding to Eqs. 8(a) and 8(b). The
equations of motion for the N model in frequency domain may be expressed by

AU(w) = BUy(w) (14)

The objective function can be described by
N
= waal(a))Hé,(a))Sg(a))da) as)

i=1

where H;(®) is the i-th component of the interstorey drift transfer function vector TA'B for the N
model.

The axial force of the supporting member can be evaluated in the N model as the internal force of
the frequency-dependent Kelvin-Voigt model.

Ny = o[ [Hy(@)]'Sy(@)dw) (16)

where p and Hyp{ @) are the peak factor and the transfer function, respectively, of the axial force.
The transfer function Hyy (@) of the axial force can be expressed by

Hyp(0) = {Kg(0) TioCy (o) Hy (o) (a7

where Ki(o) + i0Cy(w) represents the complex stiffness of the equivalent Kelvin-Voigt model of
the damper unit including the supporting member.

5. Optimal design problem

The problem of optimal damper placement of passive dampers and optimal stiffness selection of
supporting members for the N-storey shear building model subjected to variable critical excitation is
to find the distribution of both VED shear areas S;= {Sy,, Saqv} and supporting members
stiffnesses ky, = {ky1,*, kon}. S¢S the VED shear area in the i-th storey. The fundamental natural
circular frequency @y of the building can vary according to the change of the damper unit (damper
area and stiffness of supporting member). The property of critical excitation Sy(®) is therefore
dependent on the design variables S; and k,. The objective function f, Eq. (15), can then be
regarded as a function of @y, Sy and ky, i.e., f{@y, Sy, k).

The first constraint on damper capacity is

ZN:Sd,- =W (18)

where W is a specified total damper area. Additional constraints on the added damper’s area in
each storey are also considered, specifically
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0<S,,<Sa (i=1,~, N) (19)

where Sy; is the upper bound of damper area in the i-th storey.
The constraint on axial force of the supporting member may be expressed as

Npi(Sy, ky) < Py:(kb,) @=1,2,+, N) (20)

where Py, is the yield force of the supporting member and a function of k.

6. Optimality conditions

The generalized Lagrangian L for the optimal design problem can be defined as

L(Sd: kb: /Is u» Ys K)
N

N . N N — 5 21
=f+/1(zsdi‘WJ+Z#i(O—Sdi)+Z7i(Sdi‘Sdi)+2’fi(Nbi‘Py") @b
i=1

i=1 i=1 i=1

where A, p={u}, y={x} and x= {x;} are the Lagrange multipliers. The principal optimality
conditions for this problem without active upper and lower bound conditions on damper area and
axial force of supporting member may be derived from the stationarity conditions of L(p=0, y=0,
k=0) with respect to Sy and k.

f;+A=0 for 0< Sy <Sg;, Ny <P (22)
f7=0 for Ny; <P, (23)

The symbols ( ), and ( )” denote the partial differentiation with respect to Sy and k;, respectively.

In the process of increasing the quantity of VED in each storey, the axial force of the supporting
member usually increases. When the constraint on axial force of the supporting member is active,
the optimality conditions should be modified by the stationarity conditions of L(u=0, y=0) as
follows

n _ —
f,j+’1+zKiNbi,j:0 for 0<Sy; <Sq; (J=pP1>Pm)sNoi =Py (i=q1,,9,)  (24)
i=q,

. 9n ) _ ) —
f,J+zKi(Nbi,]_Pyi’]):O for ij=Pyj (qul,"',qn) (25)
i=q,

where m and p; denote the number of storeys and their locations having inactive constraint on
damper area and » and ¢; denote the number of storeys and their locations having active constraints
on axial force of the supporting member. In Eq. (25), it is assumed that the partial differentiation of
i-th storey axial force N, with respect to other storey’s supporting member stiffness ky,, can be



Optimal placement of viscoelastic dampers and supporting members 51

neglected (My,” =0 (i #/)). This accuracy has been confirmed through numerical tests. In addition,
the yield force Py, of each supporting member is assumed to be a function of only the stiffness k;,
of that supporting member. As a result, Eq. (25) reduces to

£ s (Ny? =Py ) =0 (26)

It is noted that the Lagrange multiplier & can be evaluated directly from Eq. (26). This assumption
facilitates a simple sensitivity expression of the objective function.

