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Abstract.  This article presents a theoretical study taking into account the effect of air bubbles in concrete (as a 
material manufacturing defect) on interfacial stresses, in reinforced concrete beams, strengthening with an externally 
bonded FRP composite plate. Both even distribution and uneven distribution of the air bubbles are taken into account 
and the effective properties of RC beams with air bubbles are defined by theoretical formula with an additional term of 
porosity. In particular, reliable evaluation of the adhesive shear stress and of the stress in the composite plates is 
mandatory in order to predict the beam’s failure load. The model is based on equilibrium and deformations 
compatibility requirements in and all parts of the strengthened beam, i.e. the concrete beam, the FRP plate and the 
adhesive layer. Numerical results from the present analysis are presented both to demonstrate the advantages of the 
present solution over existing ones and to illustrate the main characteristics of interfacial stress distributions. This 
research is helpful for the understanding on mechanical behaviour of the interface and design of the hybrid structures. 
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1. Introduction 
 

Among the new construction techniques, the rehabilitation of existing structures using composite 

materials is an effective solution to deal with certain natural phenomena. The purpose of this paper 

is the study of the phenomenon of separation of the composite plate, due to the high interface stresses 

at the edge of the plate bonded in a reinforced concrete beam strengthening with composite materials 

(Tounsi 2006). In recent years, several research studies have been carried out on the rehabilitation 

method (Abualnour et al. 2019, Hassaine Daouadji et al. 2016, 2019, Sharif et al. 2020, Antar et al. 

2019, Benyoucef et al. 2007, Rabia et al. 2019, Bensattalah et al. 2016, 2018, Abdederak et al. 2018, 

Abdelhak et al. 2016, Belkacem et al. 2016, 2018, Daouadji and Adim 2016a, b, Hamrat et al. 2020, 

Hassaine Daouadji 2013, 2017, Hadj et al. 2019, Mahi et al. 2014, Guenaneche et al. 2014, Krour 

et al. 2014, Mohammadimehr et al. 2018, Panjehpour et al. 2014, Rabahi et al. 2019, Smith and 

Teng 2002, Tounsi 2006, Yeghnem et al. 2019, Bouakaz et al. 2014, Chedad et al. 2018, Chergui et 

al. 2019, Zidour et al. 2020, Benhenni et al. 2019a, Benferhat et al. 2016, Zine et al. 2020). 
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Interfacial stress studies accounting for the influence of adherend shear deformation are scarce. 

However, it is reasonable to assume that the shear stresses, which develop in the adhesive, are 

continuous across the adhesive-adherend interface. In addition, equilibrium requires the shear stress 

be zero at the free surface. The importance of including the shear-lag effect of the adherends was 

shown by several authors. The objective of the present investigation is to improve the method 

developed by Tounsi (2006) by assuming a parabolic shear stress across the depth of both FRP plate 

and RC beams and the effect air bubbles in the concrete. In view of this, it is desirable that a solution 

methodology be developed where the effect of adherend shear deformations can be included in a 

better manner so that the accuracy of Tounsi’s solution can be properly assessed. Finally, the adopted 

improved model describes better the actual response of the hybrid beams and permits the evaluation 

of the adhesive stresses, the knowledge of which is very important in the design of such structures. 

It is believed that the present results will be of interest to civil and structural engineers and 

researchers (Benhenni et al. 2018, 2019a, Benferhat et al. 2018, Tayeb and Hassaine Daouadji 2020, 

Tahar et al. 2020, Rabia et al. 2016, Rabahi et al. 2016, 2020, Daouadji and Benferhat 2016). 

In this article, we have shown the influence of the air bubbles (as a material manufacturing defect) 

of a reinforced concrete beam on the evolution of the composite-concrete interface stresses. An 

improved method for calculating interface stresses has been developed by Hassaine Daouadji et al. 

