
Computers and Concrete, Vol. 26, No. 2 (2020) 175-183 

DOI: https://doi.org/10.12989/cac.2020.26.2.175                                                                  175 

Copyright © 2020 Techno-Press, Ltd. 
http://www.techno-press.org/?journal=cac&subpage=8                                      ISSN: 1598-8198 (Print), 1598-818X (Online) 

 
1. Introduction  
 

To date, fly ash has become one of the indispensable 

materials in cement and concrete due to its unique chemical 

activity and physical properties, resulting in large volume 

consumption of fly ash. The price arises gradually (Kumar 

and Goyal 2019, Khan and Ali 2019, Nguyen et al. 2019, 

Yeh 2008) with the decrease of available fly ash stock. 

Efficient utilization of fly ash has thus become an urgent 

problem (Nair and Iyyunni 2013, Bhatt et al. 2019, Sata et 

al. 2016). There are two solutions to improve the 

performances of fly ash. One solution is to apply a certain 

amount of alkali activator to improve the activity of fly ash. 

However, the hydration environment and interaction 

reaction with cement were changed concurrently. Another 

solution is to change the particle size of fly ash, where the 

cement can present a better secondary hydration reaction. 

(Payá et al. 1995) studied the strength of cement mortar 

with five different particle sizes of fly ash (four fly ash 

prepared with various particle sizes and pristine fly ash) at 
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28d age. The experimental results showed that the strength 

of the cement mortar with fly ash (<30% wt) less than 100 

μm in size and the cement mortar with pristine fly ash are 

almost the same as that without fly ash at 28d. However, the 

strength of the cement mortar with the fly ash more than 

50μm in size decreased significantly. Mehta (1985) found 

that there are an optimal impact on the hydration effect of 

fly ash with the particle size at about 10 μm. Sugrañez et al. 

(2013) concluded that the early strength of concrete with 0-

3 μm particle size fly ash was improved and the strength of 

concrete at 28d age with 3-25 μm particle size fly ash was 

improved. The fly ash with single particle size distribution 

was wasted in the practical application process. 

Researchers found that constructing functions for fly ash 

with different particle size can be used in the whole particle 

size range (Qiao et al. 2016, Judycki 2014). However, the 

performance of concrete is discrete due to the discontinuity 

of fly ash particle size. This discrete trend can be mitigated 

if a mathematical model was built and was able to predict 

the performance of concrete in the whole particle size range 

of fly ash. At present, neural network has higher 

requirements on data samples and prediction stability is 

widely used. Trend prediction and time series prediction are 

more sensitive to the external factors. It is easy to emerge 

large deviation when the external changes are strong (Xu et 

al. 2014, Kongar and Gupta 2019, Micelli and Aiello 2017, 

Rahimi and Allahyari 2017). More accurate predictions are 

made according to grey prediction theory with a small 

amount of data in the insufficient and uncertain information 

system (Xu et al. 2019, Lai et al. 2012, Pacheco et al. 

2020). The grey multiple linear regression method is used 

to detect and modify the grey prediction model, and the 

improved grey multiple linear regression combination  
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Abstract.  Fly ash has become an important component of concrete as supplementary cementitious material with the 

development of concrete technology. To make use of fly ash efficiently, four types of fly ash with particle size distributions that 

are in conformity with four functions, namely, S.Tsivilis, Andersen, Normal and F distribution, respectively, were prepared. The 

four particle size distributions as functions of the strength and pore structure of concrete were thereafter constructed and 

investigated. The results showed that the compressive and flexural strength of concrete with the fly ash that conforming to 

S.Tsivilis, Normal, F distribution increased by 5-10 MPa and 1-2 MPa, respectively, compared to the reference sample at 28 d. 

The pore structure of the concrete was improved, in which the total porosity of concrete decreased by 2-5% at 28 d. With 

regarding to the fly ash with Andersen distribution, it was however not conducive to the strength development of concrete. 

Regression model based on the grey multiple linear regression theory was proved to be efficient to predict the strength of 

concrete, according to the characteristic parameters of particle size and pore structure of the fly ash. 
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Table 1 Chemical composition of P▪O 42.5 cement (wt %) 

SiO2 Al2O3 Fe2O3 CaO MgO SO3 R2O 
Loss of 

ignition 

21.72 5.81 4.33 62.41 1.73 2.56 0.50 1.47 

 

Table 2 Chemical composition of fly ash (wt%) 

SiO2 Al2O3 Fe2O3 CaO MgO Fe2O3 SO3 

58.95 26.78 1.53 4.35 2.30 1.53 1.46 

 

  

Fig. 1 The measurement of flexural strength and 

compressive strength (a: flexural strength; b: compressive 

strength) 

 

 

model is obtained (Deepak and Davim 2019). The 

interference of the original data random fluctuation is 

reduced and the performance prediction is completed 

combined with multiple factors affecting the order quantity 

by means of the model (Ma and Liu 2018). 

