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Abstract.  This paper is concerned with the study of propagation of Stoneley waves at the interface of two 
dissimilar transversely isotropic thermoelastic solids using new modified couple stress theory without energy 
dissipation and with two temperatures. The secular equation of Stoneley waves is derived in the form of the 
determinant by using appropriate boundary conditions i.e., the stress components, the displacement components, and 
temperature at the boundary surface between the two media are considered to be continuous at all times and 
positions. The dispersion curves giving the Stoneley wave velocity and attenuation coefficients with wave number 
are computed numerically. Numerical simulated results are depicted graphically to show the effect of two 
temperature on resulting quantities. Copper material has been chosen for the medium M_1 and magnesium for the 
medium M_2. Some special cases are also deduced from the present investigation. 
 

Keywords:  attenuation coefficient; new modified couple stress theory; secular equation; Stoneley wave 
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1. Introduction 
 

Mathematical modeling of surface wave propagation along with the free boundary of an elastic 
half-space or along the interface between two dissimilar elastic half-spaces has been subject of 
continued interest for many years. These models are helpful in exploration of valuable materials 
beneath the earth surface and provide better information about the internal composition of the 
earth.  

Stoneley (1924) firstly studied the existence of these waves propagating at the interface of two 
solid, solid-liquid medium and derived the Stoneley wave’s dispersion equation. The wave 

propagation in two temperature theory of thermoelasticity was investigated by Warren and Chen 
(1973). Chadwick and Currie (1974) studied the propagation of Stoneley waves in an infinite body 
composed of two anisotropic elastic half-spaces in welded contact. Murty (1975) studied the 
propagation of waves at the interface of unbonded and loosely bonded elastic half spaces. Hawker 
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(1978) examined the plane‐wave reflection coefficients for a model of the ocean’s sub‐bottom 

consisting of a single inhomogeneous fluid layer overlying a semi‐infinite solid and suggested the 

existence of surface wave. Tajuddin (1995) studied the presence of Stoneley waves at the 

boundary of two micropolar elastic half-spaces. Hornby et al. (1989) showed that permeable 

fractures also give rise to reflected Stoneley waves. Tang et al. (1991) have developed a simple 

model for Stoneley wave propagation in permeable formations. Ting (2004) explored a surface 

wave propagation in an anisotropic rotating medium. Tomar and Singh (2006) derived the 

frequency equations for Stoneley waves at unbonded and bonded interfaces between two 

dissimilar microstretch elastic half-spaces.  

Tang and Cheng (2006) investigates the propagation of borehole Stoneley waves across 

permeable structures. Othman and Song (2006, 2008) presented different hypotheses about 

magneto-thermo-elastic waves in a homogeneous and isotropic medium. Abo-Dahab (2013, 2015) 

studied the different forms of surface waves. Abbas and Zenkour (2014) studied the effect of 

initial stress and rotation for a fiber-reinforcement anisotropic half-space under a thermal shock at 

its upper surface in the context of Green and Naghdi’s theory. Marin and Florea (2014) analysed 

the temporal behaviour of the solutions in porous micropolar thermoelastic bodies. Abbas (2015) 

investigated the thermoelastic interactions in a functional graded material due to thermal shock 

using the fractional order three-phase lag model for functionally graded materials. Abo-Dahab 

(2015) attempted the propagation of Stoneley waves in magneto-thermoplastic materials with 

voids. Lata et al. (2016) investigated plane waves in an anisotropic thermoelastic medium.  

Abd-Alla et al. (2017) explored the propagation of surface waves in fiber-reinforced 

anisotropic media of nth order with rotation and magnetic field. Singh and Tochhawng (2019) 

studied the propagation of surface waves at the bonded and unbonded interfaces with voids. Marin 

et al. (2019) formulated the mixed backward in time problem in the context of thermoelasticity for 

dipolar materials. Marin et al. (2020) employed the GL model to cover the model of 

thermoelasticity for dipolar mediums. Abbas et al. (2020) studied the Photo-thermal-elastic 

interactions in an unbounded semiconductor media containing a cylindrical hole under a 

hyperbolic two-temperature coupled theory of thermo-elasticity and plasma waves. Hobiny and 

Abbas (2020) analysed the thermal damage of living tissues induced by laser irradiations using a 

nonlinear dual phase lag model. Saeed and Abbas (2020) investigated the non-linear dual phase 

lag bioheat transfer model for transient phenomena in a spherical tissue due to the effect of laser 

heat source. Hobiny and Abbas (2021) established a bio-heat model with fractional derivative and 

studied the variations of temperature and the thermal damage in spherical tissues during thermal 

therapy.  Lata and Himanshi (2021) studied the Stoneley wave propagation at the interface of two 

dissimilar homogeneous orthotropic thermoelastic solids with three phase lags using fractional 

order theory of thermoelasticity. Lata and Singh (2021) have investigated the Stoneley wave 

propagation at the interface of two dissimilar homogeneous nonlocal magneto-thermoelastic media 

under the effect of hall current applied to multi-dual-phase lag heat transfer. 

Marin et al. (2021) studied the effect of porothermoelastic waves under a fractional time 

derivative and two time delays on temperature increments, stress and the displacement 

components of the solid and fluid phases. Stoneley wave velocity variation is analyzed by solving 

the modified Scholte secular equation for velocity of Stoneley waves by Kuznetsov (2022). 

