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Abstract.  In the present study, geometrically nonlinear behavior of relatively thick composite laminates containing 
square and rectangular cutouts with or without initial geometric imperfection has been investigated. The effects of 
cutout size, shape and presence of initial geometric imperfection for plates under uniaxial in-plane compressive load 
are studied. The structural model is based on the first-order shear deformation theory and Von-Karman’s assumptions 
are used to incorporate geometric nonlinearity. The perforated plate is modeled by assembling eight plate-elements and 
the connection between these elements is provided by the Penalty method, which is called plate assembly technique. 
The fundamental equations for perforated plates are obtained by the principle of minimum of total potential energy and 
the response is found by solving the obtained nonlinear set of equations using the quadratic extrapolation technique. 
The approximation of the displacement fields in this study has been based on the Ritz method and by Chebyshev 
polynomials. The load-displacement responses for plates with various cutouts and with different boundary conditions 
are extensively provided. The accuracy of the present work is examined by comparing the results with the finite element 
analyses by ABAQUS program wherever possible. 
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1. Introduction 
 

Composite structures are subject of many studies and used as structural components in many 

industries especially aerospace industries due to their light weight and durability. By piling layers 

with different material properties and various fiber orientation, the composite laminates are 

fabricated. Composite laminate’s planer dimensions are one or two orders of magnitude larger than 

the laminate thickness. For moderately thick plates, the transversal shear effect should be taken into 

account, as a result, the first-order shear deformation theory (FSDT) is used in this paper. Reddy 

(2004) described the laminated plates mechanics and theories in details in his book. These composite 

components are often in situations where they are subjected to in-plane compressive loading. 

Consequently, it is a necessity to precisely foresee the buckling of such elements and many studies 

have been done in this field for instance, Ghannadpour and Ovesy (2009) used the exact finite strip 
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method to investigate the buckling of composite plate using classical laminate theory (CLPT). The 

free vibration and buckling responses of laminated plates based on first-order shear deformation 

mesh-free method has been done by Liew et al. (2004). An inclusive review in the field of buckling 

has been done by Leissa (1987). Yang et al. (2013) investigated the buckling and ultimate strength 

of laminates under compression. Also, many works have been done for plates in thermal 

environments for example, Kar et al. (2016), Katariya et al. (2017), Kandasamy et al. (2016), 

Katariya and Panda (2016), Tounsi et al. (2019). 

 Alternatively, plates may tolerate additional loads even after buckling happens and hence 

predicting the buckling and post-buckling response of such structures precisely is a research interest. 

Chia (1988) has done a comprehensive review in the field of post-buckling and Ghannadpour et al. 

(2015, 2016, 2011) established a new exact finite strip based on FSDT to analyze the buckling and 

post-buckling behavior of laminates and channel section struts. 

Similarly, many studies have been done on structures under other sort of loading for instance, 

Brubak and Hellesland (2007) used a semi-analytical approach to study nonlinear behavior of 

stiffened plates under bending and for plates under thermal loading, Panda and Singh (2009, 2010 

and 2013) have done many investigations. Many methods have been employed to study the nonlinear 

response of composite plates like, Yang and Hayman (2015), Noor and Peters (1994), Cetkovic and 

Vuksanovic (2011), Ghannadpour and Kiani (2018), Ghannadpour et al. (2018). 

Also, perforated plates are vastly deployed as structural members to further reduce the weight of 

structures, openings for hardware and wiring to pass through and in case of fuselage windows and 

doors. Investigating the buckling of structures is a necessity since the occurrence of the cutouts may 

cause the plates stability reduces significantly and reallocate the membrane stresses in the plates, 

therefore the stability of mentioned structures should be calculated. Britt (1994) studied panels with 

elliptical cutouts located at center under compression and shear loadings and the principle of 

minimum potential energy is used to acquire the buckling solution. Moreover, many other works has 

been done throughout the past years to study the buckling behavior of plates, one can point out the 

work Eiblmeier and Loughlan (1995) in which NASTRAN finite element analysis has been used, 

and thermal buckling response has been studied by Şahin (2005).  

Ghannadpour et al. (2006) used finite element method to study the buckling behavior of cross-

ply laminated plates with circular and elliptical cutouts and there are many other works in this field, 

such as Baba and Baltaci (2007), Komur and Sonmez (2008), Komur et al. (2010). 

And in case of post-buckling phase, as previously mentioned, the structures may enter this phase 

since they could endure higher load than the buckling load thus, doing studies in this field is 

inevitable to completely utilize the stability of the plate. So, nonlinear post-buckling behavior of the 

plates with cutouts is a research interest, Mohammadi et al. (2006) explored the pre- and post-

buckling and effective width of laminates with compressive loading. The post-buckling response of 

isotropic and laminated plates with circular holes has been carried out by Vandenbrink and Kamat 

(1987) and Nemeth (1990) done an experimental study of buckling and post-buckling behavior of 

perforated composite plates with different layups. In addition to the above investigations, many other 

works have been carried out to study the nonlinear or post-buckling behavior of perforated plates 

such as Madenci and Barut (1994), Kong et al. (2001), Jain and Kumar (2004), Bakhshi and Taheri-

Behrooz (2019). 

Recently, Ghannadpour and Mehrparvar (2018a) introduced energy effect removal technique to 

investigate the post-buckling behavior of composite plates which contain circular/ elliptical cutouts. 

