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Abstract. The present article summarises the fundamental characteristics of concrete behaviour which
underlie the formulation of an engineering finite element model capable of realistically predicting the
behaviour of (plain or reinforced) concrete structural forms in a wide range of problems ranging from
static to impact loading without the need of any kind of re-calibration. The already published evidence
supporting the proposed formulation is complemented by four additional typical case studies presented
herein; for each case, a comparative study is carried out between numerical predictions and the experimental
data which reveals good agreement. Such evidence validates the material characteristics upon which the
FE model’s formulation is based and provides an alternative explanation regarding the behaviour of
structural concrete and how it should be modelled which contradicts the presently (widely) accepted
assumptions adopted in the majority of FE models used to predict the behaviour of concrete. 

Keywords: brittle behaviour; concrete; constitutive law; static (monotonic and cyclic) and dynamic (earthquake
and impact) loading; nonlinear finite element analysis; structural concrete. 

1. Introduction

Most finite-element (FE) packages (e.g. ABAQUS, ADINA, LS-DYNA, etc) that may be used for
the analysis of concrete structures under a wide range of loading conditions, extreme loading
conditions such as those encountered in impact and explosion situations inclusive, rely on the use of
constitutive models which place emphasis on the description of post-peak concrete characteristics
such as, for example, strain softening, tension stiffening, shear-retention ability, etc, coupled with
stress- and/or strain-rate sensitivity when blast or impulsive types of loading are considered. The
derivations of such constitutive models has been based on a variety of theories, including plasticity
(Malvar, et al. 1997, Thabet and Haldane 2001), viscoplasticity (Cela 1998, Winnicki, et al. 2001,
Gomes and Awruch 2001, Georgin and Reynouard 2003, Barpi 2004), continuum damage mechanics
(Cervera, et al. 1996, Hatzigeorgiou, et al. 2001, Koh, et al. 2001, Lu and Xu 2004) or a
combination of these theories (Dube, et al. 1996, Faria, et al. 1998). 
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However, the application of FE packages in practical structural analysis has shown that such
constitutive relationships are case-study dependent, since the solutions obtained are realistic only for
particular problems such as, for example, reinforced-concrete (RC) walls (Agrawal, et al. 1981,
Dube, et al. 1996, Ile and Reynouard 2000, Faria, et al. 2002) and RC frames (Mochida, et al.
1987, Lee and Woo 2002) under earthquake loading, plain-concrete prisms or cylinders (Tedesco, et
al. 1989, 1991 and 1997, Georgin and Reynouard 2003, Koh, et al 2001, Thabet and Haldane 2001,
Gomes and Awruch 2001), RC beams (Dube, et al. 1996), RC walls (Malvar, et al. 1997), RC slabs
(Cela 1998) and RC plates (Sziveri, et al. 1999) under impact loading, etc; in order to extend,
therefore, the applicability of the packages to a different set of problems requires modifications,
sometimes significant, of the constitutive relationships. The cause of the above apparent lack of
generality is considered to mainly relate, on the one hand, to the misinterpretation of the observed
material behaviour and, on the other, to the use of experimental data of questionable validity for the
calibration of the constitutive relationships. 

To this end, the work presented in the paper is intended to summarise the main findings of
already published work which shows that the use of valid experimental data can lead to the
development of a simple model of concrete behaviour enabling FE analysis to yield realistic
solutions for a wide range of practical problems covering both short-term static and dynamic
(earthquake and impact) loading conditions. The presently adopted FE model has been successfully used in
a large number of case studies investigating the behaviour of a wide range of plain and reinforced
structural forms (i.e. cylindrical and prismatic plain concrete specimens, beams, slabs, walls, frames etc)
under static monotonic loading (an extensive literature review on the publications concerning such case
studies – over 30 – is presented by Kotsovos and Pavlovic 1995). Its applicability however, has recently
been extended to static cyclic loading and dynamic loading ranging from earthquake to impact
(Cotsovos 2004). In all cases the numerical and the corresponding experimental data show good
agreement thus validating the material characteristics and numerical procedure upon which its
formulation is based. The concepts, and, in particular, the fundamental features of concrete
behaviour which underlie the development of the above FE model are first discussed and then
additional results extracted from four typical case studies (which form the subject of ongoing
research) are presented as further evidence of the validity of these concepts. 