Himanshi and Lata (2023) studied the plane harmonic waves in a two-dimensional orthotropic 

magneto-thermoelastic media with fractional order theory of generalized thermoelasticity with 

two-temperatures and rotation. Debnath et al. (2024) investigated the propagation of Stoneley 

waves through bonded and unbonded interfaces between two dissimilar homogeneous transversely 
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isotropic generalized thermo-elastic diffusion rocks.  

Couple stress theory is derived under quasi- static conditions, where the system can be 

considered to be in equilibrium at each step and basic laws of thermodynamics can be applied. Due 

to the equilibrium in a quasi-static process, we can precisely define the system’s intensive 

quantities (such as pressure, temperature, specific volume, and specific entropy) at each instant 

throughout the process; otherwise, different parts of the system would have different values of 

these quantities. Quasi-static processes make it limit the entropy generated. The parabolic nature of 

the equations in couple stress theory reflects the fact that the material’s behavior is influenced by 

both the local and nonlocal effects, diffusion-like processes or wave propagation with dispersion 

due to size effects. 

Keeping in view of these applications, dispersion equation for Stoneley waves at the interface 

of two dissimilar transversely isotropic thermoelastic mediums using new modified couple stress 

theory with two temperature and without energy dissipation have been derived. Numerical 

computations are performed for a particular model to study the variation of phase velocity and 

attenuation coefficient with respect to wave number. The results in this paper should prove useful 

in the field of material science, designers of new materials as well as for those working on the 

development of theory of elasticity. 

 

 

2. Basic equations  
 

Following Chen and Li (2014) and Youssef (2006), the field equations transversely isotropic 

thermoelastic solid using new modified couple stress theory in the absence of body forces, body 

couple and without energy dissipation are given by 

𝜎𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙𝑒𝑘𝑙 − 𝛽𝑖𝑗𝑇, (1) 

𝑐𝑖𝑗𝑘𝑙𝜀𝑘𝑙,𝑗 +
1

2
𝑒𝑖𝑗𝑘𝑚𝑙𝑘,𝑙𝑗 − 𝛽𝑖𝑗𝑇,𝑗 = 𝜌𝑢̈𝑖 , (2) 

𝐾𝑖𝑗𝜑,𝑖𝑗 − 𝜌𝐶𝐸𝑇̈ = 𝛽𝑖𝑗𝑇0𝜀𝑖̈𝑗, (3) 

where 

𝛽𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙𝛼𝑖𝑗, (4) 

𝑒𝑖𝑗 =
1

2
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖), (5) 

𝑚𝑖𝑗 = 𝑙𝑖
2𝐺𝑖𝜒𝑖𝑗 + 𝑙𝑗

2𝐺𝑗𝜒𝑗𝑖 , (6) 

𝜒𝑖𝑗 = 𝜔𝑖,𝑗, (7) 

𝜔𝑖 =
1

2
𝑒𝑖𝑗𝑘𝑢𝑘,𝑗, (8) 

𝑇 = 𝜑 − 𝑎𝑖𝑗𝜑,𝑖𝑗 . (9) 

Here 𝑢⃗ = (𝑢1, 𝑢2, 𝑢3) is the displacement vector, 𝑐𝑖𝑗𝑘𝑙(𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑖𝑗𝑙𝑘 = 𝑐𝑗𝑖𝑘𝑙 = 𝑐𝑗𝑖𝑙𝑘) are elastic  
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Fig. 1 Geometry of problem 

 

 

parameters, 𝜎𝑖𝑗 are the components of stress tensor, 𝑒𝑖𝑗 are the components of strain tensor, 𝑒𝑖𝑗𝑘 is 

alternate tensor, 𝑚𝑖𝑗 are the components of couple-stress moment, 𝛼𝑖𝑗 are the coefficients of linear 

thermal expansion, 𝛽𝑖𝑗 is thermal tensor, 𝑇 is the thermodynamic temperature, 𝜑 is the conductive 

temperature, 𝑙𝑖(i = 1,2,3) are material length scale parameters, 𝜒𝑖𝑗  is curvature tensor, 𝜔𝑖  is the 

rotational vector,   is the density, 𝐾𝑖𝑗  is the materialistic constant, 𝑐𝐸  is the specific heat at 

constant strain, 𝑇0  is the reference temperature assumed to be such that 𝑇 𝑇0
⁄ ≪ 1 , 𝐺𝑖  are the 

elasticity constants. 

For transversely isotropic medium 

𝛽1 = (𝑐11 + 𝑐12)𝛼1 + 𝑐13𝛼3, 𝛽3 = 2𝑐13𝛼1 + 𝑐33𝛼3 

 

 

3. Formulation of the problem 
 

We consider a homogeneous, transversely isotropic new modified couple stress thermoelastic 

half-space 𝑀1 overlying another homogeneous, transversely isotropic new modified couple stress  

thermoelastic half-space 𝑀2  connecting at the interface 𝑥1 = 0.  We take origin of co-ordinate 

system (𝑥1, 𝑥2, 𝑥3) on 𝑥3 = 0. We choose 𝑥1-axis in the direction of wave propagation in such a 

way that all the particles on a line parallel to 𝑥2-axis are equally displaced, so that the field 

component 𝑢2 = 0 and 𝑢1, 𝑢3 and 𝜑 are independent of 𝑥2. Medium𝑀2 occupies the region−∞ <
𝑥1 ≤ 0 and Medium 𝑀1 occupies the region0 < 𝑥1 ≤ ∞. The plane 𝑥3 = 0 represents the interface 

between the two media 𝑀1 and 𝑀2. We define all the quantities without bar for the medium 𝑀1 

and with bar for medium 𝑀2 . We have used appropriate transformations following Slaughter 

