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Abstract. The main goal of this work is to develop a numerical simulator to study an isothermal
single-phase two-component flow in a naturally fractured oil reservoir, taking into account advection
and diffusion effects. We use the Peng-Robinson equation of state with a volume translation to evaluate
the properties of the components, and the discretization of the governing partial differential equations is
carried out using the Finite Difference Method, along with implicit and first-order upwind schemes. This
process leads to a coupled non-linear algebraic system for the unknowns pressure and molar fractions.
After a linearization and the use of an operator splitting, the Conjugate Gradient and Bi-conjugated
Gradient Stabilized methods are then used to solve two algebraic subsystems, one for the pressure and
another for the molar fraction. We studied the effects of fractures in both the flow field and mass transport,
as well as in computing time, and the results show that the fractures affect, as expected, the flow creating
a thin preferential path for the mass transport.

Keywords: compositional simulation; equation of state; operator splitting; finite difference method;
fractured oil reservoir

1. Introduction

Porous media flow occurs in many engineering problems, for example, aquifer contamination
and water transport (de Borst, Réthoré and Abellan 2006, Li 2017), carbon sequestration (Das and
Dutta 2017), membrane filtration (Hanspal et al. 2009), chemical processes (Anca-Couce, Zobel and
Jakobsen 2013) and hydrocarbons recovery (Zaydullin et al. 2014, Wu and Sun 2016). In the oil and
gas industry, since the 1960s, porous media flow, reservoir management, wellbore pressure profile
and reservoir characterization have been studied using numerical reservoir simulation. Numerical
methods have been used to maximize hydrocarbon recovery, aiming to obtain an optimized wellbore
control. In this context, there are still many issues involving transport phenomena in heterogeneous
reservoirs (Jmili, Wilhite and Green 2011, Biryukov and Kuchuk 2012, Mendes, Murad and Pereira
2012).
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Indeed, physical-mathematical modeling and numerical simulations of flow in heterogeneous
porous media have attracted the attention of researchers in the past decades. Porous media flow in
naturally fractured reservoirs (NFRs) is of particular interest (Nelson 2001, Wang 2013, Jiang and
Younis 2015, Nikolic, Ibrahimbegovic and Miscevic 2016, Cavalcante Filho and Sepehrnoori 2017).
In these rock formations, there are permeability field, k, and porosity field, φ, with high contrasts
in their values (Zidane and Firoozabadi 2017) caused by geological factors. A natural fracture is a
planar discontinuity (Hadzalic, Ibrahimbegovic and Dolarevic 2018, Hadzalic, Ibrahimbegovic and
Nikolic 2018) in reservoir rock due to deformation or diagenesis (chemical and physical changes after
deposition) (Tiab and Donaldson 2004). Cavities, called vugs, can also be formed depending on the
scale of the heterogeneities and on their spatial distribution. High permeability channels, natural
fractures and vugs in carbonates, for instance, are the result of the dissolution of rocks.

Matrix and fractures, considered as two different regions, must be used to model fluid flow in
NFRs (Lee, Lough and Jensen 2001). In the porous matrix (rock), a fracture or a fracture network
may exist. In general, fractures have much greater permeabilities and porosities than the porous
matrix. Depending on the reservoir characteristics (Nelson 2001):

1. fractures provide the essential reservoir permeability and porosity;

2. fractures give only the essential reservoir permeability;

3. fractures have a secondary role for permeability; or

4. fractures have influence only on the reservoir anisotropy.

Fig. 1 shows schematically a naturally fractured reservoir. Different approaches can be considered
depending on the hypothesis adopted to model fluid storage, and matrix and fracture flows:

1. double porosity, double permeability;

2. Multiple Interacting Continua (MINC);

3. Embedded Fracture Modeling (EFM); and

4. Discrete Fracture Networks (DFN).

In this work, we use a discrete network of fractures. Thus, a computational grid is employed to
represent the geometry of each fracture (Secchi and Schrefler 2012).