2. Fundamental concrete characteristics 

Brittle post-peak behaviour: The experimental data on concrete behaviour used for the development of
constitutive laws are obtained from tests on specimens such as, for example, cylinders, prisms,
cubes, etc. Such specimens are subjected to various load combinations, usually applied (at least in
one of the three principal directions) through rigid steel platens; the results obtained are expressed
in the form of stress-strain curves which comprise a strain hardening branch followed by a strain
softening one, the latter widely considered to be essential in ultimate limit-state analysis and design.
And yet, it has been known since the early 80s (Kotsovos 1983, van Mier 1986), and confirmed in
the late 90s in the report by the relevant RILEM Technical Committee (van Mier, et al. 1997), that
only strain hardening may describe material behaviour under a definable state of stress; strain
softening merely reflects the interaction between specimen and testing device, which, for the case of
a predominantly compressive state of stress, is effected through the development of indefinable
frictional stresses at the end faces of the specimen. In fact, it has been shown (Kotsovos 1983) that
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the rate of reduction of the residual concrete strength with increasing strain increases rapidly as the
means to reduce the above frictional stresses becomes more effective. Such behaviour indicates that
were the frictional stresses completely eliminated, concrete would be characterised by a complete
and immediate loss of load-carrying capacity as soon as the peak load level is attained. 

Stress path independency: Decomposing the stress-strain behaviour of concrete under any state of
monotonically-increasing stress into hydrostatic and deviatoric components yields stress-strain
curves which are expressed in the form of normal and shear octahedral stresses (σo and τo) and
strains (γo and εo). These curves show that, while under hydrostatic stress only ε0 varies with σo,
under deviatoric stress both γo and εo vary with τo (Kotsovos and Pavlovic 1995). More importantly,
however, it has been shown experimentally that such curves exhibit a statistically insignificant
deviation from the curves established from tests on specimens subjected to either pure hydrostatic or
pure deviatoric states of stress (Kotsovos 1984). Such a small deviation indicates that the
deformational behaviour of concrete is essentially stress-path independent (Kotsovos and Pavlovic
1995). A similar conclusion has also been drawn from the analysis of experimental data on concrete
strength (Kotsovos and Pavlovic 1995). 

“Poisson’s ratio” effect: The development of most (though not all) constitutive relations of
concrete behaviour published to date has been directly or indirectly based on the assumption of a
constant value of the Poisson’s ratio (PR) or that this important parameter takes values near failure
that are considerably less than the true ones. However, such an assumption is in conflict with
experimental data which show that the PR is essentially constant up to a value of the applied load
equal to between approximately 30% and 50% of the peak load level; and that, beyond this load
level, the PR increases at an increasing rate and attains a value that becomes significantly larger
than 0.5 when the peak load level is reached (Barnard 1964). Such behaviour clearly indicates that
concrete ceases to be a continuum beyond a load level close to, but not beyond, the peak load, a
fact consistent with the material’s brittle nature. 

Cracking: Cracking occurs in localised regions of an RC structural element in order to relieve
tensile stresses when the material strength in tension is attained. The crack faces coincide with the
plane of the maximum and intermediate principal stresses (assuming compression as positive) and
opens in the orthogonal direction (i.e. in the direction of the minimum principal compressive stress
or maximum principal tensile stress), whereas its extension occurs in the direction of the maximum
principal compressive stress (Kotsovos and Pavlovic 1995). Such a cracking mechanism precludes
any shearing movement of the crack faces and, therefore, contrasts widely adopted mechanisms of
shear resistance such as, for example, aggregate interlock and dowel action, which can only be
mobilised through the “shearing” movement of the crack faces. 