(2002) on the set of Eqs. (1)-(3) to derive the equations for transversely isotropic thermoelastic 

solid with two temperatures and without energy dissipation and we restrict our analysis to the two-

dimensional problem with 

𝑢⃗ = (𝑢1, 0, 𝑢3)(𝑥1, 𝑥3, 𝑡). (10) 

Eqs. (1)-(3) with the aid of (4)-(10) take the form 

Equations of motion and heat conduction are 

                                                                X3 

 

  

 Medium M1 

 

 X1 

 

 Medium M2 

                                        X2 

                                              Fig. 6.1:  Geometry of the problem 
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𝑐11
𝜕2𝑢1

𝜕𝑥1
2 + (𝑐44 −

1

4
𝑙2
2𝐺2∇

2)
𝜕2𝑢1

𝜕𝑥3
2 + (𝑐13 + 𝑐44 +

1

4
𝑙2
2𝐺2∇

2)
𝜕2𝑢3

𝜕𝑥1𝜕𝑥3
− 𝛽1

𝜕

𝜕𝑥1
(1 − 𝑎1

𝜕2

𝜕𝑥1
2 −

𝑎3
𝜕2

𝜕𝑥3
2)𝜑 = 𝜌 𝑢1̈ ,  

(11) 

𝑐33
𝜕2𝑢3

𝜕𝑥3
2 + (𝑐44 + 𝑐13 +

1

4
𝑙2
2𝐺2∇

2)
𝜕2𝑢1

𝜕𝑥1𝜕𝑥3
+ (𝑐44 +

1

4
 𝑙2

2𝐺2∇
2)

𝜕2𝑢3

𝜕𝑥1
2 − 𝛽3

𝜕

𝜕𝑥3
(1 − 𝑎1

𝜕2

𝜕𝑥1
2 −

𝑎3
𝜕2

𝜕𝑥3
2)𝜑 = 𝜌𝑢̈3,  

(12) 

𝐾1
𝜕2𝜑

𝜕𝑥1
2 + 𝐾3

𝜕2𝜑

𝜕𝑥3
2 − 𝜌𝑐𝐸

𝜕2

𝜕𝑡2 (1 − 𝑎1
𝜕2

𝜕𝑥1
2 − 𝑎3

𝜕2

𝜕𝑥3
2)𝜑 = 𝑇0

𝜕

𝜕𝑡
(𝛽1

𝜕𝑢1

𝜕𝑥1
+ 𝛽3

𝜕𝑢3

𝜕𝑥3
)  (13) 

The constitutive relations and couple-stress/moment components for transversely isotropic new 

modified couple stress medium are   

𝜎11 = 𝑐11
𝜕𝑢1

𝜕𝑥1
+ 𝑐13

𝜕𝑢3

𝜕𝑥3
− 𝛽1 (1 − 𝑎1

𝜕2

𝜕𝑥1
2 − 𝑎3

𝜕2

𝜕𝑥3
2)𝜑,  (14) 

𝜎12 = 0, (15) 

𝜎13 = 𝑐44 (
𝜕𝑢1

𝜕𝑥3
+

𝜕𝑢3

𝜕𝑥1
) −

1

4
𝑙2
2𝐺2 (

𝜕3𝑢1

𝜕𝑥1
2𝜕𝑥3

−
𝜕3𝑢3

𝜕𝑥1
3 +

𝜕3𝑢1

𝜕𝑥3
3 −

𝜕3𝑢3

𝜕𝑥3
2𝜕𝑥1

),  (16) 

𝜎22 = 𝑐21
𝜕𝑢1

𝜕𝑥1
+ 𝑐23

𝜕𝑢3

𝜕𝑥3
− 𝛽1 (1 − 𝑎1

𝜕2

𝜕𝑥1
2 − 𝑎3

𝜕2

𝜕𝑥3
2)𝜑,  (17) 

𝜎23 = 0, (18) 

𝜎33 = 𝑐31
𝜕𝑢1

𝜕𝑥1
+ 𝑐33

𝜕𝑢3

𝜕𝑥3
− 𝛽3 (1 − 𝑎1

𝜕2

𝜕𝑥1
2 − 𝑎3

𝜕2

𝜕𝑥3
2)𝜑,  (19) 

𝑚11 = 0,𝑚22 = 0,𝑚33 = 0, (20) 

𝑚32 =
1

2
𝑙2
2𝐺2 (

𝜕2𝑢1

𝜕𝑥3
2 −

𝜕2𝑢3

𝜕𝑥1𝜕𝑥3
),  (21) 

𝑚13 = 0, (22) 

𝑚12 = −
1

2
𝑙2
2𝐺2 (

𝜕2𝑢1

𝜕𝑥1𝜕𝑥3
−

𝜕2𝑢3

𝜕𝑥1
2 ),  (23) 

Strain components and rotation components are 

𝑒11 =
𝜕𝑢1

𝜕𝑥1
, 𝑒22 = 0, 𝑒33 =

𝜕𝑢3

𝜕𝑥3
, 𝑒12 = 0, 𝑒23 = 0 , 𝑒31 =

1

2
(
𝜕𝑢1

𝜕𝑥3
+

𝜕𝑢3

𝜕𝑥1
),    

𝜔1 = 0,𝜔2 =
1

2
(
𝜕𝑢1

𝜕𝑥3
−

𝜕𝑢3

𝜕𝑥1
) , 𝜔3 = 0.  