For an accurate simulation of the flow in the reservoir, as we use a discrete network of fractures, a
large number of grid blocks are necessary near the fractures. As a consequence, we have an increase
in computing time (Moinfar 2013). Another complexity appears since we are interested in the study
of the displacement of two components in a single-phase flow, which is a version of a compositional
model (Chen 2007). Therefore, due to difficulties arising from the heterogeneity (fractures) and the
compositional model (Hoteit and Firoozabadi 2006, Geiger, Schmid and Zaretskiy 2017), a large
CPU time is expected. The more heterogeneous is the reservoir (depending on fracture properties
and positions), the greater the computational effort.
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Fig. 1 Naturally fractured reservoir: fractures in dark gray color and matrix in light gray color

2. Governing equations and equation of state

Here, we are interested in a numerical simulation of an isothermal single-phase two-component
flow in a naturally fractured oil reservoir considering advection and diffusion effects. The governing
equations are obtained from continuity equation, Darcy’s law and rock and fluid properties (Lewis
and Schrefler 1998, Chen 2007). Thus, we have the following Partial Differential Equation (PDE) for
pressure,

∂

∂t
(φξ) = ∇ ·

[
ξ

µ
k (∇p− γ∇z)

]
+ q, (1)

where p is the pressure, φ is the porosity, ξ is the molar density, µ is the fluid viscosity, k is the
absolute rock permeability tensor, γ is the product of density and gravity magnitude, z is the depth
and q a source term. On the other hand, for molar fractions,

∂

∂t
(φxmξ) = ∇ ·

[
xmξ

µ
k (∇p− γ∇z) + φξDm∇xm

]
+ qm m = 1, 2, . . . , Nc, (2)

where xm is the molar fraction, qm is a source term, Nc is the number of components andDm is the
effective dispersion tensor. In three dimensions, this tensor is defined by (Chen 2007)

Di (u) = dimI + |u|
(
dilE (u) + ditE

⊥ (u)
)
, (3)

where dim is the molecular diffusion coefficient, dit and dil are the transverse and longitudinal
dispersion coefficients,u is the Darcy’s velocity, andE (u) is the orthogonal projection andE⊥ (u) =
I−E (u), where I is the identity matrix.

Therefore, we must solve numerically Eq. (1) for the fluid phase and Eq. (2) for one component.
We use the Peng-Robinson equation of state (PR-EoS) with a volume translation to evaluate the
properties of the components. As the molar density is a function of the compressibility factor Z, we
have

ξ =
p

RTZ
, (4)
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where R is the universal gas constant, and the Peng-Robinson cubic equation can be written as

Z3 − (1−B)Z2 +
(
A− 2B − 3B2

)
Z −

(
AB −B2 −B3

)
= 0, (5)

where A and B are parameters that are functions of the critical temperature and pressure of the
components.

Eq. (5) is a cubic polynomial and has three roots. When there is only one real root, then it is
chosen. With three real roots, we choose the largest root for gas flow, while we choose the smallest for
oil flow (Wu and Sun 2016). Some parameters of the equation of state are specific for vapor pressure.
Thus, for liquids, we apply a volume translation to avoid errors (Chen 2007),

vcorr = vEoS + C, (6)

where the volume v is the reciprocal of the molar density ξ, andC is the correction factor. This factor
is computed using the temperature and component’s properties, as discussed by Hoyos (2004).

3. Numerical methodology

A numerical method is necessary to solve the partial differential equations considered here, so
the discretization of the PDEs is performed using the Finite Difference Method (FDM), and we use
a block-centered grid, an implicit time formulation, central differences for the diffusive terms and
a first-order upwind scheme for the advective terms. Discrete fracture networks are placed in the
computational grid, considering planar fractures distributed in a structured mesh. To better represent
and simulate the fractures, which are very small, a logarithmic grid refinement is used near the
fracture to make the mesh size small enough (Souza and Amaral Souto 2016).

Considering a diagonal permeability tensor k and a diagonal diffusion tensor Dm (Chen 2007),
and adopting the notation f (xi, t

n) = fni , the discrete form of Eqs. (1) and (2) are

Tn+1
x,i+1/2,j,k

(
pn+1
i+1,j,k − p

n+1
i,j,k

)
− Tn+1

x,i−1/2,j,k

(
pn+1
i,j,k − p

n+1
i−1,j,k

)

+Tn+1
y,i,j+1/2,k

(
pn+1
i,j+1,k − p

n+1
i,j,k

)
− Tn+1

y,i,j−1/2,k

(
pn+1
i,j,k − p

n+1
i,j−1,k

)