(2016). The anisotropic nature of the composite materials was taken into account in the theoretical 

analysis assuming a linear distribution of stresses across the thickness of the adhesive layer. We 

noticed through the results obtained that the maximum interface stresses calculated by the present 

method coincide perfectly with those from the literature. 

 

 

2. Theoretical formulatio and solutions procedure 
 

2.1 Material properties of the imperfect concrete beams 
 

Due to the manufacturing defects of concrete such as the air bubbles “α” which are the subject 

of the subject, the Young’s modulus (E1) of the imperfect reinforced concrete beam can be written 

as a function of the volume of the material. The mathematical form of porosity in concrete which 

can be presented in the form below 

�̄�1 = 𝐸𝑏(1 − 𝛼) (1) 

𝜎𝑖𝑗 = (1 − 𝛼)𝐸𝑖𝑗𝜀𝑖𝑗 (2) 

where Eb is the elastic constants of concrete and “α” is the index of air bubbles in concrete. 

 

2.2 Assumptions of the present solution 

 

The present analysis takes into consideration the transverse shear stress and strain in the beam 

and the plate but ignores the transverse normal stress in them. One of the analytical approach 

proposed by Hassaine Daouadji et al. (2016) for concrete beam strengthened with a bonded FRP 

Plate (Fig. 1) was used in order to compare it with analytical analysis. The analytical approach 

(Hassaine Daouadji et al. 2016) is based on the following assumptions: 

• Elastic stress strain relationship for concrete, composite and adhesive; 

• There is a perfect bond between the composite plate and the RC beam; 
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Fig. 1 Simply supported imperfect RC beam strengthened with bonded FRP plate  

 

 

• The adhesive is assumed to only play a role in transferring the stresses from the concrete to the 

composite plate reinforcement; 

• The stresses in the adhesive layer do not change through the direction of the thickness. 

Since the composite laminate is an orthotropic material, its material properties vary from layer 

to layer. In analytical study (Hassaine Daouadji et al. 2016), the laminate theory is used to determine 

the stress and strain behaviors of the externally bonded composite plate in order to investigate the 

whole mechanical performance of the composite-strengthened structure. The laminate theory is used 

to estimate the strain of the symmetrical composite plate. The Young’s modulus (E1) of the imperfect 

concrete beam can be written as a functions of thickness coordinate. Several forms of porosity (air 

bubbles in concrete) have been studied in the present work, such as “O”, “V” and X”. 

Distribution forms of the air bubbles: 

• Uniform distribution of the air bubbles 

𝐸1 = 𝐸𝑏(1 − 𝛼) (3) 

• Form “X” distribution shape of the air bubbles 
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𝐸1 = 𝐸𝑏 − 𝛼𝐸𝑏(2
𝑧

𝑡1
) (4) 

• Form “O” distribution shape of the air bubbles 

𝐸1 = 𝐸𝑏 − 𝛼𝐸𝑏(1 − 2
|𝑧|

𝑡1
) (5) 

• Inverted form “V” distribution shape of the air bubbles 

𝐸1 = 𝐸𝑏 − 𝛼𝐸𝑏(
1

2
+

𝑧

𝑡1
) (6) 

• Form “V” distribution shape of the air bubbles 

𝐸1 = 𝐸𝑏 − 𝛼𝐸𝑏(
1

2
−

𝑧

𝑡1
) (7) 

On the other hand, the laminate theory is used to determine the stress and strain of the externally 

bonded composite plate in order to investigate the whole mechanical performance of the composite 

strengthened structure. The effective modules of the composite laminate are varied by the orientation 

of the fibre directions and arrangements of the laminate patterns. The classical laminate theory is 

used to estimate the strain of the composite plate, i.e., 

The fundamental equation of the laminate theory 

{𝜀
0

𝑘
} = [𝐴′ 𝐵′

𝐶′ 𝐷′
] {

𝑁
𝑀

} (8) 