(24) 

where ∇2= (
𝜕2

𝜕𝑥1
2 +

𝜕2

𝜕𝑥3
2)  . In the above equations we use contracting subscript notation (1 →

11,2 → 22,3 → 33,4 → 23,5 → 31,6 → 12)to relate 𝑐𝑖𝑗𝑘𝑙 to 𝑐𝑚𝑛. 

To facilitate the solution following dimensionless quantities are used 
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𝑥𝑖
, =

𝑥𝑖

𝐿
, 𝑢𝑖

, =
𝜌𝑐1

2

𝐿𝛽1𝑇0
𝑢𝑖, 𝜑

, =
𝜑

𝑇0
, 𝑡 , =

𝑐1

𝐿
𝑡, 𝜎𝑖𝑗

, =
𝑖𝑗

𝛽1𝑇0
, 𝑚𝑖𝑗

, =
𝑚𝑖𝑗

𝐿𝛽1𝑇0
, 𝑖, 𝑗 = 1,2,3.  (25) 

where 𝑐1
2 =

𝑐11

𝜌
 and L is constant of dimension of length. 

Using the dimensionless quantities defined by (25) in the Eqs. (11)-(13), and after suppre-ssing 

the primes we obtain 

𝜕2𝑢1

𝜕𝑥1
2 + 𝛿1

𝜕2𝑢1

𝜕𝑥3
2 + 𝛿2

𝜕2𝑢3

𝜕𝑥1𝜕𝑥3
−

𝑙2
2𝐺2

4𝐿2𝑐11
∇2 (

𝜕2𝑢1

𝜕𝑥3
2 −

𝜕2𝑢3

𝜕𝑥1𝜕𝑥3
) −

𝜕

𝜕𝑥1
(1 − 𝑎1

𝜕2

𝜕𝑥1
2 − 𝑎3

𝜕2

𝜕𝑥3
2)𝜑 =

𝜕2𝑢1

𝜕𝑡2 ,  
(26) 

𝛿4
𝜕2𝑢3

𝜕𝑥3
2 + 𝛿2

𝜕2𝑢1

𝜕𝑥1𝜕𝑥3
+ 𝛿1

𝜕2𝑢3

𝜕𝑥1
2 +

𝑙2
2𝐺2

4𝐿2𝑐11
∇2 (

𝜕2𝑢1

𝜕𝑥1𝜕𝑥3
−

𝜕2𝑢3

𝜕𝑥1
2 ) − 𝑝5

𝜕

𝜕𝑥3
(1 − 𝑎1

𝜕2

𝜕𝑥1
2 −

𝑎3
𝜕2

𝜕𝑥3
2)𝜑 =

𝜕2𝑢3

𝜕𝑡2 ,  
(27) 

𝜕2𝜑

𝜕𝑥1
2 + 𝑝3

𝜕2𝜑

𝜕𝑥3
2 = 𝜁1

𝜕2𝑢1

𝜕𝑡2𝜕𝑥1
+ 𝜁2

𝜕2𝑢3

𝜕𝑡2𝜕𝑥3
+ 𝜁3

𝜕2

𝜕𝑡2 (1 − 𝑎1
𝜕2

𝜕𝑥1
2 − 𝑎3

𝜕2

𝜕𝑥3
2)𝜑.  (28) 

 

where 

𝑝3 =
𝐾3

𝐾1
, 𝑝5 =

𝛽3

𝛽1
, 𝜁1 =

𝑇0𝛽1
2

𝐾1𝜌
 , 𝜁2 =

𝑇0𝛽1𝛽3

𝐾1𝜌
 ,   𝜁3 =

𝑐𝐸𝑐11

𝐾1
, 𝜌𝑐1

2 = 𝑐11.  

 

For the medium M1 

We assume the solution of the form 

(𝑢1, 𝑢3, 𝜑) = (𝑢1
∗ , 𝑢3

∗ , 𝜑∗)𝑒𝜄𝜉(𝑥1−𝑐𝑡). (29) 

where 𝜉 is wave number and  𝜔 = 𝜉𝑐 is the angular frequency and c is the phase velocity of the 

wave. Using (29) in Eqs. (26)-(28) and satisfying the radiation condition 𝑢1̂, 𝑢3̂, 𝜑̂ → 0 as 𝑥3 →
∞, we obtain  

(𝜉2(𝑐2 − 1) + 𝛿1
𝑑2

𝑑𝑥3
2) 𝑢1

∗ + +𝜄𝜉𝛿2
𝑑𝑢3

∗

𝑑𝑧
−

𝑙2
2𝐺2

4𝐿2𝑐11
(−𝜉2 +

𝑑2

𝑑𝑧2) (𝜄𝜉
𝑑𝑢3

∗

𝑑𝑥3
+

𝑑2𝑢1
∗

𝑑𝑥3
2 ) − (1 + 𝑎1𝜉

2 −

𝑎3
𝑑2

𝑑𝑥3
2)𝜑∗ = 0,  

(30) 

𝜄𝜉𝛿2
𝑑𝑢1

∗

𝑑𝑧
+ (𝜉2(𝑐2 − 𝛿1) + 𝛿4

𝑑2𝑢3
∗

𝑑𝑥3
2 )𝑢3

∗ +
𝑙2
2𝐺2

4𝐿2𝑐11
(−𝜉2 +

𝑑2

𝑑𝑧2) (𝜄𝜉
𝑑𝑢1

∗

𝑑𝑥3
+ 𝜉2𝑢3

∗) − 𝑝5 (1 +

𝑎1𝜉
2 − 𝑎3

𝑑2

𝑑𝑥3
2)𝜑∗ = 0,  

(31) 