+Tn+1
z,i,j,k+1/2

(
pn+1
i,j,k+1 − p

n+1
i,j,k

)
− Tn+1

z,i,j,k−1/2

(
pn+1
i,j,k − p

n+1
i,j,k−1

)
− (Tγ)n+1

x,i+1/2,j,k (zi+1,j,k − zi,j,k) + (Tγ)n+1
x,i−1/2,j,k (zi,j,k − zi−1,j,k)

− (Tγ)n+1
y,i,j+1/2,k (zi,j+1,k − zi,j,k) + (Tγ)n+1

y,i,j−1/2,k (zi,j,k − zi,j−1,k)

− (Tγ)n+1
z,i,j,k+1/2 (zi,j,k+1 − zi,j,k) + (Tγ)n+1

z,i,j,k−1/2 (zi,j,k − zi,j,k−1)



Numerical simulation of single-phase two-components flow in naturally fractured oil reservoirs 133

+Qn+1
i,j,k =
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, (7)

where the pressure in the new time level pn+1 is the unknown value, and
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where the new molar fraction xn+1
m is the unknown. Here Qm,i,j,k = Vbi,j,kqm,i,j,k, Qi,j,k =

Vbi,j,kqi,j,k, Vbi,j,k = (∆x∆y∆z)i,j,k, where ∆xi,j,k, ∆yi,j,k and ∆zi,j,k are the grid sizes in the x-,
y- and z-directions. Also, T is known as the transmissibility and is defined as
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2 ,j,k

, (9)
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and Tm = xmT. A similar definition is used for the other directions. The dispersion coefficients are
given by

Dmx,i±1/2 ≡
(
AxφξDmx

∆x

)
i±1/2

, (10)

and it is defined in a similar way for the other two directions.
We also use an operator splitting technique (Vennemo 2016) along with a linearization such as we

solve pressure and molar fraction equations into two separated discrete subsystems. This procedure
leads to a coupled linear system for the unknown pressure and molar fractions. We apply the
Conjugate Gradient Method (CG) to solve the pressure equation (symmetric coefficient matrix) and
the Bi-Conjugated Gradient Stabilized Method (BiCG) for the molar fraction equation (asymmetric
coefficient matrix) (Saad 2003).

The process steps to calculate the unknowns at time n+ 1 are described below:

1. given the pressure p and the molar fraction xm, the fluid properties are evaluated with the
Peng-Robinson EoS;

2. we solve Eq. (7) for the pressure with the CG method;

3. then we solve Eq. (8) for the molar fraction with the BiCG method;

4. iterate until convergence is achieved;

and these steps are illustrated in the flowchart seen in Fig. 2. We must emphasize that, as reported
in Maes (2016), decoupling the equations introduce an additional error (compared to a fully implicit
method), and we can not use large increments of time if we want to preserve the accuracy of the
results.

4. Numerical simulations

In this section, we present our numerical results for simulations of a compositional flow through
a fractured reservoir. The reservoir is of size 400 m × 200 m × 50 m, and pressure is prescribed in
both west and east sides (30,000 kPa and 20,000 kPa, respectively), and there is no mass flux through
the other boundaries. In the west boundary, a heavier component is flowing into the reservoir with a
molar fraction equal to 1, and we keep a constant temperature of 300 K. All simulations were run on
a Dell PowerEdge T620 with two Intel Xeon Processor E5-2620 (2 GHz) and 16 GB of memory.

First of all, we study the grid dependence of the results. As expected, the first-order upwind
scheme introduces a numerical diffusion, and it is minimized using a more refined mesh. In Fig. 3,
we see how the mesh size affects the results. As the number of cell blocks increases, the molar
fraction behavior indicates that the results are converging to the same values. We also realize that the
computational time for the 320 cells mesh is higher than double the time for 160 cells, and the results
are practically the same. Therefore, all the other simulations were carried out using 160 cells in the
x-direction and 5 in z-direction. In y-direction, we apply a logarithmic grid refinement around the
fractures, resulting in 164 cells. For all simulations, we neglected hydraulic dispersion and gravity
effects.
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Fig. 2 Flowchart of a single simulation time-step

Fig. 3 Profile of the molar fraction for different meshes
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4.1 First example

The properties of the reservoir and fractures, for the first example, can be seen in Table 1. The
fracture permeability is four thousand times greater than in the matrix, and the porosity is four times
greater in the fracture.