[𝐴′] = [𝐴]−1 + [𝐴]−1[𝐵][𝐷∗]−1[𝐵][𝐴]−1 
[𝐵′] = −[𝐴]−1[𝐵][𝐷∗]−1 

[𝐶′] = [𝐵′]𝑇 
[𝐷′] = [𝐷∗]−1 
[𝐷∗] = [𝐷] − [𝐵][𝐴]−1[𝐵] 

(9) 

The terms of the matrices [𝐴], [𝐵] and [𝐷] are written as 

[A]: Extensional matrix 

𝐴𝑖𝑗 = ∑ �̄�𝑖𝑗
𝑘 ((𝑦2)𝑘 − (𝑦2

𝑁𝑁

𝑘=1

)𝑘−1) (10) 

[B]: Extensional –bending coupled matrix 

𝐵𝑖𝑗 =
1

2
∑ �̄�𝑖𝑗

𝑘 ((𝑦2
2)𝑘 − (𝑦2

2

𝑁𝑁

𝑘=1

)𝑘−1) (11) 

[D]: Flexural matrix 

𝐷𝑖𝑗 =
1

3
∑ �̄�𝑖𝑗

𝑘 ((𝑦2
3)𝑘 − (𝑦2

3

𝑁𝑁

𝑘=1

)𝑘−1) (12) 

The subscript NN represents the number of laminate layers of the FRP plate, the transformed 
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stiffness matrix [�̄�𝑖𝑗 ] varies with the orientation of the fibers of each layer, then [�̄�𝑖𝑗 ] can be 

estimated by using the off-axis orthotropic plate theory, where 

The transformed stiffness matrix [�̄�𝑖𝑗] 

𝑄𝑖𝑗 = [

�̄�11 �̄�12 0

�̄�21 �̄�22 0

0 0 �̄�33

] (13) 

where m = cos(j) et n = sin(j) 

𝑄11 = 𝑄11𝑚
4 + 2(𝑄12 + 2𝑄33)𝑚

2𝑛2 + 𝑄22𝑛
4 (14) 

𝑄12 = (𝑄11 + 𝑄22 − 4𝑄33)𝑚
2𝑛2 + 𝑄12(𝑛

4 + 𝑚4) (15) 

𝑄22 = 𝑄11𝑛
4 + 2(𝑄12 + 2𝑄33)𝑚

2𝑛2 + 𝑄22𝑚
4 (16) 

𝑄33 = (𝑄11 + 𝑄22 − 2𝑄12 − 2𝑄33)𝑚
2𝑛2 + 𝑄33(𝑛

4 + 𝑚4) (17) 

and 

𝑄11 =
𝐸1

1 − 𝜐12𝜐21
 (18) 

𝑄22 =
𝐸2

1 − 𝜐12𝜐21
 (19) 

𝑄12 =
𝜐12𝐸2

1 − 𝜐12𝜐21
=

𝜐21𝐸1

1 − 𝜐12𝜐21
 (20) 

𝑄33 = 𝐺12 (21) 

where j is number of the layer; h, �̄�𝑖𝑗 and j are respectively the thickness, the Hooke’s elastic tensor 

and the fibers orientation of each layer. 

 

2.3 Shear stress distribution along the FRP - concrete interface 

 

The governing differential equation for the interfacial shear stress is expressed as Hassaine 

Daouadji et al. (2016) 

𝑑2𝜏(𝑥)

𝑑𝑥2
−

(𝐴11
′ +

𝑏2

𝐸1𝐴1
+

(𝑦1 +
𝑡2
2
) (𝑦1 + 𝑡𝑎 +

𝑡2
2
)

𝐸1𝐼1𝐷11
′ + 𝑏2

𝑏2𝐷11
′ )

1
𝑡𝑎
𝐺𝑎

+
𝑡1

4𝐺1

𝜏(𝑥) +
(

(𝑦1 + 𝑡2/2)
𝐸1𝐼1𝐷11

′ + 𝑏2
𝐷11

′ )

1
𝑡𝑎
𝐺𝑎

+
𝑡1

4𝐺1

𝑉𝑇(𝑥) = 0 (22) 