When the other constraints on upper and lower bounds of damper's area are active, the optimality
conditions should be modified by

f;+420 for S4; =0 (27)

qn _ —
fi+A+ Y kiNy; ;<0 for 84 =84, Ny, =Py (i=q1,.9,) (28)
i=q;

If there is no VED for which the axial force of supporting member attains its yield force, Eq. (28)
should be replaced by

f;+2<0 for S84 =S8y, (29)

7. Solution procedure of optimal design
7.1 Algorithm for optimal damper placement and optimal design of supporting members

A gradient-based evolutionary solution algorithm is presented for the problem of optimal damper
placement. Since it is quite beneficial to obtain the optimal damper placement for various capacities
of dampers, the total damper quantity W is increased gradually. The flow chart of this solution
algorithm is shown in Fig. 4. Furthermore, Fig. 5 explains the evolution of the design variables Sy
and k;, during the optimal design process. The solution procedure is summarized as follows :

Step 0 Design the main frame without VED under the system dependent critical excitation.

Step 1 Calculate the undamped fundamental natural circular frequency @, of the frame.

Step 2 Create the critical PSD function Sy(®) as a band-limited white noise which has a central

frequency .
Step 3 Evaluate the axial force N, of supporting member and count the number » of storeys in
which M, reaches its yield axial force ]_’y, .

Step 4 Identify the location of storey where the absolute value of the first-order sensitivity of the

objective function f'is maximized.

Step 5 Count the number m of storeys where the maximum absolute values of the first-order

sensitivity of the objective function coincide.

The above global procedures can be further subdivided into 4 different domains, called A, B, C
and D (see Fig. 5), depending on the values m and »n. To find the optimal increment of Sy and ky, an
appropriate set of optimality conditions have to be selected from Eq. (22) through Eq. (29). The



52 Kohei Fujita, Abbas Moustafa and Izuru Takewaki

( Design initial structure )

> I Transfer function I
vy
PSD function of ground input
(resonant model)

= Satisfy the condition for N ; in inequali
Yes

No

n=0 Count number 7
Ny =P,; ® n>1

v v

Evaluate 15t derivative Evaluate 15t derivative

9qn
mj‘"|f»f| max|f ; + 3 KNy

! —T

Count number m
of storeys satisfying (22)

Count number 7
of storeys satisfying (22)

Yes No
Optimality condition Update supporting Optimality condition
for stift;\rfless for
ASdi (i:pl,...’pm) Akb]:—%ASd ASdi (%:pl"”’pm)
Noi” By Ak (i=4g1,,49,)
Domain A m DomainB DomainC DomainD
L 7 vy Y v

( Updatedistribution of VED and ifnecessary supporting stiffness )

No

Fig. 4 Flowchart for the optimal placement of viscoelastic dampers and optimal stiffnesses of the supporting members

relationship between the optimality conditions and each domain is shown in Table 3.
Step 64 The case of m=1, n=0 corresponds to the domain A. The increment AW of VED is
added only to the specific storey attaining m]aX]f, i
Step 6B The case of m>2, n=0 corresponds to the domain B. When the multiple equality
optimality conditions, Eq. (22), are satisfied, the optimal damper distribution Sy has to be
computed and updated to keep the coincidence of the multiple first-order sensitivities.
Step 6C The case of m =1, n=1 corresponds to the domain C. The stiffness Ay, of the supporting
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Fig. 5 Evolution of design variables in the proposed optimization process (a) Case including domains A, C, D,
(b) Case including domains A, B, D

member is increased to prevent N, from exceeding the yield axial force Py, .