In another study, they used the so called plate assembly technique to analyze the nonlinear behavior 

of functionally graded plates containing rectangular cutouts in which case the Penalty method was  
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Fig. 1 A typical perforated square plate with initial imperfection 

 

 

employed to model perforated plate (Ghannadpour and Mehrparvar 2018b). 

In the current study, the geometrically nonlinear analysis of perforated laminates with or without 

initial geometric imperfection has been carried out under the in-plane compressive load. The solution 

is based on FSDT and Von-Karman’s assumptions. Penalty method is used to assemble the 

perforated plate by connecting eight plate-elements. The approximation of the displacement fields 

in this study has been based on the Ritz technique and by Chebyshev polynomials. The fundamental 

equations of laminates containing cutout are obtained by the principle of minimum of total potential 

energy and the response is found by solving the obtained nonlinear set of equations using the 

quadratic extrapolation technique. The effects of cutout size, shape and presence of initial geometric 

imperfection for plates under uniaxial in-plane compressive load are being investigated. The 

accuracy of the present work is examined by comparing the results with the finite element analyses 

by ABAQUS program wherever possible. 

 

 
2. Formulation development 
 

A typical perforated square laminate of dimensions 𝑙 × 𝑙 , total thickness ℎ  and cutout of 

dimensions 𝑎 × 𝑏 is shown in Fig. 1. The plate is subjected to in-plane compressive loads normal 

to the edges 𝑥 = ±𝑙 2⁄ . The boundary conditions are chosen to be simply supported on all edges. 

The perforated composite plate shown in Fig. 1 is assembled by eight plate-elements and this can 

be shown in the formulation by the superscript (𝑖) associated with the (𝑖)𝑡ℎ element, as shown in 

Fig. 2. 

In the current study, the laminated plates deform under compressive loads and then each point in 

the domain of the plates with the position vector 𝒙 is transferred to a new coordinate value 𝒙∗ 

𝒙 = 〈𝑥 𝑦 𝑧〉𝑇  ⟹   𝒙∗ = 〈𝑥∗ 𝑦∗ 𝑧∗〉𝑇     by     𝒙∗ = 𝒙 + 𝒖 (1) 
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Fig. 2 Assembly of the plate-elements to model the perforated laminate 

 

 

Where the displacement vector 𝒖 = 〈�̅� �̅� �̅�〉𝑇 defines the deformation of a laminated plate 

whose components are given by 

�̅�(𝑥, 𝑦, 𝑧) = 𝑢(𝑥, 𝑦) + 𝑧𝜑𝑥(𝑥, 𝑦) 
�̅�(𝑥, 𝑦, 𝑧) = 𝑣(𝑥, 𝑦) + 𝑧𝜑𝑦(𝑥, 𝑦) 

�̅�(𝑥, 𝑦, 𝑧) = 𝑤(𝑥, 𝑦) + 𝑤𝐼(𝑥, 𝑦) 
(2) 

According to the first-order shear deformation theory, 𝑢, 𝑣  and 𝑤  are in-plane and out-of-

plane displacements of mid-plane, and 𝜑𝑥  and 𝜑𝑦  symbolize the rotations of a transverse normal 

about axes parallel to the 𝑥  and 𝑦  axes, respectively. Also, the effect of initial geometric 

imperfection, as shown by 𝑤𝐼 , is applied in the z-direction and therefore the effect of this 

imperfection is also included in the third equation of relations (2).  

As mentioned before and according to Fig. 2, in order to investigate the behavior of laminated 

plate, that is divided into 8 plate-elements, all above displacement fields 𝑢, 𝑣, 𝑤,𝜑𝑥  and 𝜑𝑦 which 

should be approximated in the domain of the plate are in fact approximated separately for each plate-

element. These displacement functions should satisfy the essential boundary conditions of the 

problem which in this study the boundary conditions of laminates are chosen to be simply supported 

on all edges. Also, the longitudinal displacement along the x-direction at 𝑥 = ± 𝑙 2⁄  are allowed 

and assumed to be straight and for lateral expansion at 𝑦 = ±𝑙/2, the plate is considered to move 

freely. Thus, the displacement fields for each plate-element can be written as 

𝜏(𝑖)(𝑥, 𝑦) = 𝔹𝜏
(𝑖)(𝑥, 𝑦) ∑ ∑𝛿𝑚𝑛

𝜏(𝑖)𝑇𝑚−1 (
2𝑥

𝐿𝑒
(𝑖)
)𝑇𝑛−1 (

2𝑦

𝑊𝑒
(𝑖)
)

𝑁𝑡

𝑛=1

𝑁𝑡

𝑚=1

+ 𝑓𝜏
(𝑖)(𝑥, 𝑦)𝛿𝑐

𝜏(𝑖) ,   𝑖 = 1,2,… ,8 (3) 

Where 𝜏 ∈ {𝑢, 𝑣, 𝑤, 𝜑𝑥 , 𝜑𝑦} is a selected displacement field for (𝑖)𝑡ℎ plate-element and 𝑁𝑡  is 

the number of terms in series expansion which in the current work has the same value for all 
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displacement fields and plate-elements. The coefficients 𝛿𝑚𝑛
𝜏 and 𝛿𝑐

𝜏  are the Ritz unknown 

coefficients of the problem for each plate-element (𝑖) and the latter is for satisfying the straight 

conditions mentioned previously. It is noted that the origin of the coordinates for each plate-element 

is assumed to be at its center as in Fig. 2. 