In this work, functions such as close-packing function, 

activity distribution function and common probability 

functions are selected. The influence of fly ash with 

different particle size distribution on the mechanical 

properties of concrete was studied according to the grey 

multiple linear regression analysis method. The correlation 

among fly ash with different particle size distribution, the 

mechanical properties and pore structure of concrete were 

analyzed. Then, the mathematical model of fly ash with 

different particle size distribution areas, the strength and 

pore structure of concrete were established. The strength of 

concrete was predicted, from which accuracy and reliability 

of the prediction were significantly improved. 

 

 
2. Materials and experiments 

 

CEM 42.5R cement is supplied by Liaoning Shenyang 

Jidong Cement Co., Ltd. Fly ash (grade II) is supplied by 

Shenhai thermal power station. The main chemical 

compositions of raw materials are listed in Table 1 and 

Table 2. In this experiment, the ratio of cement to sand is 

1:3, the ratio of water to cement is 0.42, the content of fly 

ash is 10 % by the weight of cement, the mix proportions is 

shown in Table 3. The mix proportion of all experimental 

groups is the same, the particle size distribution of fly ash is 

different as following way. Firstly, a certain amount of raw 

materials was stirring for 1 min. Then, water was added 

gradually and continued to stir for 3 min. Mixtures were 

poured into mould with sizes of 100 mm×100 mm×100 mm 

and 100 mm×100 mm×140 mm for compressive strength 

and flexural strength tests. Pastes were demolded after 24 h 

of casting and placed under the condition of air curing 

Table 3 Mix proportion of concrete (wt%) 

Sample 
Water/cement 

ratio 

Cement 

/sand ratio 

Fly Ash (by 

mass of 

cement) 

Water 

reducing 

agent 

Control group 

0.42 1:3 

0 

0.3 Experimental 

group 
10 

 

 

(temperature of the 20±2°C and humidity of the 95±2%). 

The compressive strength and flexural strength of concrete 

are measured be in accordance with Chinese standard 

(GB/T 50081-2019), “Standard for test methods of concrete 

physical and mechanical properties”, as shown in Fig. 1. 

The mercury intrusion porosimeter (MIP, AUTOPORE IV 

9500, USA) was used to characterize the pore structure of 

concrete. 

To improve the macro performance of cement-based 

materials, the micro particles are filled in the pores of 

cementitious materials according to the close packing 

theory and particle distribution technology, so as to reduce 

the initial porosity of cement-based materials (Topçu and 

Sarıdemir 2008, Chen and Lee 2019). The most typical 

S.Tsivilis distribution and Anderson distribution are 

selected, besides, the most common Normal distribution 

and F distribution in engineering mathematics are also 

selected. The influence of particle size distribution of fly 

ash on the mechanical properties of concrete was studied, 

and the particle size distribution of fly ash was optimized. 

 

(a) S.Tsivilis distribution 

According to S.Tsivilis, the strength development of 

cement were affected with the size of 3-30µm particles, and 

the content should be ≥65%. The content of particles which 

are less than 3 µm should be ≤10%. Namely 

Y(30)-Y(3)≥65%                (1) 

Y(3)≤10%                  (2) 

Where: Y(x) is the sieving passing rate (%) when the sieve 

aperture is x µm. 

 

(b) Anderson distribution 

According to Andersen, when the particles with 

continuous distribution are most closely packed, their 

particle distribution should satisfy the following equation 

n

lDDDU )/(100)( =
 (3) 

Where: U(D) is the sieving passing rate (%) with the 

sieve aperture of D; D is the size of the largest particle in 

the process of sieving (μm); n is the distribution modulus. 

Among them, when n=1/3, the powder particles appear the 

largest bulk density and the smallest porosity (Andreasen 

1930). 

Dinger and funk et al. modified the above equation by 

introducing limited amounts of small particles in the 

particle distribution. Assumed D=Ds, then U(D)=0; while 

D=Dl, then U(D)=1. At this point, the Andreasen equation 

is as follows 
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Table 4 Mass percentage of each particle size range of fly 

ash with S.Tsivilis distribution (wt%) 

Particle size 

range (μm) 

Distribution 

A B C 

0-3 0 5 10 

3-30 100 82.5 65 

30-80 0 12.5 25 

Note: A:S.TsivilisDistribution (1); B:S.TsivilisDistribution (2); 

C:S.TsivilisDistribution (3). 