Step 6D The case of m>2, n>1 corresponds to the domain D. All the optimality conditions have
to be satisfied. This corresponds to the conditions that the multiple first-order sensitivities
coincide due to Eq. (22) and the corresponding ki, is increased to satisfy Ny, = Py, .

Step 7 Update design variables S; and k;, according to the optimality conditions summarized in
Table 3.

Step 8 Repeat Step 1 through Step 7 until the constraint Eq. (18), i.e., the total area of VED, is

satisfied.

The initial model is without VED, i.e., S; =0 (i =1,-, N). Additional VED is distributed via the
steepest direction search algorithm (Takewaki 2009). Let ASy = {ASy} and AW denote the increment
of VED area and the increment of the sum of VED areas, respectively. When AW is given, it is
needed to find the optimal placement to decrease the objective function most effectively. For this
purpose, the first and the second-order sensitivities of the objective function with respect to the
design variables Sy and k;, are necessary. Those sensitivities £, £/, f 4, £} and f7* can be derived
by differentiating Eq. (15) with respect to the design variables. The N model is used here. Detailed
expressions of the first and the second-order sensitivities are shown in the next section.

For clarification, the steps 6C and 6D are explained in more detail below.

[Step 6C] When m =1, VED is added only to a single specific storey. When Ny, attains its upper
bound Py;, ky has to be increased so as to keep the increment AN, coinciding with AP,;. This
requires

dn . .
=q,

Herein, the assumption discussed below Eq. (25) is employed again. When n =1, the increment of
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the stiffness Ak, of the supporting member can be derived by

-N
Akbql — qbql,_ch - Aqul (31)
qul’ 1 _qul’ 1

[Step 6D] When m >2, an appropriate distribution of VED to more than two storeys should be

employed for a given value of AW. In this case, the number of unknown variables is m + n. From

Eq. (30), n equations with respect to k, can be derived. We, therefore, need more m equations.
Successive satisfaction of Eq. (24) requires that

Pm qn . Pm  4n 9n  49n X
DL jiASai+ D fibky D D (K Npg ;) i ASqi+ D, D (kN ;) Aky; =0
i=p; i=q, i=py k=q, i=qy k=q,

=415 q) 32)

where x; in Eq. (32) can be derived from Eq. (26) as

_f’k

Kk =
k_ B £
Npp™ =Py

(k=q1,.9,) (33)

It can be mentioned that, after the multiple optimality conditions are updated, the first-order
sensitivities should continue to be satisfied. To achieve this, the following equation can be derived
by substituting Eq. (33) into Eq. (32)

pm qn —_
z "fﬂ —kz {f’kok,j /(Noi* - yk’k )}’i]ASdi]
I=py =0

i=qy k=q,

dn . qn _ Ji
+Y "fj’ -2 {f’kok,j J(Nyi* =Py )} ]Akbi]=C0n5t~ (J=4q15-9,) (34)

In case of using Eq. (22) in place of Eq. (24), the following equations should be employed.

Pm dn )
Zf’jl-ASdiJer,’;Akbi:const. (J=Dpi1s>Pm) (3%)
i=p; i=q,

After some manipulation in Eq. (34), we can derive m—1 equations to determine the optimal
solution Sy and K.
The last condition with respect to the design variables Sy is

P
> ASy = dW (36)
i=p,

From Egs. (30), (34), (35) and (36), we can derive the following simultaneous linear equation for
{ASqy s sASqy, 5 Akyy s ey Ak, 3
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a1 Ui B Bin
. . . . . . ASdp1 0
(| 1 o amfl,m le—l L1 o ﬂm—l,n
AS :
_ — d : 37
g g1 An _ s Pm _ ( )
Nb‘h A qul P qul qul qu, qul Ak =3 .
. . . bg,
: 0
A _p »q1 A, _ D sq 5
Nog, .p, Nog, ., Nbg, Py, Nog, Pyq, Aky, dw
n
1 1 0 0 |

where o (i=1.2,...,m-1;j=12,.,m)and B, (i=12,.,m—1;j=1,2,...,n) are described by

ajj :f,‘th _f’quPj
& K
n ) S5, Wokgy ~Nokg, ) =S WNokgip; ~Nokg,p, )
Yl s w

x . Kk ok & k B &
k=q; Noi™ =Py |+ f ka,p,- (Nokg, =S Nogg, ) (Noi™ =Py )