The term 𝔹𝜏(𝑥, 𝑦)  in Eq. (3) is the boundary function and is chosen to guarantee the 

contentment of the essential boundary conditions of each plate-element (𝑖). It can be defined as 

𝔹𝜏
(𝑖)(𝑥, 𝑦) = ∏ (1+ (−1)𝛽−1 (

2𝑥

𝐿𝑒
(𝑖)
))

𝜇𝛽
𝜏(𝑖)

𝛽=1,2

∏ (1+ (−1)𝛽−1 (
2𝑦

𝑊𝑒
(𝑖)
))

𝜇𝛽
𝜏(𝑖)

𝛽=3,4

, 𝑖 = 1, … ,8 (4) 

Where 𝛽 denotes the edge number, shown in Fig. 2, and the exponents 𝜇𝛽
𝜏(𝑖)  can take value 0 

for free condition and value 1 according to the conditions of held (or straight) for each displacement 

field 𝜏 ∈ {𝑢, 𝑣, 𝑤, 𝜑𝑥 , 𝜑𝑦} and for each plate-element.  

The boundary function 𝑓𝜏
(𝑖)(𝑥, 𝑦) is also chosen to guarantee the contentment of the straight 

boundary conditions of the plates as mentioned before. Therefore, since this specified boundary 

condition is only related to the in-plane displacement field 𝑢, the value of this function is zero for 

other displacement fields, 𝜏 ∈ {𝑣, 𝑤, 𝜑𝑥 , 𝜑𝑦}. 

As it is seen in Eq. (3), the approximation of displacement fields is performed by Chebyshev 

polynomials. Chebyshev differential equation is written as 

(1 − 𝑥2)
𝑑2𝑦

𝑑𝑥2
− 𝑥

𝑑𝑦

𝑑𝑥
+ 𝑛2𝑦 = 0                  𝑛 = 0,1,2,3,… (5) 

The 𝑛thChebyshev polynomial of the first kind, denoted by 𝑇𝑛(𝑥) is defined as 

𝑇𝑛(𝑥) = cos(𝑛 cos
−1 𝑥) (6) 

By establishment of the displacement functions approximation as defined above, the in-plane 

strain vectors for each plate-element can be represented as 

�̅�(𝑖) =

{
 

 휀�̅�𝑥
(𝑖)

휀�̅�𝑦
(𝑖)

휀�̅�𝑦
(𝑖)
}
 

 
= 𝜺(𝑖) + 𝑧𝝍(𝑖),      𝜺(𝑖) =

{
 

 휀𝑥𝑥
(𝑖)

휀𝑦𝑦
(𝑖)

휀𝑥𝑦
(𝑖)
}
 

 
= 𝜺𝒍

(𝑖)
+ 𝜺𝒏𝒍

(𝑖)
+ 𝜺𝑰

(𝑖)
 (7) 

where 𝜺𝒍
(𝑖)
, 𝜺𝒏𝒍
(𝑖)

and 𝜺𝑰
(𝑖)

are linear and nonlinear strain vectors and strain vector for initial geometric 

imperfection for (𝑖)𝑡ℎ plate-element, respectively. Also, the vectors 𝝍(𝑖) and 𝜺𝒔
(𝑖)

are respectively 

curvature and shear strains vectors, and they can be defined as 

𝜺𝒍
(𝑖) =

{
  
 

  
 

𝜕𝑢(𝑖)

𝜕𝑥
𝜕𝑣(𝑖)

𝜕𝑦

𝜕𝑢(𝑖)

𝜕𝑦
+
𝜕𝑣(𝑖)

𝜕𝑥 }
  
 

  
 

,   𝜺𝒏𝒍
(𝑖) =

{
 
 
 

 
 
 1

2
(
𝜕𝑤(𝑖)

𝜕𝑥
)

2

1

2
(
𝜕𝑤(𝑖)

𝜕𝑦
)

2

𝜕𝑤(𝑖)

𝜕𝑥

𝜕𝑤(𝑖)

𝜕𝑦 }
 
 
 

 
 
 

, 
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𝜺𝑰
(𝑖)
=

{
 
 
 

 
 
 𝜕𝑤(𝑖)

𝜕𝑥

𝜕𝑤𝐼
(𝑖)

𝜕𝑥

𝜕𝑤(𝑖)

𝜕𝑦

𝜕𝑤𝐼
(𝑖)

𝜕𝑦

𝜕𝑤(𝑖)

𝜕𝑥

𝜕𝑤𝐼
(𝑖)

𝜕𝑦
+
𝜕𝑤(𝑖)

𝜕𝑦

𝜕𝑤𝐼
(𝑖)

𝜕𝑥 }
 
 
 

 
 
 

 
(8) 

and 

𝝍(𝑖) =

{
 
 
 

 
 
 𝜕𝜑𝑥

(𝑖)

𝜕𝑥

𝜕𝜑𝑦
(𝑖)

𝜕𝑦

𝜕𝜑𝑥
(𝑖)

𝜕𝑦
+
𝜕𝜑𝑦

(𝑖)

𝜕𝑥 }
 
 
 