For simplicity, the general solutions presented below are limited to loading which is either 

concentrated or uniformly distributed over part or the whole span of the beam, or both. For such 

loading, d2VT(x)/dx2 = 0, and the general solution to Eq. (6) is given by 
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𝜏(𝑥) = 𝐵1 cosℎ(𝜙𝑥) + 𝐵2 sinℎ(𝜙𝑥) +
1

𝜙2(
𝑡𝑎
𝐺𝑎

+
𝑡1

4𝐺1
)
(

𝑦1 +
𝑡2
2

𝐸1𝐼1𝐷11
′ + 𝑏2

𝐷11
′ )𝑉𝑇(𝑥) (23) 

where 

𝜙 =

[
 
 
 
 
 
(𝐴11

′ +
𝑏2

𝐸1𝐴1
+

(𝑦1 + 𝑡2/2)(𝑦1 + 𝑡𝑎 + 𝑡2/2)
𝐸1𝐼1𝐷11

′ + 𝑏2
𝑏2𝐷11

′ )

1
𝑡𝑎
𝐺𝑎

+
𝑡1

4𝐺1 ]
 
 
 
 
 

1
2

 (24) 

And B1 and B2 are constant coefficients determined from the boundary conditions. In the present 

study, a simply supported beam has been investigated which is subjected to a uniformly distributed 

load (Fig. 1). The interfacial shear stress for this uniformly distributed load at any point is written as 

(Hassaine Daouadji et al. 2016)                            

𝜏(𝑥) = [
0,5. 𝑎𝑦1

𝐸1𝐼1 (
𝑡𝑎
𝐺𝑎

+
𝑡1

4𝐺1
)
(𝑙 − 𝑎) −

1

(
𝑡𝑎
𝐺𝑎

+
𝑡1

4𝐺1
)𝜙2

(
𝑦1 + 0,5𝑡2

𝐸1𝐼1𝐷11
′ + 𝑏2

𝐷11
′ )]

𝑞𝑒−𝜆𝑥

𝜙
 

              +
1

𝜙2(
𝑡𝑎
𝐺𝑎

+
𝑡1

4𝐺1
)
(

𝑦1 + 0,5𝑡2
𝐸1𝐼1𝐷11

′ + 𝑏2
𝐷11

′ )𝑞 (
𝑙

2
− 𝑎 − 𝑥)       0 ≤ 𝑥 ≤ 𝐿𝑃 

(25) 

where q is the uniformly distributed load and x; a; L and Lp are defined in Fig. 1. 

 

2.4 Normal stress distribution along the FRP - concrete interface 
 

The following governing differential equation for the interfacial normal stress (Hassaine 

Daouadji et al. 2016). 

𝑑4𝜎𝑛(𝑥)

𝑑𝑥4
+ 𝐾𝑛 (𝐷11

′ +
𝑏2

𝐸1𝐼1
)𝜎𝑛(𝑥) − 𝐾𝑛 (𝐷11

′
𝑡2
2

−
𝑦1𝑏2

𝐸1𝐼1
)
𝑑𝜏(𝑥)

𝑑𝑥
+

𝑞𝐾𝑛

𝐸1𝐼1
= 0 (26) 

The general solution to this fourth-order differential equation is 

𝜎𝑛(𝑥) = 𝑒−𝛽𝑥[𝐵3 cos( 𝜂𝑥) + 𝐵4 sin( 𝜂𝑥)] + 𝑒𝛽𝑥[𝐵5 cos( 𝜂𝑥) + 𝐵6 sin( 𝜂𝑥)] 

                 − 𝜁1
𝑑𝜏(𝑥)

𝑑𝑥
−

𝑞

𝐷11
′ 𝐸1𝐼1 + 𝑏2

 
(27) 

For large values of x it is assumed that the normal stress approaches zero and, as a result, B5 = B6 