Loading-rate independency: The vast majority of existing constitutive models used for describing
the behaviour of concrete under high rates of loading are based on the assumption that there is a
link between the mechanical properties of concrete and the rate at which the loading is imposed
(“loading-rate sensitivity”). However, it has recently been suggested that loading-rate sensitivity is
based on an uncritical interpretation of the available experimental data, the latter describing
structural, rather than material, response (Cotsovos 2004). In the present work, the mechanical
properties of concrete are considered to be independent of the loading rate, with the effect of the
latter on the specimen behaviour being primarily attributed to the inertia effect of the specimen
mass: this simple (and, arguably, obvious – though, at present, unorthodox) postulate was the
subject of a numerical investigation which proved it capable of reproducing the experimental data
available from past tests (Cotsovos 2004). Moreover, this numerical investigation confirmed the
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importance and significance of the role that inertia plays in the specimen’s response when subjected
to high rates of loading. 

3. Use in finite-element analysis 

3.1. Constitutive law of concrete behaviour 

A constitutive law of concrete behaviour (fully defined by a single material parameter - the
uniaxial cylinder compressive strength fc) with the characteristics described above is described in
detail in Kotsovos and Pavlovic (1995), and, therefore, it is only briefly discussed in the following. 

Stress-strain behaviour: Its analytical description has been based on an analysis of triaxial
experimental stress-strain data expressed in the form octahedral normal and shear stresses (σo, τo)
and strains (εo, γo). The variations of the secant and tangent values of the bulk modulus, KS = σo/εo

and KT=dσo/dεo, respectively, with σo may easily be established from σo-εo curves and expressed in
the form graphically represented in Fig. 1(a). Similarly, the variations of the secant and tangent
values of the shear modulus, GS = τo/γo and GT = dτo/dγεo, respectively, with τo may easily be
established from τo-γo curves and expressed in the form graphically represented in Fig. 1(b). In Figs.
1(a) and 1(b), both modulae are normalised with respect to their tangent values (Ke and Ge) at the
origin of the stress-strain curves, the latter values being essentially the elastic values, which has
been shown to adequately describe material behaviour during unloading (Kotsovos and Pavlovic
1995). Moreover, the variation of εo with τo for a given σo – expressing the coupling between the
hydrostatic and deviatoric components of stress and strain – is transformed into the variation of an
internal hydrostatic stress σint with τo for a given σo, which is shown in Fig. 1(c) (Kotsovos and
Pavlovic 1995). Stress σint, which represents the reduction caused by cracking to the internal tensile
stresses, only develops during loading, as unloading does not cause any cracking and hence σint = 0.
Having expressed KS (KT) and GS (GT) as functions of σo and τo, respectively, and σint as a function
of σo and τo, the strains corresponding to a given state of stress is easily obtained from Hooke’s law
by adding σint to σo (Kotsovos and Pavlovic 1995). 

Failure criterion: As for the case of the deformational properties, the analytical description of the
failure criterion (strength surface) has also been based on a regression analysis of valid experimental
data expressed in the form indicated in Fig. 2. Such data were used for the analytical description
of the strength-surface meridians corresponding to θ=0o (σ1=σ2≥σ3) and θ=60o and (σ1≥σ2=σ3)
graphical representations of the resulting expressions are also shown in Fig. 2 (Kotsovos and Pavlovic
1995). For meridians corresponding to a value of the rotational variable θ between 0o and 60o the
interpolation function derived by Willam and Warnke (1974) may be used. 

3.2. Constitutive law for steel bars 

The constitutive model used to describe the behaviour of steel reinforcement uses the simple form
indicated in Fig. 3, where the stress-strain curve describes the behaviour of a steel bar under uniaxial
compression or tension. It is divided into three linear sections. In each one of these sections, the material
properties remain constant. The first and second sections of the stress-strain diagram are defined by the
yield stress. The third section starts from the point where the stress is equal to the yield stress fy and has a
very small inclination, usually 1% of the slope of the first elastic section. As a result, small increases in
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Fig. 1 Variations of : (a) secant (KS) and tangent (KT) values of the bulk modulus with σo; (b) secant (GS) and
tangent (GT) values of the shear modulus with τo; and (c) internal stress state intwith σo and τo

Fig. 2 Typical strength surface meridians corresponding to θ o= 0o and θ o=60o
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stress cause large increases in strain. The steel-reinforcement fails when the strain attains its ultimate value
εu. Fig. 3 also depicts how load reversals can be accommodated by the stress-strain relations adopted
for the reinforcement bars. 