Table 1 Properties of the reservoir for the first example

Parameter Symbol Value Unit
Porosity (matrix) φm 0.2 -
Permeability (matrix) km 5 mD
Porosity (fracture) φf 0.8 -
Permeability (fracture) kf 20×103 mD
Initial pressure pinit 25×103 kPa

The first example considers the flow in a reservoir containing four fractures. All fractures are
placed at the same x coordinate, equal to 30 m, and have the same length of 200 m and aperture of
25 cm. This information is summed up in Table 2. Here lx is the length in x-direction, and x0 and
y0 are the coordinates of the first vertex of the fractures. The height of the planar fractures coincides
with that of the reservoir (50 m). The spatial distribution of fractures can be seen in Fig. 4.

Table 2 Location of fractures

Parameter Fracture 1 Fracture 2 Fracture 3 Fracture 4
lx (m) 200 200 200 200
x0 (m) 50 50 50 50
y0 (m) 25 75 125 175

The molar fraction of the entering liquid after 750 days is shown in Fig. 5. Four cases were
considered:

1. default case (Table 1);

2. φm=0.2, φf=0.2, km=5 mD and kf=20 D;

3. φm=0.2, φf=0.8, km=5 mD and kf=200 D; and

4. φm=0.2, φf=0.8, km=5 mD and kf=2 D.

When compared to the default case, as showed in Fig. 5, a porosity of 20% in the fracture (Case 2)
does not change significantly the flow behavior. It seems reasonable since fractures are narrow
channels and cannot store a large amount of mass. The effective mass transport increases through
the fractures for a greater permeability (Case 3), but the difference is not significant. Otherwise, for
a lower permeability (Case 4), it can be seen that we have less mass concentrated at the end of the
fractures, and the impact on the molar fraction distribution is substantial.

In Fig. 6, we present the results of the numerical simulation of the flow through the fractured
reservoir as the time progresses, and we can find the molar fraction field for 150, 400, 700 and 1,000
days. According to expectation, the flow is slower into the matrix compared to that into the fractures,
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Fig. 4 Fractures arrangement for the first example

and it travels a shorter distance into the matrix for the same time interval. We can also see in Fig. 6
how the presence of the fractures causes a greater heterogeneity on the molar fraction field.

4.2 Second example

A second example is introduced to study how the matrix-fracture interaction is affected by the
rock properties. In Fig. 7 is depicted the molar fraction distribution, also for a reservoir containing
four fractures with the same length, but now with an aperture of 2.5 cm (in contrast to the 25 cm
of the first example). For this example we also change the permeabilities and porosity, so we have:
φm=0.2, φf=0.6, km=20 mD and kf=50×103 mD.

After comparing the results found in Figs. 5 and 7, taking into account the time differences
(300 days versus 750 days of the previous example), we realize how the permeability of the matrix
affects the velocity of the flow, since the flow front is more advanced even for a shorter time. As a
consequence of the greater permeability value, the flow velocity is higher (according to Darcy’s law)
than the corresponding flow velocity in Fig. 5. We can also observe in Fig. 7, as in previous cases, a
mass transport along the y-direction due to the increase in pressure inside the fractures (Fig. 8).

In the following, using the same properties of this example, we address the influence of the mesh
refinement around the fractures. Therefore, in addition to the already used 164 cells in y-direction,
we tested meshes with 44, 84 and 324 cells. The corresponding results for the molar fraction are in
Fig. 9. As expected, we obtain more accurate results and depiction of the fractures with the more
refined meshes. However, it demands more CPU effort.

4.3 Third example

The last example is similar to the previous one, but now the initial vertices of the fractures do not
have the same coordinates, and they have different lengths, porosities, and permeabilities, although
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(a) Case 1 (b) Case 2

(c) Case 3 (d) Case 4

Fig. 5 Molar fraction for 750 days

they have the same aperture of 2.5 cm. Table 3 shows the fractures lengths, vertices and properties.
The new spatial arrangement of the fractures is illustrated in Fig. 10.

Table 3 Location of fractures and properties

Parameter Fracture 1 Fracture 2 Fracture 3 Fracture 4
lx (m) 100 70 120 200
x0 (m) 30 180 80 40
y0 (m) 35 135 85 175
kf (D) 25 100 50 35
φf 0.5 0.8 0.6 0.6

Fig. 11 shows the molar fraction after 100, 150, 200 and 300 days of simulation. From the
observation of Figs. 5 and 11 we can see that they are very different, showing how the fractures
position and properties can drastically alter the molar fraction distribution.
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(a) 100 days (b) 400 days

(c) 700 days (d) 1,000 days

Fig. 6 Molar fraction as a function of time

It is also worth mentioning that the CPU time for this non-regular fracture positioning was
significantly higher (more than double the time) compared with the case when the first vertices of the
fractures were all in the same position, and they had the same properties. This fact demonstrates that
the distribution and properties of fractures play an important role in the complexity of flow and mass
transfer.