= 0. The general solution therefore becomes 

𝜎𝑛(𝑥) = 𝑒−𝛽𝑥[𝐵3 cos( 𝜂𝑥) + 𝐵4 sin( 𝜂𝑥)] − 𝜁1
𝑑𝜏(𝑥)

𝑑𝑥
−

𝑞

𝐷11
′ 𝐸1𝐼1 + 𝑏2

 (28) 

where 

𝜂 = √
𝐾𝑛

4
(𝐷11

′ +
𝑏2

𝐸1𝐼1
)

4

 (29) 
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𝜁1 = (
𝑦1𝑏2 − 𝐷11

′ 𝐸1𝐼1𝑡2/2

𝐷11
′ 𝐸1𝐼1 + 𝑏2

) (30) 

As is described by Hassaine Daouadji et al. (2016), the constants B3 and B4 in Eq. (28) are 

determined using the appropriate boundary conditions and they are written as follows 

𝐵3 =
𝐾𝑛

2𝜂3𝐸1𝐼1
[𝑉𝑇(0) + 𝜂𝑀𝑇(0)] −

𝜁2

2𝜂3
𝜏(0) +

𝜁1
2𝜂3 (

𝑑4𝜏(0)

𝑑𝑥4
+ 𝜂

𝑑3𝜏(0)

𝑑𝑥3 ) (31) 

𝐵4 = −
𝐾𝑛

2𝜂2𝐸1𝐼1
𝑀𝑇(0) −

𝜁1
2𝜂2

𝑑3𝜏(0)

𝑑𝑥3
 (32) 

𝜁2 = 𝑏2𝐾𝑛 (
𝑦1

𝐸1𝐼1
−

𝐷11
′ 𝑡2
2𝑏2

) (33) 

The above expressions for the constants B3 and B4 has been left in terms of the bending moment 

MT(0) and shear force VT(0) at the end of the soffit plate. With the constants B3 and B4 determined, 

the interfacial normal stress can then be found using Eq. (28). 

 

 
3. Results: Discussion and analysis 
 

In this section, numerical results are presented for the prediction of the normal and shear stresses 

of RC beams contains air bubbles strengthening with an externally bonded FRP composite plate and 

subjected to uniformly distributed load. To verify the accuracy of the present solution, the obtained 

results are compared with some existing results in the literature. Numerical and graphical results are 

presented to show the effect of the volume fraction of air bubbles in the interfacial stresses of RC 

beam strengthened with FRP plate. The geometry and materials properties used in this study are 

summarized in the Table 1. 

At first, a comparison study is presented in Table 2 between the results of the present study and 

those given by Tounsi (2008) for the case of perfect (α = 0) and imperfect (α ≠ 0) RC beams 

strengthened with CFRP, GFRP and Steel plates, respectively. The beams are considered subjected 

to a uniformly distributed load. The thickness of FRP plate is taken to be t2 = 4 mm. The comparisons 

show that the interface stress predicted by the present study are in good agreement with those of 

Tounsi (2008) for perfect RC beams (α = 0) and takes greater values when the beams contains the 

air bubbles. 

 

 
Table 1 Dimensions and material properties 

Component E (GPa) G (GPa) Width (mm) Depth (mm) Length (mm) 

RC beam 30 / b1 = 200 t1 = 300 2800 

CFRP plate 140 5 b2 = 200 t2 = 4 2400 

GFRP plate 50 5 b2 = 200 t2 = 4 2400 

Steel plate 200 / b2 = 200 t2 = 4 2400 

Adhésif 3 / b2 = 200 ta = 2 2400 
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Table 2 Effect of air bubbles on the interface stress of a RC beam strengthened by CFRP, GFRP and steel 

plates for uniformly distributed loading (t2 = 4) 

Theory  
% air bubbles  

in the concrete 

GFRP CFRP Steel 

(x)
 

n(x)
  

(x)
 

n(x)
  

(x)
 

n(x)
  