𝜁1𝜉
2𝑐2𝜄𝜉𝑢1

∗ + 𝜁2𝜉
2𝑐2 𝑑𝑢3

∗

𝑑𝑥3
+ (𝜁3𝜉

2𝑐2 − 𝜉2 + 𝜁3𝜉
4𝑎1𝑐

2 + (𝑝3 − 𝜁3𝜉
2𝑐2𝑎3)

𝑑2

𝑑𝑥3
2)𝜑

∗ = 0.  (32) 

The Eqs. (30)-(32), have nontrivial solutions if the determinant of the coefficient (𝑢1
∗ , 𝑢3

∗ , 𝜑∗) 

vanishes, which yield the following characteristic equation 

(𝑃
𝑑8

𝑑𝑥3
8 + 𝑄

𝑑6

𝑑𝑥3
6 + 𝑅

𝑑4

𝑑𝑥3
4 + 𝑆

𝑑2

𝑑𝑥3
2 + 𝑇) (𝑢1

∗ , 𝑢3
∗ , 𝜑∗) = 0  (33) 

where 
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𝑃 = −𝑝2𝑝10𝑝12 + 𝜁2𝜉
2𝑐2𝑝5𝑎3 − 𝜄𝜉𝑝2

2𝜉2𝑝12, 
𝑄 = −𝑝7𝑝10𝑝12−𝜁2𝜉

2𝑐2𝑝5(1 + 𝑎1𝜉
2)𝑝2+𝜁2𝜉

2𝑐2𝑝5𝑎3𝑝7 + 𝑝2(−𝑝9𝑝12 + 𝑝10𝑝11) −
𝑝2𝜄𝜉(−𝑝8𝑝12 + 𝑝2𝜄𝜉𝑝11 + 𝜄𝜁1𝜉

2𝑐2𝑝5𝑎3) − 𝑝2𝑝8𝜄𝜉𝑝12 − 𝜄𝑎3𝜁2𝜉
3𝑐2,  

𝑅 = −𝑝6𝑝10𝑝12+𝑝7(−𝑝9𝑝12 + 𝑝10𝑝11) + 𝑝2𝑝9𝑝11−𝜁2𝜉
2𝑐2𝑝5(1 + 𝑎1𝜉

2)𝑝7+𝜁2𝜉
2𝑐2𝑝5𝑎3𝑝6 −

𝑝8(−𝑝8𝑝12 + 𝑝2𝑝11𝜄𝜉 − 𝜄𝜁1𝜉
2𝑐2𝑝5𝑎3) − 𝜄𝜉𝑝12(𝑝8𝑝11 + 𝜄𝜁1𝜉

2𝑐2𝑝5(1 + 𝑎1𝜉
2)) − 𝜉(1 +

𝑎1𝜉
2)𝜁2𝜉

4𝑐2 − 𝑎3(𝜁2𝜉
2𝑐2𝑝9 − 𝜄𝜁1𝜉

2𝑐2𝑝10),  
𝑆 = 𝑝6(−𝑝9𝑝12 + 𝑝10𝑝11) + 𝑝7𝑝9𝑝11 − 𝑝8(𝑝8𝑝11 + 𝜄𝜁1𝜉

2𝑐2𝑝5(1 + 𝑎1𝜉
2) − 𝜄𝜉(1 +

𝑎1𝜉
2)𝜁2𝜉

2𝑐2𝑝9 − 𝜄𝜁1𝜉
2𝑐2𝑝10) + 𝑎3𝜁1𝜉

3𝑐2𝑝9,  
𝑇 = 𝑝9𝑝6𝑝11 + 𝜁1𝜉

4𝑐2𝑝9(1 + 𝑎1𝜉
2), 

𝑝2 =
𝑙2
2𝐺2

4𝐿2𝑐11
, 𝑝6 = 𝜉2(𝑐2 − 1), 𝑝7 = 𝛿1 − 𝑝2𝜉

2, 𝑝8 = 𝜄𝜉𝛿2 − 𝑝2𝜄𝜉
3, 𝑝9 = 𝜉2(𝑐2 − 𝛿1) −

𝑝2𝜉
4, 𝑝10 = 𝑝2𝜉

2 + 𝛿4, 𝑝11 = (𝜁3𝜉
2𝑐2 − 𝜉2 + 𝜁3𝜉

4𝑎1𝑐
2, 𝑝12 = 𝜁3𝜉

2𝑐2𝑎3 + 𝑝3.  
Following Kuznetsov (2002), Under the assumption 0 < 𝑐 < 𝑐4

𝑙𝑖𝑚 representation (29) is valid 

for non- multiple roots of Eq. (33) as well as multiple roots. 

where  

𝑐𝑖
𝑙𝑖𝑚 ≡

𝑖𝑛𝑓

𝜓∈[−
𝜋

2
,
𝜋

2
]
(cos−1(𝜓)√𝜌−1𝜆𝑖(𝑤. 𝐶. 𝑤)),  

𝑤 = sin(𝜓)𝜈 +  cos(𝜓)𝑛′, 𝜈 is the outward normal to boundary of half-space, 𝑛′ is the unit 

vector in the direction of propagation of wave, 𝐶 = 𝑐𝑖𝑗𝑘𝑙  is the fourth order elasticity tensor, and 

𝜆𝑖(𝑤. 𝐶. 𝑤), 𝑘 = 1,2,3,4 are the eigen values of the matrix (𝑤. 𝐶. 𝑤) arranged in descending order. 