(i=1---,n-1 j=1,...,m)

al'j :‘/‘,pnpj _f‘apiJrlpj (i:n:‘“'am_l .]Zlaam) (38-a,b)

q; o9
By=1, -1,

D1 sPitl

kg ; k g g
% 1 =17 (Nokg, =Nokgoy )=/ Nok g =Nok g )
+ e —
k _p ok kq ; k J k _p ok
kqu ka Pyk +ka q] (f ka’ql _f ka,qm )/(ka _Pyk )
(i=1,-n-1 j=1,..,n)

g j 4 . .

Bij :f’p: —f,pi’+1 (i=n,--,m—-1 j=1,...,n) (39-a,b)

7.2 Sensitivity with respect to damper area

The first and second-order sensitivities of the objective function with respect to design variables
Sq and ky, are derived here. The PSD function of the variable critical excitation has the power § in
the frequency band between @; and @;. The objective function in Eq. (15) can be simplified to

F(Sq.Ky) =52 {¥si(@y:Sa.kp)—¥s; (@ 384.kyp)} (40)

=

1l
—

1

where g; is defined by

¥y, (0:84.Kky)= [ Hyy (0)Hy, (o) (1)
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Note that @, and o are dependent on the natural circular frequency @, of the building with VED.
For this reason, the objective function in Eq. (40) can be regarded as an implicit function of ay.
The first and the second-order sensitivities with respect to S, can be derived from

N (a)O),j{HSi(wU)_HSi(a)L)}
Li=252) oy . . (42)
=+ [ [ (@) B (0)+ iy () {5 (@) [do

(a’o),jk {Hsi (0y)—Hy; (0p)}
() (wo)’k (6Hs; (wy )/ 0wy —0H5; (w0 )/ dwy)
25 T+ Hgi (@ Ve —Hsi (@p) i
S =2 =+ ),k {H;(oy) j —Hs; (@) ;) (43)
oy | Hoi (@) ji Hy; (0)+ Hy, (0) ; Hy, ()
+.[ . . dw
L +Hg (@) Hy; (@) ; + Hy; (@) {Hg; (@)}

where H5(w); and Hs(w) ;. are derived as follows.
HS: (m)j = T, (Ail),j B (44)
Hy; (@) =T, (A™") ;B (45)

In Eq. (44), the first derivative of A™' with respect to S is given by

-1 _ 41 “1__ 4-1 . -1
Aj =-AT'A AT =-ATH (K +ioC [ )A (46)

Furthermore (@) ; and (@)  are evaluated following the method of Fox and Kapoor (1968).

Referring to Eqs. (1) and (2), the first derivative of the matrices K and C with respect to Sy; can
be computed by the first derivative of the equivalent stiffness Ki; and the damping coefficient Cy;
described by

2 2
2 84;C1Cy +2¢1¢3ky,;Sy; +crcs3ky;
K (@,84;:kp;) j =Ky, > )
(c184; +2¢ky,;Sq; +c3kp;)
2 2
¢y (€18q; +csky;)
2 212
(e1S§; +2¢ky;Sq; +c3ky;)

(47)

Cgi(@,84;,kpi) =kp; (48)

Egs. (1) and (2) have been re-written in terms of the parameters kqu, cam, kavs cav Without {Sy}. The
coefficients ¢, - ¢4 are defined as follows



Optimal placement of viscoelastic dampers and supporting members 57

Cl :812 +€22a)2
¢y =kgmé +CdM‘92w2
C3 :kgM +C§M0)2

€4 ==Cam&1 thamér (49-a,b,c,d)

where & = ko kav — Cau Cav @, & = kavcav + kavcam T kau Cav.
On the other hand, in Eq. (45), the second derivative of A" with respect to Sy can be computed
by differentiating Eq. (46) with respect to Sy.