 
 
 

, 𝜺𝒔
(𝑖)
=

{
 
 

 
 𝜑𝑦

(𝑖)
+
𝜕𝑤(𝑖)

𝜕𝑦

𝜑𝑥
(𝑖)
+
𝜕𝑤(𝑖)

𝜕𝑥 }
 
 

 
 

 (9) 

With the assumption that each layer is in a condition of plane stress, stress-strain relationships 

for each lamina at a general point and for each plate-element are written as below 

𝝈(𝑖) =

{
 

 𝜎𝑥𝑥
(𝑖)

𝜎𝑦𝑦
(𝑖)

𝜏𝑥𝑦
(𝑖)
}
 

 
= [

�̅�11 �̅�12 �̅�16
�̅�12 �̅�22 �̅�26
�̅�16 �̅�26 �̅�66

]

(𝑖)

{
 

 휀�̅�𝑥
(𝑖)

휀�̅�𝑦
(𝑖)

휀�̅�𝑦
(𝑖)
}
 

 
= �̅�(𝑖)�̅�(𝑖) (10) 

𝝈𝒔
(𝑖)
= [
�̅�44 �̅�45
�̅�45 �̅�55

]

(𝑖)

{
 
 

 
 𝜑𝑦

(𝑖)
+
𝜕𝑤(𝑖)

𝜕𝑦

𝜑𝑥
(𝑖)
+
𝜕𝑤(𝑖)

𝜕𝑥 }
 
 

 
 

= �̅�𝒔
(𝑖)
𝜺𝒔
(𝑖)

 (11) 

Where �̅�(𝑖)  is transformed reduced stiffness matrix and �̅�𝒔
(𝑖)

 is transformed shear stiffness 

matrix for (𝑖)𝑡ℎ  plate-element. Each composite plate-element has its stiffness matrices 

𝑨(𝑖), 𝑩(𝑖), 𝑫(𝑖), 𝑨𝒔
(𝑖)

 that their coefficients can be obtained by 

(𝑨𝑝𝑞
(𝑖)
, 𝑩𝑝𝑞

(𝑖)
, 𝑫𝑝𝑞

(𝑖)
) = ∫ �̅�𝑝𝑞

(𝑖)
ℎ/2

−ℎ/2

(1, 𝑧, 𝑧2)𝑑𝑧,   𝑝, 𝑞 = 1,2,3 (12) 

𝑨𝒔𝑝𝑞
(𝑖) = 𝑘𝑠∫ �̅�𝒔𝑝𝑞

(𝑖)
ℎ/2

−ℎ/2

𝑑𝑧,   𝑝, 𝑞 = 1,2 (13) 

where 𝑘𝑠 is the shear correction factor and it’s chosen to be 5/6 in this study. With the above 

explanations, the total potential energy of (𝑖)𝑡ℎ plate-element can be obtained. First of all, the strain 

energy related to the in-plane stresses for (𝑖)𝑡ℎ plate-element with volume 𝑉(𝑖)and surface area 

Ω(𝑖)and by using the Eqs. (7) and (10) can be written as 

𝑈(𝑖) =
1

2
∭ �̅�(𝑖)

𝑇
𝝈(𝑖)d𝑉(𝑖)

𝑉(𝑖)
=
1

2
∬ ∫ �̅�(𝑖)

𝑇
�̅�(𝑖)�̅�(𝑖)d𝑧 dΩ(𝑖)

+ℎ/2

−ℎ/2Ω(𝑖)
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=
1

2
∬ ∫ (𝜺𝒍

(𝑖)
+ 𝜺𝒏𝒍

(𝑖)
+ 𝜺𝑰

(𝑖)
+ 𝑧𝝍(𝑖))

𝑇
�̅�(𝑖) (𝜺𝒍

(𝑖)
+ 𝜺𝒏𝒍

(𝑖)
+ 𝜺𝑰

(𝑖)
+ 𝑧𝝍(𝑖)) d𝑧 dΩ(𝑖)

+ℎ/2

−ℎ/2Ω(𝑖)
 (14) 

By integrating through the thickness with respect to z from the Eq. (14) and substituting Eq. (12) 

into Eq. (14), the strain energy can be rewritten as 

𝑈(𝑖) =∬ (
1

2
𝜺𝒍
(𝑖)𝑇
𝑨(𝑖)𝜺𝒍

(𝑖)
+ 𝜺𝒍

(𝑖)𝑇
𝑨(𝑖)𝜺𝒏𝒍

(𝑖)
+
1

2
𝜺𝒏𝒍
(𝑖)𝑇
𝑨(𝑖)𝜺𝒏𝒍

(𝑖)
+ 𝜺𝒍

(𝑖)𝑇
𝑨(𝑖)𝜺𝑰

(𝑖)

Ω(𝑖)
 

+𝜺𝒏𝒍
(𝑖)𝑇
𝑨(𝑖)𝜺𝑰

(𝑖)
+
1

2
𝜺𝑰
(𝑖)𝑇
𝑨(𝑖)𝜺𝑰

(𝑖)
+𝝍(𝑖)

𝑇
𝑩(𝑖)𝜺𝑰

(𝑖)
+ 𝜺𝒍

(𝑖)𝑇
𝑩(𝑖)𝝍(𝑖) 

+𝜺𝒏𝒍
(𝑖)𝑇
𝑩(𝑖)𝝍(𝑖) +

1

2
𝝍(𝑖)

𝑇
𝑫(𝑖)𝝍(𝑖)) dΩ(𝑖), 𝑖 = 1,… ,8 

(15) 

Then, shear strain energy 𝑈𝑠for (𝑖)𝑡ℎ plate-element should be computed. It can be obtained by 

the following relation and by using the Eqs. (9), (11) and (13). 