Tounsi (2008)  = 0 1.0885 0.826 1.791 1.078 2.120 1.175 

Present RC beam 

 = 0 1.0885 0.826 1.794 1.078 2.120 1.175 

 = 0.02 1.0989 0.83679 1.8114 1.0907 2.1420 1.1880 

 = 0.04 1.1125 0.84774 1.8316 1.1037 2.1643 1.2012 

 = 0.06 1.1264 0.85897 1.8526 1.1173 2.1867 1.2147 

 
Table 3 Air bubbles effect and the thickness ratio t1/b1 on the interface stresses for a RC beam strengthened 

by CFRP, GFRP and steel plates for uniformly distributed loading (t2 = 6) 

t1/b1 
% air bubbles  

in the concrete 

GFRP CFRP Steel  

(x)
 

n(x)
  

(x)
 

n(x)
  

(x)
 

n(x)
  

1 

α =0 3.2875 2.8018 5.0305 3.4377 5.7974 3.6640 

α = 0.04 3.3669 2.8751 5.1304 3.5142 5.8965 3.7366 

α = 0.06 3.4084 2.9134 5.1820 3.5536 5.9475 3.7741 

1.5 

α = 0 1.3224 1.1228 2.1287 1.4362 2.4948 1.5530 

α = 0.04 1.3545 1.1519 2.1734 1.4689 2.5412 1.5850 

α = 0.06 1.3712 1.1672 2.1965 1.4859 2.5654 1.6017 

2 

α = 0 0.68437 0.58051 1.1365 0.76249 1.3472 0.83270 

α = 0.04 0.70105 0.59553 1.1613 0.78034 1.3740 0.85071 

α = 0.06 0.70973 0.60340 1.1740 0.78958 1.3877 0.85993 

 
Table 4 Air bubbles effect and the thickness ratio t2/b2 on the interface stresses for a RC beam strengthened 

by CFRP, GFRP and steel plates for uniformly distributed loading 

t2/b2 
% air bubbles 

in the concrete 

GFRP CFRP Steel 

(x)
 

n(x)
  

(x)
 

n(x)
  

(x)
 

n(x)
  

0.02 

α = 0 1.0856 0.82607 1.7914 1.0779 2.1204 1.1751 

α = 0.04 1.1125 0.84774 1.8316 1.1037 2.1643 1.2012 

α = 0.06 1.1264 0.85897 1.8526 1.1173 2.1867 1.2147 

0.03 

α = 0 1.3224 1.1228 2.1287 1.4362 2.4948 1.5530 

α = 0.04 1.3545 1.1519 2.1734 1.4689 2.5412 1.5850 

α = 0.06 1.3712 1.1672 2.1965 1.4859 2.5654 1.6017 

0.04 

α = 0 1.5128 1.3915 2.3774 1.7466 2.7637 1.8756 

α = 0.04 1.5488 1.4274 2.4243 1.7848 2.8106 1.9122 

α = 0.06 1.5675 1.4460 2.4484 1.8046 2.8349 1.9314 

 

 

Tables 3 and 4 aim to analyze the effect of the volume fraction of the air bubbles versus the 

thickness ratio t1/b1 and t2/b2 on the interface stresses for a RC beam strengthened by CFRP, GFRP  
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Table 5 Effect of the air bubbles distribution shape on the interface stresses of a RC beam strengthened by 

CFRP, GFRP and steel plates for uniformly distributed loading 

FRP 

plate 
Distribution shape of the porosity 

% air bubbles in the concrete 

α = 0.02 α = 0.04  α = 0.06 

(x)
 

n(x)
  

(x)
 

n(x)
  

(x)
 

n(x)
  

GFRP 

Uniform distribution shape 1.0989 0.83679 1.1125 0.84774 1.1264 0.85897 

Form “O” distribution shape 1.0906 0.83012 1.0958 0.83423 1.1009 0.83841 

Form “X” distribution shape 1.0938 0.83268 1.1021 0.83935 1.1105 0.84618 

Form “V” distribution shape 1.0963 0.83471 1.1072 0.84353 1.1184 0.85259 

Inverted form “V” distribution shape 1.0882 0.82814 1.0906 0.83012 1.0932 0.83216 