Aji=AT" (A ATA rAATIA AT -ATA A (50)

In Eq. (50), it should be remarked that in case of using viscous damper or viscoelastic damper in
the “3N model”, A ;=0. This is because the stiffness and damping matrix consist of a linear
combination of damper damping coefficients and stiffnesses, i.e., all the components of A ; are
constant values. On the other hand, in the case of using the frequency-dependent “N model”,
A ;#0 (j = k) because the first derivative of A contains Kg; and Cg;, Eqs. (47) and (48), which are
also the functions of design variables S, and k.

The second-order sensitivities of the equivalent stiffness and damping coefficient with respect to
damper area are shown in Appendix 3.

7.3 Sensitivity with respect to the stiffness of the supporting members

The sensitivity of the objective function with respect to k; is also needed to determine the optimal
solution for the stiffness of the supporting members. These sensitivities can be derived following the
same procedures used in deriving Eqgs. (42) and (43).

; _ N [ ; * , * ;
f7 =25 Z[ Jo, Hai(@)! Hy (@)do+ [* Hy, (@) Hs; (@) dw] (51)
i=l1
@ P * w, . *
. i wa Hy; (0)7" Hy; (o) o+ Lﬁu Hyi (@)’ Hy; (0)"do
fr =25 | |
=+ [ H ()" By (@) do+ [* Hy (0) {H;; (@)} do
o @y

(52)

where Hy, (w)’ =T, (A'Y’ B and H, (o)’ =T, (A')’* B. The first derivative of A" with respect to
ky, can be computed by replacing K ; and C; with K/ and C whose components consist of K/
and Cg;/ given as

2 Sdict +2¢i¢0ky; Sy +(2¢5 —cie3 kg,
(c184; +2¢oky; Sy +e3kp;)?
283 ikpica (kyics +¢1S4:)
(c1S4; +2¢oky;Sq; +e3ky ) 4

Kgi (0,54, ky; )’[ =S84

(53)

Cg; (@,84;.ky; )" =
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Note that the parameters K, and C,, need to be evaluated only for j=i In the same way, the
second derivative of A™' with respect to k;, can be evaluated in terms of A/, A"*and A

The second-order sensitivities of the equivalent stiffness and damping coefficient with respect to
the stiffness of the supporting members are shown in Appendix 3.

7.4 Sensitivities of the axial force of the supporting members

The sensitivity of the axial force N,, of the supporting member with respect to S; can be derived
by differentiating Eq. (16) as follows.

_ 2 1/2 .
Nois =p(2s / ja“;” |H p: (@) da)j j;’L” Re[HNbi (@), Hyp: (W)de (55)

As defined before in Eq. (17), Hyi (@) is obtained from the complex stiffness of the equivalent “N
model”. In Eq. (55), the sensitivity of the axial force Ny, with respect to Sg, i.e., (Hxyi (®)) ;, can be
derived from Eq. (17).

He (@) KpHs() ; +Kg; jHy (@) (i=)) )
b. a) ,. = n
R Kg;Hgi () @#))

where K, is a complex stiffness of the equivalent whole damper unit as an “N model”, defined by
Kei= Ke, + i0Ck.

The sensitivity of N, with respect to k, can be derived by replacing Hyy, (@) ; in Eq. (55) with
Hyi (@)’ computed by substituting K/, i.e., Kg/ +iwCg”/, into Eq. (56) instead of K., .

8. Numerical examples

Numerical examples are presented for 3-storey and 10-storey building models to demonstrate the
usefulness and validity of the proposed optimal design method. Detailed comparison between “3N
model” and “N model” is also presented to demonstrate the validity and accuracy of the proposed
formulations for the two models.