𝑈𝑠
(𝑖)
=
1

2
∭ 𝜺𝒔

(𝑖)𝑇
𝝈𝒔
(𝑖)
d𝑉(𝑖)

𝑉(𝑖)
=
1

2
∬ ∫ 𝜺𝒔

(𝑖)𝑇
�̅�𝒔
(𝑖)
𝜺𝒔
(𝑖)
d𝑧 dΩ(𝑖)

+ℎ/2

−ℎ/2Ω(𝑖)
 

(16) 

=
1

2
∬ (𝜺𝒔

(𝑖)𝑇
𝑨𝒔
(𝑖)
𝜺𝒔
(𝑖)
)dΩ(𝑖)

Ω(𝑖)
, 𝑖 = 1,… ,8 

With regard to the above relations, the total strain energy of the plate can be computed by the 

summation of the strain energies of plate-elements. In calculating the total potential energy of each 

plate-element, in addition to the strain energy, it is also necessary to calculate the potential energy 

of external forces 𝑉𝐹
(𝑖)

. As presented in Fig. 1, the in-plane compressive load, 𝑁𝑥 , is applied to the 

laminate and it can be calculated as 

𝑉𝐹
(𝑖)
=

{
 
 

 
 𝑊𝑒

(𝑖)

𝑙
𝑁𝑥𝑢

(𝑖)|
𝑥=−𝐿𝑒

(𝑖)
2⁄

 𝑖 = 1,7,8

−
𝑊𝑒
(𝑖)

𝑙
𝑁𝑥𝑢

(𝑖)|
𝑥=𝐿𝑒

(𝑖)
2⁄
 𝑖 = 3,4,5

 (17) 

In conclusion, the total potential energy for each plate-element is equal to the summation of the 

strain energies of those plate-elements with the potential energy of the applied load 𝑉𝐹
(𝑖)

. The total 

potential energy of the perforated laminated plates can also be computed by the summation of the 

total potential energies of the plate-elements.  

However, since the entire domain of the laminates in this study has been partitioned into several 

plate-elements using the plate assembly technique, therefore the interface continuity between the 

plate-elements should be enforced wherever it is needed, for instance between 1st and 2nd elements 

shown in Fig. 3. For the plate-element layout presented in Fig. 2 they can be shown as 

𝜏(1) (𝐿𝑒
(1)

2⁄ , 𝑦) = 𝜏(2) (−𝐿𝑒
(2)

2⁄ , 𝑦) 

𝜏(1) (𝑥,𝑊𝑒
(1)

2⁄ ) = 𝜏(8) (𝑥,−𝑊𝑒
(8)

2⁄ ) 

𝜏(2) (𝐿𝑒
(2)

2⁄ , 𝑦) = 𝜏(3) (−𝐿𝑒
(3)

2⁄ , 𝑦) 

𝜏(3) (𝑥,𝑊𝑒
(3)

2⁄ ) = 𝜏(4) (𝑥,−𝑊𝑒
(4)

2⁄ ) 
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𝜏(4) (𝑥,𝑊𝑒
(4)

2⁄ ) = 𝜏(5) (𝑥,−𝑊𝑒
(5)

2⁄ ) 

𝜏(5) (−𝐿𝑒
(5)

2⁄ , 𝑦) = 𝜏(6) (𝐿𝑒
(6)

2⁄ , 𝑦) 

𝜏(6) (−𝐿𝑒
(6)

2⁄ , 𝑦) = 𝜏(7) (𝐿𝑒
(7)

2⁄ , 𝑦) 

𝜏(7) (𝑥, −𝑊𝑒
(7)

2⁄ ) = 𝜏(8) (𝑥,𝑊𝑒
(8)

2⁄ ) 

(18) 

Where 𝜏 ∈ {𝑢, 𝑣, 𝑤, 𝜑𝑥 , 𝜑𝑦} . As mentioned before, penalty technique is used here to apply 

displacement continuity along the edges shared between the plate-elements (Ghannadpour and 

Karimi 2018). Therefore, the equilibrium equations of the perforated plate are obtained by imposing 

the stationary of total potential energy under the constraints presented in Eq. (18). The enforcement 

of these constraints is accomplished by introducing the following penalty terms into the total 

potential energy functional. Thus, the penalty terms associated with Eq. (18) can be obtained by 

𝑃1,2
〈𝜏〉 =

𝛾1,2
〈𝜏〉

2
∫ (𝜏(1)(𝐿𝑒

(1)
2⁄ , 𝑦) − 𝜏(2)(−𝐿𝑒

(2)
2⁄ , 𝑦))

2

d𝑦
𝐿𝑒
(1)

2⁄

−𝐿𝑒
(1)

2⁄

 

𝑃1,8
〈𝜏〉 =

𝛾1,8
〈𝜏〉

2
∫ (𝜏(1)(𝑥,𝑊𝑒

(1)
2⁄ ) − 𝜏(8)(𝑥, −𝑊𝑒

(8)
2⁄ ))