CFRP 

Uniform distribution shape 1.8114 1.0907 1.8316 1.1037 1.8526 1.1173 

Form “O” distribution shape 1.7990 1.0829 1.8066 1.0878 1.8143 1.0927 

Form “X” distribution shape 1.8036 1.0858 1.8162 1.0939 1.8288 1.1020 

Form “V” distribution shape 1.8074 1.0882 1.8239 1.0988 1.8407 1.1095 

Inverted form “V” distribution shape 1.7952 1.0805 1.7990 1.0829 1.8028 1.0853 

 

 

Fig. 2 Effect of CFRP thickness on normal stress for different volume fraction of the air bubbles 

 

 

Fig. 3 Effect of CFRP thickness on shear stress for different volume fraction of the air bubbles 
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Fig. 4 Effect of the thickness of the adhesive layer on the normal stress for different values of volume 

fraction of air bubbles 

 

 

Fig. 5 Effect of the thickness of the adhesive layer on the shear stress for different values of volume 

fraction of air bubbles 

 

 

and steel plates and subjected to uniformly distributed load, respectively. The thickness of FRP plate 

is taken to be (t2 = 6 mm) in Table 3. It is observed that as the volume fraction of the air bubbles and 

the thickness ratio t1/b1 increase, the interfacial shear and normal stresses increase. This last 

diminishes with the increase of the thickness ratio t1/b1. 

The effect of the distribution shape of the air bubbles on the interface stresses of a RC beam 

strengthened by CFRP, GFRP and steel plates subjected to a uniformly distributed load is presented 

in Table 5 for different values of the volume fraction of the air bubbles (α = 0, α = 0.04 and α = 

0.06). It can be seen that the interfacial stresses slightly decrease for the uneven distribution shape 

of the air bubbles in the RC beam and takes maximum values for the even distribution shape. 

Figs. 2 and 3 show the effect of CFRP thickness on normal and shear stresses a RC beam 

strengthened by CFRP plate versus the thickness of FRP (tp) plate for different volume fraction of  
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Fig. 6 Effect of shear modulus of the adhesive on the normal stress for different volume fraction of the 

air bubbles 

 

 

Fig. 7 Effect of shear modulus of the adhesive on the shear stress for different volume fraction of the air 

bubbles 

 

 

the air bubbles. it can be noted that the effect of the volume fraction of the air bubbles becomes 

greater on the interface stresses when the thickness of the reinforcement plate increases. The figures 

show that the RC beam with air bubbles undergo greater interfacial stresses. 

The effect of the thickness of the adhesive layer on the normal and the shear stresses of a RC 

beam strengthened by CFRP plate for different values of volume fraction of air bubbles is presented 

in Figs. 4 and 5, respectively. It can be seen that increasing the thickness of the adhesive layer leads 

to a significant reduction in the interfacial stresses. 

Figs. 6 and 7 show the effect of shear modulus of the adhesive on the normal and shear stresses 

for different volume fraction of the air bubbles of a RC beam strengthened by CFRP plate and 

subjected to a uniformly distributed load. It can be seen that the increase in the shear modulus of the 

adhesive and the volume fraction of the air bubbles yields an increase in the interfacial stresses. 
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4. Conclusions 
 

The prediction of the interfacial stresses in RC beams contains the air bubbles and strengthening 

with an externally bonded FRP composite plate have been presented based on the analytical method. 

Both even distribution and uneven distribution of the air bubbles are taken into account in this study. 

Effective properties of RC beams with air bubbles are defined by theoretical formula with an 

additional term of porosity. Numerical comparison between the existing solutions and the present 

new solution has been carried out for perfect RC beams. The results reveal that RC beams contains 

air bubbles undergo greater the normal and shear stresses. The results also reveal that the interfacial 

stresses decrease for the uneven distribution shape of the air bubbles in the RC beam and takes 

maximum values for the even distribution shape. 
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