4.4 Strategy to reduce computing time

To investigate the influence of the presence of fractures on computing time, we performed a
simulation with no fractures at all, but with the same number of cells as for the first example. For
this case, the simulation time was 23 hours, 17 minutes and 47 seconds. On the other hand, the
same simulation with the regular arrangement of fractures took 32 hours, 50 minutes and 13 seconds.
Lastly, for the irregular arrangement (third example), the simulation ended after 67 hours, 27 minutes
and 22 seconds. Therefore, the more disordered is the arrangement of fractures (as in a real reservoir),
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Fig. 7 Molar fraction for the second example

Fig. 8 Pressure along the y-direction

the more demanding will be the simulations, which shows the difficulties of simulating real cases.
In this work, we adopted a strategy to reduce the CPU time consisting of using different time steps

for the numerical solution of pressure and molar fraction equations. Considering the same properties
as those employed in the second example, we kept a fixed time-step when solving the molar fraction
equation, while performing simulations to determine the pressure with time-steps two, five, ten and
twenty times greater than that of the simulation of the molar fraction equation.

To be sure that this strategy does not result in less accurate results, Fig. 12 contains a plot of the
absolute relative difference between the molar faction values, determined with the different time-steps
for pressure calculations, taking as reference the values obtained in the second example, Fig 7. For
time-steps smaller than five times that used to calculate the molar fraction the relative difference is
very small, and we can consider that values are accurate. However, for the 10:1 and 20:1 ratios we
note, mainly near the fractures, that the molar fraction values start to become very different.

Table 4 shows the time of simulation and the Number of Intermediate Steps (NIS). When NIS is
one, we have the default case, where the time-steps used to solve pressure and molar faction equations
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(a) 44 cells (b) 84 cells

(c) 164 cells (d) 324 cells

Fig. 9 Molar fraction for different meshes

are the same. We can also see that the total execution time reduction grows as we increase the
time-step ratios. However, this reduction is accompanied by an increase in the deviation from the
default case values for the molar fraction. Nevertheless, when we use a 5:1 time-step ratio we achieve
a reduction of approximately 14% of CPU time and the results are practically the same, making it a
good choice.

Table 4 Total simulation time

NIS Total Simulation Time Time Variation
1 32h 50min 13s –
2 37h 04min 02s +12.9%
5 28h 21min 41s -13.6%
10 25h 15min 40s -23.1%
20 24h 30min 55s -25.3%
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Fig. 10 Fractures arrangement for the third example

5. Conclusions

In this paper, we addressed reservoir simulation of a naturally fractured reservoir considering
only planar fractures. The finite difference method and an implicit formulation were used to obtain a
numerical solution for a single-phase two-component flow. The methodology employed was able to
adequately capture the effects due to fractures, as well as the advection-diffusion mass transport on
compositional flow. Also, we successfully implemented the operator splitting technique and the grid
refinement around the fractures, although from a computational point of view they are very costly in
computing time.

As expected, the additional complexity resulting from the introduction of fractures leads to
an increase in computational time. Furthermore, when the fractures were irregularly arranged in
the reservoir, the CPU time increased even more. Thus, the arrangement of fractures is of great
importance in the total execution time. The more irregular the distribution of fractures and the more
their properties are different, the longer the execution time will be.

Using different time-steps to solve pressure and molar fraction equations result in an effective
strategy for solving this problem since, for an appropriate choice, it reduced simulation time by
about 14% while keeping the precision of the results. Therefore, as we verified, the use of an
operator splitting method enabled the use of different time increments to obtain the pressure and
molar concentration, similar to what is done in some versions of the IMPES (Implicit Pressure
Explicit Saturation) method (Chen 2007). However, due to the errors introduced by decoupling the
equations (Maes 2016), a detailed numerical study must be done to maintain the accuracy of the
results.
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(a) 100 days (b) 150 days

(c) 200 days (d) 300 days

Fig. 11 Molar fraction for an irregular distribution of fractures
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