3.3. Concrete-steel interaction 

It is considered that the concrete-steel interaction is adequately described by the assumption of
perfect bond. The key argument for adopting this assumption is that the tensile strength of concrete
is significantly lower than the value of the shear stress that causes bond failure on the basis of
experimental evidence cited in Kotsovos and Pavlovic (1995), and, hence, the formation of a crack
due to tensile failure of concrete will occur before the maximum shear stress predicted by any of
the bond-slip laws adopted to date is attained. 

3.4. Finite-element solution procedure 

The implementation in structural analysis of a constitutive law of concrete behaviour with the
above characteristics was achieved through the development of a finite-element (FE) package that is
briefly described herein as its full details may be found elsewhere (Kotsovos and Pavlovic 1995,
Kotsovos and Spiliopoulos 1998a,b, Cotsovos 2004). This package, used in the past to predict the
nonlinear behaviour of a wide range of RC structural forms under static monotonic loading

Fig. 3 Graphical representation of constitutive model for steel reinforcement
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Fig. 4 Nonlinear iterative procedure
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(Kotsovos and Pavlovic 1995) has now been extended to dynamic problems (Cotsovos 2004).
Owing to the complexity of the nonlinear behaviour of concrete and steel, as well as their
interaction, the equation of motion is solved numerically by using the FE method and the Newmark
family of approximations (Bathe 1996). An implicit scheme, usually associated with problems with
a longer duration, such as earthquake problems, and the unconditionally stable average-acceleration
method are used throughout. 

The nonlinear iterative procedure adopted for solving the nonlinear dynamic problem is concisely
described in Fig. 4 (Cotsovos 2004). In essence the nonlinear dynamic problem is viewed as a
sequence of equivalent static problems. At the beginning of each iteration and based on the values
of displacement, velocity and acceleration obtained from the previous iteration, the effective
stiffness and load matrices are calculated and an equivalent static problem is formulated. The
solution procedure adopted for the equivalent static problem – described within the dotted line in
Fig. 4 – is an iterative procedure on its own and its formulation is based on a modified Newton-
Raphson procedure described in detail in Kotsovos and Pavlovic (1995). This procedure is the same
as the one used for when dealing with static problems (in which the actual stiffness and load
matrices are used instead of their effective counterparts). A characteristic feature of the solution
process of the equivalent static problem is that every Gauss point is checked, at first, in order to
determine whether loading or unloading takes place, and then in order to establish whether any
cracks close or form. A crack is considered to close when the strain normal to its plane becomes
compressive, whereas crack formation, occurring as described in section 2.4, is modelled by using
the smeared crack approach (Kotsovos and Pavlovic 1995). 

3.5. FE modelling 

Concrete is modelled by using 20-node isoparametric or 27-node Lagrangian brick elements
whereas, for steel reinforcement, a 3-node isoparametric truss element is adopted. As regards the
size of the brick elements, this is such that the region corresponding to a Gauss point is kept to a
size of approximately two times the size of the aggregate. This is compatible with the investigation
stemming from cylinder samples tested for material properties so that the assumption of isotropy is
acceptable from an engineering view point (Kotsovos and Pavlovi 1995). 

4. FE Predictions of structural-concrete behaviour 

The validity of the above nonlinear FE package has been verified by comparing the numerical
predictions with experimental data obtained from tests on a wide range of structural members
subjected to various regimes of static and dynamic loading. Full details of these comparative
studies are given elsewhere (Kotsovos and Pavlovic 1995, Kotsovos and Spiliopoulos 1998a,b,
Jelic, et al. 2004, and Cotsovos 2004). An indication of the predictive capabilities of the package
is provided in the following by complementing the above comparative studies with four
additional ones, which form part of ongoing research projects on the behaviour of typical RC
structural members under loading regimes varying from short-term static to dynamic and short-
term static to periodic. 
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4.1. Hinged beam under static monotonic loading 

The beam selected for the present case study is the hinged beam C2 tested by Hughes and
Speirs (1982), since, as discussed in section 4.2, similar beams have also been tested under
impact loading. The beam, with a clear span of 2700 mm and a rectangular cross-section 200 mm
(height)×100 mm (width), was reinforced with two 12 mm diameter compression bars, two 6 mm
diameter tension bars, and 6 mm diameter stirrups at an approximately 180 mm centre-to-centre
spacing (see Fig. 5 (top)). The modulus of elasticity (ES), yield stress (fy), and ultimate strength
(fu) of both the longitudinal and transverse reinforcement bars used are 206 GPa, 460 MPa and
560 MPa, respectively, with the compressive strength (fc) of the concrete used being
approximately 45 MPa. 