The structural parameters are shown in Table 1. The floor masses and frame storey stiffnesses are
identical in all the storeys. The structural damping ratio of the main frame is assumed to be 0.02

Table 1 Structural parameters of main frame

3-storey model 10-storey model
Floor mass [kg] 512x10° 1024x10°
Storey stiffness (N/mm) 6.02x108 1.20x10°
Natural circular frequency without 15.268 5125
damper (rad/s)
Natural period 0411 1225

without damper (s)
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Table 2 Properties of acrylic viscoelastic damper per unit area

kev 2756.3[N/m?] kan 5120.5[N/m]
Cav 221.7[Ns/m?] Cam 254 8[Ns/m’]

Table 3 Optimality conditions in each domain

Domain A pi storey Other storeys
(m=1,n=0) Eq. (22) Eq. (23) Eq. 27)

Domain B D1~ Pm Storey Other storey
(m=2,n=0) Eq. (22) Eq. (23) Eq. (27)

Domain C p1 (=q)) storey Other storey
(m=1,n=1) Eq. (24) Eq. (25) Eq. (27)

Domain D qi ~ gn storey Dn+1 ~ Pm Storey Other storey
(m=2,n21) Eq. (24) Eq. (25) Eq. (22) Eq. (23) Eq. (27)

(stiffness-proportional damping). The properties of each component in four elements of VED per
unit damper area (thickness is fixed at 10 mm and area is 1 m?) are shown in Table 2 (Lee et al.
2002). The ratio ry=ky, / ky between the stiffness &y of the building frame and that £y, of the
supporting member is varied between 0.5 and 3.0. The initial stiffness of the supporting member is
given by selecting an appropriate ratio .. The total damper area W is taken as W= 51.2 m? for the
3-storey building model and =400 m? for the 10-storey building model. The peak factor for axial
force of supporting member is given as 3.0 in both examples. The parameters § and S of the input
critical acceleration are estimated as §= 0.02 m%s® and S= 0.04 m?/s* from the El Centro NS 1940
with PGA =032 g.

The PSD function of the critical ground motion defined as a variable critical excitation is
computed to have the circular frequency resonant to the fundamental natural circular frequency of
the building model. In the process of optimal damper placement where the stiffness and damping
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matrices are updated according to the available additional VED, eigenvalue analysis has to be
carried out in every step. It should be remarked that the 3N model, whose components are
independent of frequency, facilitates the computation of eigenvalues.

Fig. 6 shows the variation of the first-order sensitivities of the objective function with respect to
Sq = {Sat,---» San} for (a) 3-storey and (b) 10-storey models where r, = 1.0. In the initial phase of the
optimization process which corresponds to the domain A, the maximum absolute value of the first
derivative is attained only in the first storey, i.e., |f ;|. It is shown in Fig. 6 that, after the multiple
coincidence of the maximum absolute value of the first derivatives in domain B, they continue to be
satisfied in the optimal design process. This fact indicates a continuing satisfaction of the
stationarity conditions of Lagrangian as the optimality conditions.

Fig. 7 illustrates the optimal area distribution S; of VED with respect to varied total damper area
and a variation of the lowest-mode damping ratio for (a) 3-storey and (b) 10-storey models. It can
be observed that the passive dampers are placed optimally in the building model according to the
variation of the first derivative of the objective function shown in Fig. 6. Fig. 7(a) depicts the
comparison of this result by using different damper models, i.e., “N model” and “3N model” for the
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3-storey model. It can be seen that almost identical result are obtained by using either of the two
damper models. This verifies the validity of the two proposed VED models.

Fig. 8 shows the evolution of the stiffness and the axial force of the supporting members in the
process of optimal damper placement for (a) 3-storey and (b) 10-storey models. The initial yield
force of the supporting members is also shown in Fig. 8(a). It can be observed that, after the axial
force N,,; coincides with the initial yield force, k;, is updated according to the optimality conditions.