2

d𝑥
𝑊𝑒
(1)

2⁄

−𝑊𝑒
(1)

2⁄

 

𝑃2,3
〈𝜏〉 =

𝛾2,3
〈𝜏〉

2
∫ (𝜏(2)(𝐿𝑒

(2)
2⁄ , 𝑦) − 𝜏(3)(−𝐿𝑒

(3)
2⁄ , 𝑦))

2

d𝑦
𝐿𝑒
(2)

2⁄

−𝐿𝑒
(2)

2⁄

 

𝑃3,4
〈𝜏〉 =

𝛾3,4
〈𝜏〉

2
∫ (𝜏(3)(𝑥,𝑊𝑒

(3)
2⁄ ) − 𝜏(4)(𝑥, −𝑊𝑒

(4)
2⁄ ))

2

d𝑥
𝑊𝑒
(3)

2⁄

−𝑊𝑒
(3)

2⁄

 

𝑃4,5
〈𝜏〉 =

𝛾4,5
〈𝜏〉

2
∫ (𝜏(4)(𝑥,𝑊𝑒

(4)
2⁄ ) − 𝜏(5)(𝑥, −𝑊𝑒

(5)
2⁄ ))

2

d𝑥
𝑊𝑒
(4)

2⁄

−𝑊𝑒
(4)

2⁄

 

𝑃5,6
〈𝜏〉 =

𝛾5,6
〈𝜏〉

2
∫ (𝜏(5)(−𝐿𝑒

(5)
2⁄ , 𝑦) − 𝜏(6)(𝐿𝑒

(6)
2⁄ , 𝑦))

2

d𝑦
𝐿𝑒
(5)

2⁄

−𝐿𝑒
(5)

2⁄

 

𝑃6,7
〈𝜏〉 =

𝛾6,7
〈𝜏〉

2
∫ (𝜏(6)(−𝐿𝑒

(6)
2⁄ , 𝑦) − 𝜏(7)(𝐿𝑒

(7)
2⁄ , 𝑦))

2

d𝑦
𝐿𝑒
(6)

2⁄

−𝐿𝑒
(6)

2⁄

 

𝑃7,8
〈𝜏〉 =

𝛾7,8
〈𝜏〉

2
∫ (𝜏(7)(𝑥, −𝑊𝑒

(7)
2⁄ ) − 𝜏(8)(𝑥,𝑊𝑒

(8)
2⁄ ))

2

d𝑥
𝑊𝑒
(7)

2⁄

−𝑊𝑒
(7)

2⁄

 

(19) 

 

 

 
Fig. 3 Geometry configuration of shared edge between 1st and 2nd elements 
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Where  𝜏 ∈ {𝑢, 𝑣, 𝑤, 𝜑𝑥 , 𝜑𝑦}  and 𝛾  are penalty coefficients (Ghannadpour et al. 2019). To 

conclude, a single relation can present the penalty terms.  

𝑃 =∑(𝑃1,2
〈𝜏〉 + 𝑃1,8

〈𝜏〉 + 𝑃2,3
〈𝜏〉 + 𝑃3,4

〈𝜏〉 + 𝑃4,5
〈𝜏〉 + 𝑃5,6

〈𝜏〉 + 𝑃6,7
〈𝜏〉 + 𝑃7,8

〈𝜏〉)

𝜏

 (20) 

With the above descriptions, the total potential energy of a perforated plate is equal to the 

summation of the strain energies of the plate-elements (i.e., Eqs. (15) and (16)) with potential 

energies of the applied load for plate-elements (i.e., Eqs. (17)) and penalty terms associated with 

constraints presented in Eqs. (19). 

Π =∑(𝑈(𝑖) + 𝑈𝑠
(𝑖)
+ 𝑉𝐹

(𝑖)
)⏟            

Π(𝑖)

8

𝑖=1

+ 𝑃 (21) 

By using the Eqs. (15) and (16), the final function for the total potential energy of the perforated 

laminate can be rewritten as follows. 

Π =∑𝑉𝐹
(𝑖)

8

𝑖=1

+ {𝑃 +∑∬
1

2
𝜺𝒍
(𝑖)𝑇
𝑨(𝑖)𝜺𝒍

(𝑖)
+
1

2
𝝍(𝑖)

𝑇
𝑫(𝑖)𝝍(𝑖)

Ω(𝑖)

8

𝑖=1

+ 𝜺𝒍
(𝑖)𝑇
𝑩(𝑖)𝝍(𝑖) 

+
1

2
𝜺𝒔
(𝑖)𝑇
𝑨𝒔
(𝑖)
𝜺𝒔
(𝑖)
+ 𝜺𝒍

(𝑖)𝑇
𝑨(𝑖)𝜺𝑰

(𝑖)
+
1

2
𝜺𝑰
(𝑖)𝑇
𝑨(𝑖)𝜺𝑰

(𝑖)
+ 𝝍(𝑖)

𝑇
𝑩(𝑖)𝜺𝑰

(𝑖)
) dΩ(𝑖))} 

+∑(∬ (𝜺𝒍
(𝑖)𝑇
𝑨(𝑖)𝜺𝒏𝒍

(𝑖)
+ 𝜺𝒏𝒍

(𝑖)𝑇
𝑩(𝑖)𝝍(𝑖) + 𝜺𝒏𝒍

(𝑖)𝑇
𝑨(𝑖)𝜺𝑰

(𝑖)
) dΩ(𝑖)