Assume that 

(𝑢1
∗ , 𝑢3

∗ , 𝜑∗) = ∑ (1, 𝑅𝑖,
4
𝑖=1 𝑆𝑖)𝐴𝑖𝑒

−𝜆𝑖𝑥3 ,  (34) 

𝑅𝑖 =
𝑃∗𝜆𝑖

6+𝑄∗𝜆𝑖
4+𝑅∗𝜆𝑖

2+𝑆∗

𝐴∗𝜆𝑖
4+𝐵∗𝜆𝑖

2+𝐶∗ ,  

𝑆𝑖 =
𝑃∗∗𝜆𝑖

6+𝑄∗∗𝜆𝑖
4+𝑅∗∗𝜆𝑖

2+𝑆∗∗

𝐴∗𝜆𝑖
4+𝐵∗𝜆𝑖

2+𝐶∗ ,  

(35) 

where 

𝑃∗ = −𝑝2𝑝12, 𝑄
∗ = 𝑝2𝑝11 − 𝑝7𝑝12, 

𝑅∗ = −𝑝6𝑝12 + 𝑝7𝑝11 − 𝜁1𝜉
4𝑐2𝑎3, 𝑆

∗ = 𝑝6𝑝11 + 𝜁1𝜉
4𝑐2(1 + 𝑎1𝜉

2)  
𝑃∗∗ = 𝑝2𝑝10 + 𝑝2

2𝜉2, 𝑄∗∗ = 𝑝7𝑝10 + 𝑝2𝑝9 − 2𝑝2𝜄𝜉𝑝8, 
𝑅∗∗ = 𝑝6𝑝10 + 𝑝7𝑝9 − 𝑝8

2, 𝑆∗∗ = 𝑝6𝑝9, 
𝐴∗ = 𝑝10𝑝12 + 𝜁2𝜉

2𝑐2𝑝5𝑎3, 𝐵
∗ = −𝑝9𝑝12 − 𝑝10𝑝11 − 𝜁2𝜉

2𝑐2𝑝5(1 + 𝑎1𝜉
2), 𝐶∗ = 𝑝9𝑝11. 

 

For the medium M2 

We attach bars for the medium 𝑀2 and write the appropriate values 𝑢̅1, 𝑢̅3, 𝜑̅ for the medium 

𝑀2(𝑥3 < 0) satisfying the radiation condition 𝑢̅1̂, 𝑢̅3̂, 𝜑̂̅ → 0 as 𝑥3 → ∞ given by  

(𝑢̅1, 𝑢̅3, 𝜑̅) =  ∑ (1, 𝑅̅𝑖 ,
4
𝑖=1 𝑆𝑖̅)𝐴̅𝑖𝑒

−𝜆̅𝑖𝑥3𝑒𝜄𝜉(𝑥1−𝑐𝑡).  (36) 

where 𝑅𝑖̅, 𝑆𝑖̅, 𝑃
∗̅̅ ̅, 𝑄∗,̅̅ ̅̅ 𝑅∗̅̅ ̅, 𝑆∗,̅̅ ̅̅ 𝑃∗∗̅̅ ̅̅ ¸𝑄∗∗̅̅ ̅̅̅, 𝑅∗∗̅̅ ̅̅ , 𝑆∗∗̅̅ ̅̅ , 𝐴∗̅̅ ̅, 𝐵∗,̅̅ ̅̅ 𝐶∗̅̅ ̅  are obtained from Eqs. (34) and (35) by 

attaching bar to all the quantities. 

 

 

5. Boundary conditions  
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We assume that the half spaces are in perfect contact. Thus, there is continuity of components 

of displacement vector, normal stress, tangential stress, temperature, rotation vector and couple 

stress components at the interface 𝑥3 = 0 

𝜎33 = 𝜎̅33 (37) 

𝜎31 = 𝜎̅31 (38) 

𝑚32 = 𝑚̅32 (39) 

𝑢1 = 𝑢̅1 (40) 

𝑢3 = 𝑢̅3 (41) 

𝑘3
𝜕𝜑

𝜕𝑥3
= 𝑘3

̅̅ ̅ 𝜕𝜑̅

𝜕𝑥3
  (42) 

𝜑 = 𝜑̅ (43) 

𝜔2 = 𝜔̅2 (44) 

 

 

6. Derivation of secular equations 
 

Making use of Eqs. (29) and (30) for medium 𝑀1 and corresponding equations with bar for 

medium 𝑀2  in Eqs. (37)-(44) along with (29)-(34) we obtain a system of simultaneous 

homogeneous secular equations 

∑ 𝜂𝑞𝑖
4
𝑖=1 𝐴𝑖 + 𝜂𝑞𝑖+3𝐴̅𝑖 = 0, 𝑞 = 1,2,3,4,5,6,7,8.  (45) 