Fig. 9 shows the variation of the objective function for the following three distributions in (a) 3-
storey and (b) 10-storey models: Case 1) Optimal damper placement based on the proposed method,
Case 2) Uniform placement, and Case 3) First-storey placement. It can be observed that the result
of case 1 perfectly coincides with that of case 3 in the early stage of the optimization procedure.
However, as the total damper area increases, the objective function is minimized by the optimal
damper placement.

In order to investigate the effect of the stiffness of the supporting members on the optimal damper
distribution, two cases of r, = ky,; / k; = 0.5 and 3.0 are considered for the 3-storey model. The yield
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Fig. 9 Variation of objective function in optimal placement, uniform placement and first-storey placement (a)
3-storey model, (b) 10-storey model
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forces of the supporting members are set at a high level to investigate the effect of the stiffness of
the supporting members. Fig. 10 shows the evolution of the optimal damper distribution for (a)
ry=khy/ ky;=0.5 and (b) ry=ky/ky;=3.0. It can be observed that, while the dampers are
concentrated in the lower storeys for r,=ky,; / ky; =3.0, they are distributed in all the storeys for
ry=khy; / kg;=0.5. This reveals that the optimal distribution of the dampers requires the damper
installation in the effective position where the interstorey drift is large.

9. Conclusions

The conclusions may be stated as follows:

(1) An evolutionary optimal placement method of viscoelastic dampers and supporting members
has been proposed. The critical earthquake ground motion is defined as the resonant input to the
structure with viscoelastic dampers. As the size or quantity of viscoelastic dampers becomes large,
the force acting on the supporting member increases and an appropriate cross-sectional area of the
supporting member is required. Simultaneous design consideration of viscoelastic dampers and
supporting members is a new aspect of the theoretical development and practicality.

(2) The sum of the mean-squares of interstorey drifts under random input is taken as an objective
function. The total quantity of viscoelastic dampers has been increased evolutionary while the
constraint on the member force of the supporting member is satisfied.

(3) Two models are used in the modeling of the viscoelastic dampers. The first model is the four-
elements model of viscoelastic dampers with a supporting member. Two masses are considered in
this model. Then the 3N degrees-of-freedom model for structural analysis is employed in the first
model. The second model is an equivalent Kelvin-Voigt model of viscoelastic dampers with a
supporting member. There is no additional mass in the model of the equivalent Kelvin-Voigt model.
Then the N degrees-of-freedom model for structural analysis is employed in the second model.

(4) A gradient-based evolutionary optimization technique is developed by using the Lagrange
multiplier optimization technique. Simultaneous satisfaction of the optimality criterion on placement
of viscoelastic dampers and the constraint on forces of the supporting members have been
guaranteed which have been demonstrated through numerical examples.

In this study, the simultaneous optimal placement of viscoelastic dampers and the optimal design
of the stiffnesses of the supporting members are estimated under the system-dependent variable
critical input that is modeled as stationary random ground motion. Although the objective function
becomes a time-dependent function for non-stationary earthquake inputs, the framework remains the
same. In such case, the optimal damper and the stiffness parameters should be evaluated by
minimizing the maximum response. This requires the minimization of the objective function at
discrete time instants which obviously increases the computations. This aspect is of interest and will
be carried out in a future work.
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Appendix 1 Equivalent stiffness and damping coefficient of damper unit including support-
ing member in N-model (Egs. (1) and (2))

Let &, Sy, & denote the interstorey drift, the internal nodal displacement in the Maxwell model
in Fig. 2 relative to the (i-1)-th floor and the displacement of the node between the damper unit and
the supporting member in the i-th storey, i.e., ;= up; — Upi.1), O1; = y; — Upgry and &, = wy; — Ug(y),
The equations of dynamic equilibrium of the 3N model can be derived as

ky;6y; = p; (1) (A1-1)
fengi (815 =823 ) +hy; (8g; — 5 )+ ey (Op; =03 ) —kyy; 85y =0 (A1-2)
emi (Op; —61) —kyg (81, =8,,) =0 (A1-3)

where p; (f) denotes the internal force of the supporting member in the i-th storey. Let Ar; (@), Ay,
(w), Ay (w), P; (@) denote the Fourier transforms of &(f), &; (£), & (¢) and p; (f). From Eq. (A1-1),
Ay (w) can be described by P; (w)/ky,. By substituting this equation into Eq. (A1-3) expressed in
frequency domain, we can obtain A;; (@) as