Ω(𝑖)
)

8

𝑖=1

+∑(∬ (
1

2
𝜺𝒏𝒍
(𝑖)𝑇
𝑨(𝑖)𝜺𝒏𝒍

(𝑖)
) dΩ(𝑖)

Ω(𝑖)
)

8

𝑖=1

 

(22) 

As it could be observed in the above equation, the first term in the right-hand side of the above 

equation is linear function of the unknowns while the rest of the terms is quadratic, cubic and quartic 

functions of the unknowns, respectively. The linear term refers to the potential energy of applied 

loads. The quadratic energy comprises comes from the linear strain, curvature strain, shear strain 

vectors and also the initial imperfection effects. The cubic energy represents the coupling between 

linear and nonlinear strain vectors, the coupling between curvature and nonlinear strain vectors and 

also from initial imperfection effects. The quartic energy is only the effect of nonlinear strain 

vectors. 

In the current study, all integrations have been taken numerically in which case each plate 

element is discretized by Chebyshev nodes. The total potential energy integration can be 

approximated by using equation below 

Π(𝑖) =∬ 𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦
Ω(𝑖)

≈∑∑𝜛𝜂𝜔𝜁𝑓(𝑥𝜂 , 𝑦𝜁)

𝑚

𝜂=1

𝑛

𝜁=1

 (23) 

In which case 휂 and 휁 refer to the 휂th node in x-direction and 휁th node in y-direction and the 

coefficients 𝜛𝜂  and 𝜔𝜁  denote quadrature weights in x and y-directions, respectively. The Eq. 

(22) can be rephrased in a matrix form by using the Hessian technique. 

Π = −𝒅𝑇𝑽𝐹 +
1

2
𝒅𝑇(𝑲0𝑃 +𝑲0 +𝑲0𝑠 +𝑲0𝐼)𝒅 +

1

6
𝒅𝑇(𝑲1 +𝑲1𝐼)𝒅 +

1

12
𝒅𝑇𝑲2𝒅 (24) 

where 𝑽𝐹 is a column matrix of constants, including the effects of the applied loads. The column 

matrix 𝒅 contains the unknowns of the problem. Subscripts 𝑃 and 𝐼 refer to the effects of penalty 
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terms and initial imperfection, respectively. Stiffness matrix of the plate is separated into 𝑲0, 𝑲1 

and 𝑲2 matrixes which corresponding coefficients are constants, linear and quadratic functions of 

unknowns, respectively. Thus, the quantities on the right-hand side of the Eq. (24) represent linear, 

quadratic and cubic energy terms. Solution of the nonlinear problem is obtained by applying of the 

principle of minimum potential energy. Therefore, the unknown coefficients of the problem can be 

found by solving the following nonlinear equilibrium equations 

𝑭(𝒅) = −𝑽𝐹 + ((𝑲0𝑃 +𝑲0 +𝑲0𝑠 +𝑲0𝐼) +
1

2
(𝑲1 +𝑲1𝐼) +

1

3
𝑲2)𝒅 = 𝟎 (25) 

To obtain the solution of the above nonlinear algebraic equations, the quadratic extrapolation 

technique is used. In this study, in order to obtain the accurate results, the relevant convergence 

criterion has been defined based on the vector containing the unknown coefficients (𝒅) . The 

iterative procedure is repeated until the following condition be satisfied. 

√
∑∆𝒅𝒊

𝟐

∑∆𝒅𝒊+𝟏
𝟐

< 5 × 10−4 (26) 

where 𝑖  is the iteration counter in extrapolation technique. Once the nonlinear equilibrium 

equations are solved and the unknown coefficients are found, it is possible to calculate the 

displacements, strains and stresses at any point in the perforated plate. 

 

 

3. Numerical results and discussion 
 

In this section, nonlinear behaviors for some composite laminates of dimensions 𝑙 × 𝑙 , 

containing cutout with dimensions 𝑎 × 𝑏, are presented and investigated. Material properties of 

fiber and matrix have been given in Table 1. The chosen layup of laminate is [0/45/−45/90]2 in 

this study and the value of 𝑙/ℎ is chosen to be 20. 

 

 
Table 1 Material properties of fiber and matrix (in MPa) 

Component 𝐸1 𝐸2 𝑣12 𝐺12 𝐺13 𝐺23 

Value 83000 5300 0.25 2500 2500 2500 

 

 

Some results for moderately thick perforated plates have been validated by ABAQUS software 

in which, the plate is meshed, in average, with 3600 S4R shell elements. As mentioned before the 

boundary conditions are chosen to be simply supported on all edges and plates are subjected to in-

plane compressive load 𝑁𝑥normal to the vertical edges 𝑥 = ±𝑙 2⁄ . The results calculated in this 

paper are presented in dimensionless parametric terms of deflections and loads as follows: 

Out-of-plane displacement: 𝑊 = 𝑤 ℎ⁄  

Longitudinal displacement at edge 2:  𝑈 = 𝑢 ℎ⁄  

Load parameter: 𝑃 = 𝑁𝑥 𝑙
2 𝐸2 ℎ

3⁄  

Where, 𝑢 and 𝑤 are displacement components along x and z directions, respectively. To obtain 

the sufficient number of terms in the displacement fields of each plate-element, the convergence  
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Fig. 4 Convergence study for composite plates containing square cutout  𝑎 = 0.5 𝑙 

 

 

study should be carried out for a perforated plate. In this case, a convergence study is conducted to 

analyze the nonlinear behavior of laminates containing square cutout with 𝑎 = 𝑏 = 0.5 𝑙. As it can 

be seen in Fig. 4, for this plate assembly, the convergence study with regard to the number of terms 

has discovered that 5 × 5 terms in each displacement field and for each plate-element are sufficient 

to obtain converged results which verified by finite element method. 