𝜂1𝑖 =
𝑐13

𝜌𝑐1
2 𝜄𝜉 −

𝑐33

𝜌𝑐1
2 𝑅𝑖𝜆𝑖 − 𝑝5(1 + 𝑎1𝜉

2 − 𝑎3𝜆𝑖
2)𝑆𝑖,  

𝜂1(𝑖+3) = −
𝑐13

𝜌̅𝑐1̅
2

̅̅ ̅̅ ̅
𝜄𝜉 +

𝑐33

𝜌̅𝑐1̅
2

̅̅ ̅̅ ̅
𝑅𝑖𝜆𝑖 + 𝑝5̅̅ ̅(1 + 𝑎1𝜉

2 − 𝑎3𝜆̅𝑖
2)𝑆𝑖, 

𝜂2𝑖 =
𝑐44

𝜌𝑐1
2 (𝜄𝜉𝑅𝑖 + 𝜆𝑖) +

𝑙2
2𝐺2

4𝜌𝑐1
2 (𝜆𝑖𝜄𝜉 + 𝜉2𝑅𝑖),  

𝜂2(𝑖+3) = −
𝑐44

𝜌̅𝑐1̅
2

̅̅ ̅̅ (𝜄𝜉𝑅̅𝑖 + 𝜆̅𝑖),  

𝜂3𝑖 =
𝑙2
2𝐺2

𝜌𝑐1
2𝐿2 (𝜆𝑖

2 + 𝜄𝜉𝑅𝑖𝜆𝑖),  

𝜂3(𝑖+3) =
𝑙2
2𝐺2

𝜌̅𝑐1̅
2𝐿2 (𝜆𝑖

2 + 𝜄𝜉𝑅𝑖𝜆𝑖),  

𝜂4𝑖 = 1, 
𝜂4(𝑖+3) = −1, 

𝜂5𝑖 = 𝑅𝑖 

𝜂5(𝑖+3) = −𝑅̅𝑖 

𝜂6𝑖 = −𝑘3𝑆𝑖𝜆𝑖 

𝜂6(𝑖+3) = 𝑘̅3𝑆𝑖̅𝜆̅𝑖 

𝜂7𝑖 = 𝑆𝑖 
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𝜂7(𝑖+3) = −𝑆𝑖̅ 

𝜂8𝑖 =
1

2
(−𝜆𝑖 − 𝜄𝜉𝑅𝑖)  

𝜂8(𝑖+3) = −
1

2
(−𝜆̅𝑖 − 𝜄𝜉𝑅𝑖̅), 𝑖 = 1,2,3,4.  

The system of Eq. (45) has a non-trivial solution if the determinant of unknowns 𝐴𝑖 , 𝐴̅𝑖, 𝑖 =
1,2,3,4 vanishes i.e., |𝜂𝑖𝑗|8×8=0. The whole information regarding the wave number, phase velocity 

and attenuation coefficient of Stoneley waves are described by secular equations.  

 

 

7. Particular cases  
 

i. If 𝑎1 = 𝑎3 = 0 in the Eq. (45), we obtain the corresponding expressions for phase velocity, 

attenuation coefficient, components of displacement, conductive temperature, components of 

stress and couple stress components for transversely isotropic new modified couple stress 

thermoelastic solid without two temperatures and without energy dissipation. 

ii. If𝑎1 ≠ 0 𝑜𝑟 𝑎3 ≠ 0 in the Eq. (45), we obtain the corresponding expressions for phase 

velocity, attenuation coefficient, components of displacement, conductive temperature, 

component of stress and couple stress components for transversely isotropic new modified 

couple stress thermoelastic solid with two-temperature and without energy dissipation 

 

 

8. Numerical results and discussion 
 

Following Youssef (2006), transversely isotropic Copper material is chosen for the purpose of 

numerical calculation for the medium 𝑀1 with length dimensional parameter L=1. 

 

Quantity Value Unit 

𝒄𝟏𝟏 18.78 × 1010 Kgm−1s−2 

𝑐12 8.76 × 1010 Kgm−1s−2 

𝑐13 8.0 × 1010 Kgm−1s−2 

𝑐33 17.2 × 1010 Kgm−1s−2 

𝑐44 5.06 × 1010 Kgm−1s−2 

𝐶𝐸  0.6331 × 103 JKg−1K−1 

𝛼1 2.98 × 10−5 K−1 

𝛼3 2.4 × 10−5 K−1 

𝛽1 7.543 × 106 Nm−1K−1 

𝛽3 9.0208 × 106 Nm−1K−1 

𝜌 8.954 × 103 Kgm−3 

𝐾1 0.433 × 103 Wm−1K−1 

𝐾3 0.450 × 103 Wm−1K−1 

𝑇0 293 K 

𝐺1 0.1 Kgm−1s−2 

𝐺2 0.2 Kgm−1s−2 
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Following Dhaliwal and Singh (1980), magnesium material has been taken for the medium 𝑀2, 

as  

 

Quantity Value Unit 

𝑐11̅̅ ̅̅  5.974 × 1010 Kgm−1s−2 

𝑐12̅̅ ̅̅  2.624 × 1010 Kgm−1s−2 

𝑐13̅̅ ̅̅  2.17 × 1010 Kgm−1s−2 

𝑐33̅̅ ̅̅  6.17 × 1010 Kgm−1s−2 

𝑐44̅̅ ̅̅  3.278 × 1010 Kgm−1s−2 

  𝐶𝐸̅ 1.04 × 103 JKg−1K−1 

𝛼̅1 2.98 × 10−5 K−1 

𝛼̅3 2.4 × 10−5 K−1 

𝛽1
̅̅ ̅ = 𝛽3

̅̅ ̅ = 𝛽 2.68 × 106 Nm−1K−1 

𝜌 1.74 × 103 Kgm−3 

𝐾1
̅̅ ̅ = 𝐾3

̅̅ ̅ = 𝐾 0.433 × 103 Wm−1K−1 

𝑇0 298 K 

𝐺1
̅̅ ̅ 0.2 Kgm−1s−2 

𝐺2
̅̅ ̅ 0.3 Kgm−1s−2 

𝐺3
̅̅ ̅ 0.4 Kgm−1s−2 

𝑙1̅ = 𝑙2̅ =  𝑙3̅̅ ̅ 0.3 nm 
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Fig. 2 Variation of phase velocity with the wave 

number 𝜉 

Fig. 3 Variation of attenuation coefficient with the 

wave number 𝜉 

 