1wky;cp; Ag; (@) +ky; P (@)

Ay (0)=
1 ke (e + ki )

(A1-4)

Substitution of these equations for A;; (w) and A,; (w) into Eq. (A1-2) in frequency domain leads to
the relationship between A, (w) and P; (w).

{lwkbikMicMi

- +hypiky; +ioky;cy, AF:‘(“’)
by H1ocy;

N~
=3(ky; +hni +Hhy; FHi )P
{( e lwcw) kMi+ia)CMi} l(w) (A1)

After some manipulations, Eq. (A1-5) can be rewritten as

2 2 2 . 2 2 2
kyiky ik~ + o kyen (kVi+kMi)+lwkbi {kMi (cVi+cMi)+a) CviMmi }

((kbi +hky, )kMiz +(ky; +hy; +hy; )wszi2)+ia){kMi2 (CVi +CMi)+wZCViCMi2}

(A1-6)

On the other hand, the force-displacement relation of the general Kelvin-Voigt model can be given
by

(Kg; +10Cg)Ag; (@) = P(®) (A1-7)
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where Kg; and Cg,; are the equivalent stiffness and the damping coefficient of the frequency-
dependent Kelvin-Voigt model in the i-th storey defined by Egs. (1) and (2). By comparing Eq.
(A1-6) and Eq. (A1-7), Egs. (1) and (2) can be derived.

Appendix 2 Transformation matrix from the nodal displacements to the relative displace-
ments between both ends of supporting members

For evaluating the axial force of the supporting member, the relative displacements w, between
both ends of supporting members are expressed by
up = Thgn (A2-1)

where T, denotes the transformation matrix. In the case of the 3-storey building model, Ty can be
given by

0 0 O 5
0 1 0i [0] ! [0]
0.0 0L o
0 0 0:0 0 O
T,=|-1 0 0{0 1 0} [0] (A2-2)
0.0 00 0 0
0 0 0f0 0 0
0] -1 0 0:0 1 0
I 10 0 0i0 0 0

Appendix 3 Second-order sensitivities of the equivalent stiffness and damping coefficient

Second-order sensitivities of the equivalent stiffness and the damping coefficient for the N model
can be derived as follows

2. o3 2 2 2 2 3
, A €384; +3¢1 cs3ky;Sg; 310503k Sq; +3 (205" —cje3)ky;
KEi,ii =—2ky;

(e18g; +2¢,ky;Sq; +eski;)’
i (<2 12
Kg," _(Sdi /kbi)KEi,jk

2. o3 2 2 2 2 2),2
¢17¢28g; +3¢ C3kbi5di+3010203kbi5bi+(202 €3 =€16; )kbiSdi

Kgii =2k Sq; 5 5 3
(e1Sd; +2¢oky;Sq; +c3kp;)

2 3 203
cic3ky; Sq; +2¢,03kp; +¢178g;

2 2 \3
(e1S§; +2¢yky;Sq; +e3ky;)

_ 2
CEi,ii =—2kp;cs
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2 3 243
3cie3ky;Sq; +2¢y03ky; — 7S,

Cp, ' =-282.c5
l l (CISc%i +202kbiSdi+c3k§i)3

3 2 23
2cyes3kp; +ejesky Sq; +¢178g;

(c183; +2¢oky; Sq; +c3kp )’

Crt =—2ky;S g5
(A3-123.4,5.6)

where ¢y, ¢, ¢3 are given by Eq. (49a-c) and ¢s = kqm & — cam (kam kav — Cam Cav ).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