The effect of cutout size for laminates with aforementioned boundary conditions is presented in 

Figs. 5-8. In Fig. 5 the out-of-plane deflection of perfect laminate with different square shaped cutout 

𝑎/𝑙 = 0.2, 0.3, 0.4, 0.5 is presented. As it is seen, as the cutout enlarged the plate deflects more 

around the cutout edges. Also, as it can be seen in Fig. 6 for the aforementioned square cutout’s 

sizes, the longitudinal displacement of the right edge of the laminate is shown and it can be observed 

that for plate containing larger cutout the nonlinear response is lower than those correspond to the 

smaller sizes. 

However, in the case of rectangular cutouts, the position of the cutouts relative to the direction 

of loading, perpendicular to or along with, is a key factor in nonlinear response of perforated plates. 

In Figs. 7 and 8, the nonlinear responses of composite laminates containing rectangular cutouts are 

presented, the term 𝑋 displayed in these two figures is equal to 𝑎/𝑙 or 𝑏/𝑙 which is chosen to be 

0.1, 0.2, 0.3 and 0.4. The load-deflection behavior has been shown in Fig. 7 while the behavior of 

load versus longitudinal displacement is presented in Fig. 8. As it can be observed in Fig. 7, in the 

case of vertical cutout (i.e. the cutout is aligned perpendicular to the loading direction) for 𝑏/𝑙 =
0.1 and 0.2, the out-of-plane deflection of the bottom of the cutout is lower than a perfect plate 

although, by the cutout getting larger the bottom of the cutout deflects more. However, in the case 

of horizontal cutout, i.e. cutout aligned along the loading direction, the nonlinear response is  
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Fig. 5 Effect of cutout size on load-deflection response of composite laminates containing square cutout 

 

 
Fig. 6 Effect of cutout size on load-longitudinal displacement behavior of composite laminates containing 

square cutout 
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Fig. 7 Effect of cutout size on out-of-plane deflection of cutout in composite laminate containing rectangular 

cutouts 

 

 
Fig. 8 Effect of cutout size on load-longitudinal displacement behavior of laminates containing rectangular 

cutouts 
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Fig. 9 Effect of cutout size on nonlinear behavior of laminates with initial geometric imperfection containing 

square cutout 

 

 
Fig. 10 Effect of cutout size on nonlinear behavior of imperfect laminates containing rectangular cutout 
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obtained lower than the perfect plate. It means that at the same level of loading, plates having 

horizontal cutouts, have larger deflections. Nevertheless, the effects of cutout orientation with 

respect to loading direction is undeniable. It can be also concluded from Fig. 8 that the stiffness of 

the plates containing cutout (horizontally or vertically) is generally lower than the perfect laminates 

but for the same aspect ratios of the holes, this reduction in stiffness is almost similar. 
As it mentioned before, in this study the nonlinear behavior of perforated laminates with initial 

geometric imperfection are also investigated and discussed. To model the cutout in this study, a 

sinusoidal cutout shape has been assumed in which the maximum value 𝑤𝑖 is placed at the center 

of the laminate. The results of laminates containing square cutout with different sizes are presented 

in Fig. 9 when they have an initial imperfection of 𝑤𝑖 = 0.5ℎ. As it is seen, the plates containing 

larger cutout, deflect more than perfect plate and plate with smaller cutout. Nonlinear responses of 

laminates with smaller initial imperfection 𝑤𝑖 = 0.1ℎ  and with both rectangular and horizontal 

cutouts, have been displayed in Fig. 10. There is a similar conclusion to Fig. 7 for this figure.  

 

 
7. Conclusions 
 

In the current study, a new methodology was used to investigate the nonlinear behavior of 

composite plates with or without initial geometric imperfection containing square/rectangular cutout 

under in-plane compressive load. The governing equations were based on the first-order shear 

deformation theory and Von-Karman assumptions. Approximation of the displacement fields were 

based on the Ritz method and by Chebyshev polynomials. The penalty method was used to assemble 

the plate-element and therefore the whole plate potential energy was the summation of potential 

energy of the elements. The principle of minimum potential energy was used to obtain the imperfect 

laminate equilibrium equations and the quadratic extrapolation technique was carried out to calculate 

the unknowns and displacements. Some results with regards to the cutout size and shape were 

obtained and presented in non-dimensional graphical forms. The results indicated the ability of the 

proposed method in obtaining nonlinear results for composite plates containing square/rectangular 

holes for which the laminates had an initial geometrical imperfection. An important conclusion was 

that the direction of the loading relative to the position of rectangular cutout may affect deeply the 

nonlinear behavior of imperfect laminates. 
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