The beam was subdivided into 20 brick elements as shown in Fig. 5(bottom). The line elements
representing the steel reinforcement were placed along successive series of nodal points in both
vertical and horizontal directions. Since the spacing of these line elements was predefined by the
location of the brick elements’ nodes, their cross-sectional area was adjusted so that the total
amount of both longitudinal and transverse reinforcement to be equal to the design values. 

The external load was applied in the form of displacement increments at mid span and the main
results obtained are presented in Fig. 6, which shows a close correlation between the predicted load-
displacement curve and its experimentally-established counterpart. 

Fig. 5 Design details (top) and FE model (bottom) of hinged beams

Fig. 6 Experimental and analytical load-deflection curves of beams in Figs 5 under static monotonic point
loading
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4.2. Hinged beam under impact loading 

As discussed in the preceding section, beam C2 is typical of a number of beams tested under
loading applied at rates which vary from 1 kN/sec (static loading) to 107 kN/sec (impact loading). 

For the case of impact loading, the load was applied by means of a steel mass left to fall onto the
specimen from a certain height, depending on the desired rate of loading (Hughes and Speirs 1982,
Miyamoto, et al. 1989, Kishi, et al. 2001, 2002). From the measured response, the beam’s behaviour is
characterised by an increase in load-carrying capacity with increasing loading rate (see Fig. 7).
However, it is interesting to note in Fig. 7 the very large scatter exhibited by the test data. The
cause of this scatter appears to predominantly reflect the difficulty in establishing experimentally the
specimen load-carrying capacity under impact loading, with most values indicated in the figure
usually exceeding the “true” load-carrying capacity by a significant margin. Hence, the trends of
behaviour described by data such as those in the figure can only provide a qualitative, rather than
quantitative, description of structural behaviour. 

As for the case of static loading, the FE mesh adopted for the analysis is that depicted in Fig. 5,
with the results obtained being also presented in Fig. 7, which shows that the analysis is capable of
predicting trends of behaviour similar to those experimentally established. 

4.3. Beam-column joint under cyclic loading 

The present case has been extracted from a research programme concerned with an investigation
of the validity of the methods currently used to design beam-column joints (Cotsovos and Kotsovos
2008). It involves an analytical study of the behaviour of one (designated as A2) of the beam-
column joint specimens tested under cyclic loading by Shiohara and Kusuhara (2007) (see Fig. 8).
The specimen was designed so as to exhibit over-strength of the beam-column joint, with the beam
attaining its flexural capacity before the column; as a result, the storey shear was expected to reach
its peak value when the beam attained its flexural capacity. 

The design details of the specimen are shown in Fig. 9. The longitudinal reinforcement in both

Fig. 7 Experimental and predicted variations of the maxPd/maxPs ratio with the rate ofloading (where maxPd

and maxPs are the values of load-carrying capacity under dynamic and static, respectively, loading)
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the beams and the columns comprises 13 mm diameter bars (D13) with a nominal cross sectional
area of 139 mm2 and a yield stress ( fy) of 456.4 MPa, in the beams, and 356.9 MPa in the
columns. For both beams and columns, the transverse reinforcement comprises 6 mm diameter
stirrups (D6) (nominal cross-sectional area of 32 mm2 and yield stress of 325.6 MPa) with a spacing
of 50 mm. The mean compressive strength of concrete was 28 MPa. Full design details together
with a comprehensive description of the mechanical properties of the materials used is provided
elsewhere (Shiohara and Kusuhara 2007). At the location shown in Fig. 8, the specimen was
subjected to the combined action of a constant axial load equal to 216 kN and a lateral displacement
which was progressively increased in a cyclic manner to failure. 