 

Software GNU octave has been used to determine the component of displacement 𝑢3, stress 

component 𝜎33, couple stress 𝑚32, conduction temperature, rotation components, phase velocity 

and attenuation coefficient depth of stoneley wave. Variation of resulting quantities with wave 

number has been made for transversely isotropic thermoelastic body by using two- temperature 

parameters as 𝑎1 = 𝑎3 = 0 and 𝑎1 = 𝑎3 = .06. 
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Fig. 4 Variation of displacement component 𝑢1 with 

the wave number 𝜉 

Fig. 5 Variation of displacement component 𝑢3 with 

the wave number 𝜉 
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Fig. 6 Variation of stress component 𝜎33 with the 

wave number 𝜉 

Fig. 7 Variation of couple stress 𝑚32 with the wave 

number 𝜉 

 

 

The solid line in black with center symbol square (-    -)     corresponds to 𝑎1 = 𝑎3 = 0 and red 

line with center symbol circle (-   -)    corresponds to the 𝑎1 = 𝑎3 = .06. 
Fig. 2 demonstrates the phase velocity w.r.t. 𝜉.  The value of phase velocity for 𝑎1 = 𝑎3 = 0  

decreases in  0 ≤ 𝜉 ≤ 2.5 , increases sharply in the range  2.5 ≤ 𝜉 ≤ 5, decreases smoothly in the 

5 ≤ 𝜉 ≤ 15, then starts increasing. For  𝑎1 = 𝑎3 = .06 trend is oscillatory in the range 0 ≤ 𝜉 ≤
10 and inverse behavior to 𝑎1 = 𝑎3 = 0 is noticed in the remaining range. 

Fig. 3 demonstrates the attenuation coefficient w.r.t. 𝜉. For 𝑎1 = 𝑎3 = 0 attenuation coefficient 

decreases sharply in 0 ≤ 𝜉 ≤ 2.5, increases in 2.5 ≤ 𝜉 ≤ 5 and linear in remaining range. For  
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Fig. 8 Variation of conductive temperature 𝜑  with 

the wave number 𝜉 

Fig. 9 Variation of rotation component 𝜔2 with the 

wave number 𝜉 

 

 

𝑎1 = 𝑎3 = .06 variation is linear. 

Fig. 4 demonstrates the variations in displacement component 𝑢1  with 𝜉.  For displacement 

component 𝑢1 variation is oscillatory. More variations in amplitude are observed for 𝑎1 = 𝑎3 =
.06.   

Fig. 5 demonstrates the variations in displacement component 𝑢3 with 𝜉. For 𝑎1 = 𝑎3 = 0  𝑢3 

increase in 0 ≤ 𝜉 ≤ 2.5 , decrease in 2.5 ≤ 𝜉 ≤ 5,  increase in 2.5 ≤ 𝜉 ≤ 15 and decreases in 

remaining range. For  𝑎1 = 𝑎3 = .06 variation is oscillatory. 

Fig. 6 demonstrates the variations in stress component 𝜎33 with 𝜉. For  𝑎1 = 𝑎3 = 0 behavior is 

steady state. For  𝑎1 = 𝑎3 = .06  behavior is oscillatory.   

Fig. 7 demonstrates the variations in stress component 𝑚32 with 𝜉. For  𝑎1 = 𝑎3 = 0 variation 

is nearby linear for 0 ≤ 𝜉 ≤ 20. For  𝑎1 = 𝑎3 = .06 behavior is oscillatory with amplitude going 

on increasing as 𝜉 increases. 

Fig. 8 demonstrates the variations in conductive temperature 𝜑 with 𝜉. Variations are ascending 

oscillatory in nature. 

Fig. 9 demonstrates the variation in rotation component 𝜔2 with 𝜉. For conductive temperature  

𝜑 variations are ascending oscillatory. Presence of two temperature increases the amplitude of 

variation. 

 

 

9. Conclusions  
 

In the present work, the propagation of Stoneley waves in a transversely isotropic thermoelastic 

solid by using new modified couple stress theory with two temperatures has been studied. The 

effect of two-temperature parameters on the Stoneley wave phase velocity, attenuation coefficient, 

displacement components, stress components and couple stress components has been investigated. 

From the observations it is deduced that: 
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• For small value of non-dimensional wave number, the effect of two-temperature parameter 

has a significant impact on the variations of resulting quantities. 

• The phase velocity and attenuation coefficient of Stoneley waves is also influenced by the 

two-temperature parameter. For high value of wave number attenuation coefficient is small. 

• Behavior of resulting quantities is more oscillatory in the presence of two-temperature 

parameters. 

• More variations in amplitude are observed with the non-zero value of two-temperature 

parameters.  

• amplitude of variations is found to be raised in the presence of two-temperature parameters.  

Stoneley wave’s analysis provides information about the positions of fractures and permeability 

of the formation. These waves are also helpful in the assessment of valuable materials under the 

earth’s surface. The results of this research may provide useful information for experimental 

scientists, researchers and seismologists which are working in this field. 
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