Fig. 8 Beam-column joint element investigated

Fig. 9 Design details of beam-column joint element
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The beam-column joint was subdivided into 48 elements as shown in Fig. 10. The load was applied
through a steel prismatic element monolithically connected to the upper end face of the column
element; this steel element was subdivided into 2×1×1=2 brick FE elements, as indicated also in Fig.
10. The line elements representing the steel reinforcement were placed along successive series of nodal
points in both vertical and horizontal directions. Since the spacing of these line elements was
predefined by the location of the brick elements’ nodes, their cross-sectional area was adjusted so that
the total amount of both longitudinal and transverse reinforcement to be equal to the design values.

The results of the analysis, expressed in the form of a storey shear vs. drift ratio relationship, are
shown in Fig. 11, which, for purposes of comparison, also includes the experimentally-established
story shear vs. drift ratio relationship. Although the analysis method adopted does not allow for P-
effects (which are clearly present in the case investigated), Fig. 11 indicates that the correlation
between analytical and experimental results is realistic, with the area enclosed by the hysteretic
loops of the analytically predicted storey shear-drift ratio curve being similar with its experimentally
established counterpart. 

Fig. 10 FE model adopted for the analysis of the beam-column joint element

Fig. 11 Experimental and analytical storey shear vs. storey drift ratio curves for the beam-column joint
element investigated (storey drift ratio is the ratio of the horizontal displacement of the loaded point
to the length of the vertical member of the specimen in Fig. 8)
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Fig. 12 Details for the RC wall under seismic excitation: (a) experimental setup (Lestuzzi, et al. 1999) (b)
external loading and reactions; (c) arrangement of longitudinal and transverse reinforcement (this
figure only shows the arrangement of the reinforcement for the first two storeys, the arrangement for
the third storey is identical to that of the second) (all dimensions are expressed in mm)
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Fig. 13 Acceleration record used in the numerical and experimental investigation of the RCwall specimen in
Fig. 12

Fig. 14 Numerical and experimental displacement response of (a) the first floor (b) the second floor and (c)
the third floor of the RC wall under seismic excitation
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4.4. Three-storey structural wall under seismic excitation 

Full details of the specimen and the test arrangement are provided elsewhere (Lestuzzi, et al.
1999). The RC wall had a cross-section of 900 mm×100 mm and a height of approximately 4 m.
The wall corresponds to a three-story building and along its height three 12 ton masses were
attached to it at approximately 1.36 m intervals as schematically shown in Fig. 12. Each mass
(corresponding to the mass of a floor in the equivalent three-story building) was supported by a
separate rigid steel three-story frame and was able to move only in the horizontal direction (so that
the inertia of the masses affects only the horizontal motion of the structure). The wall was also
subjected to uniaxial compressive loading, at approximately 30% of the axial compressive strength.
A schematic representation of the RC wall tested and its design details are given in Fig. 12. The fc
of the concrete was approximately 35 MPa. The values (in MPa) of the yield stress and ultimate
strength (in parenthesis) of the reinforcement bars used were 567 (672), 483 (584), and 553 (611)
for bar diameters (in mm) 8, 5 and 4, respectively. 

Full details of the FE modelling and numerical predictions are given elsewhere (Cotsovos 2004,
Cotsovos and Pavlovic 2004). Only the main results are presented herewith in a graphical form. The
dynamic load was applied in the form of an acceleration record, which is presented in Fig. 13. The

Fig. 15 Numerical and experimental (a) base shear and (b) base moment of the RC wall under seismic
excitation
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full response of the specimen during the experimental investigation is presented in Figs. 14 and 15
in the form of displacement-time and base shear/moment-time curves, respectively. It can be seen
from the figures that the correlation between numerical predictions and measured values is very
close in all cases. 

5. Concluding remarks 

It appears from the above that nonlinear FE analysis incorporating a brittle, triaxial model of
concrete behaviour, load-path and loading-rate independent is capable of yielding realistic predictions for a
wide range of structural-concrete configurations subjected to short-term loading conditions ranging
from static and impact. Such evidence validates the concepts upon which the FE model’s
formulation is based and provides an alternative explanation regarding the behaviour of structural
concrete and how it should be modelled which contradicts the presently (widely) accepted
assumptions adopted by the majority of FE models used to predict concrete behaviour. 
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