 

 

𝑈(𝐷) = 100
𝐷𝑛 − 𝐷𝑠

𝑛

𝐷𝑙
𝑛 − 𝐷𝑠

𝑛
 (4) 

Where: Dl is the size of the largest particle when sieving 

(μm); Ds is the size of the smallest particle when sieving 

(μm). Dinger et al. concluded using computer simulation: 

when n=0.37, the powder particle system appears the 

maximum packing density and the minimum porosity. 

 

(c) Normal distribution 

The Normal distribution of particles is in accordance 

with the following equation                            

𝑓(𝑥) =
1

√2𝜋𝜎
𝑒

−
(𝑥−𝜇)2

2𝜎2  (5) 

Where: σ2 is the variance of the random variable following 

the normal distribution; μ is the mean value of the random 

variable. 

 

(d) F distribution 

The F distribution of particles is in accordance with the 

following equation 

𝑓𝑚,𝑛(𝑥) =

Γ(𝑚 + 𝑛)
2

Γ (
𝑚
2

) Γ (
𝑛
2
)

(
𝑚

𝑛
)

𝑚
2

𝑥
𝑚
2

−1(1 +
𝑚

𝑛
𝑥)−(𝑚+𝑛)/2 (6) 

Where: m is the first degree of freedom, that is, the number 

of independent variables; n is the second degree of freedom, 

that is, the total number of samples. 

The fly ash used in this study was prepared according to 

the following process：firstly, fly ash was mixed with 

dispersants and then screened by 13 standard sieves with 13 

sizes of 3 μm, 5 μm, 8 μm, 10 μm, 15 μm, 20 μm, 26 μm, 

30.8 μm, 38.5 μm, 43 μm, 50 μm, 61 μm and 80 μm in turn, 

where the standard sieves are in conformity with the 

“Taylar standard sieves”, Thereafter, 13 types of fly ash 

sources were then obtained, which corresponds to particles 

with 13 sizes in range of 0-3 μm, 3-5 μm, 5-8 μm, 8-10 μm, 

10-15 μm, 15-20 μm, 20-26 μm, 26-30.8 μm, 30.8-38.5 μm, 

38.5-43 μm, 43-50 μm, 50-61 μm and 61-80 μm, 

respectively. Secondly, mass percentage of fly ash that falls 

in the respective 13 size ranges as per the distribution 

models was calculated. Then, thirteen fly ash samples were 

obtained according to the calculated mass percentage from 

the respectively 13 types of fly ash sources. Finally, the 

obtained thirteen fly ash samples were mixed uniformly and 

finally the fly ash with required particle sized distribution as 

per the distribution models (S.Tsivilis distribution,  

Table 5 Mass percentage of each particle size range of fly 

ash with Andersen distribution, Normal distribution and F 

distribution (wt%) 

Particle 

size range 

(μm) 

Distribution 

D E F G H I J K 

0-3 33.47 0 16.08 2.27 0 35.21 1.79 1.62 

3-5 6.22 8.78 15.51 3.84 0 17.78 8.81 8.49 

5-8 6.73 9.67 26.10 11.80 0.16 20.69 25.66 42.91 

8-10 3.28 5.22 15.51 12.52 0.44 9.12 18.08 29.78 

10-15 7.24 10.66 21.87 38.50 6.07 11.62 29.83 12.83 

15-20 5.76 8.59 4.56 24.32 24.17 3.76 11.81 2.96 

20-26 5.75 8.68 0.37 6.39 44.92 1.32 4.02 1.41 

26-30.8 4.00 6.07 0 0.36 19.36 0.50 0 0 

30.8-38.5 5.26 8.59 0 0 4.79 0 0 0 

38.5-43 2.94 4.52 0 0 0.09 0 0 0 

43-50 4.19 6.49 0 0 0 0 0 0 

50-61 5.86 9.12 0 0 0 0 0 0 

61-80 8.64 13.61 0 0 0 0 0 0 

Note: D: Andersen Distribution (n=1/3); E: Andersen Distribution 

(n=0.37); F: Normal Distribution (μ=6.5); G: Normal Distribution 

(μ=12.5); H: Normal Distribution (μ=22.5); I: F Distribution (1); J: 

F Distribution (2); K: F Distribution (3). 

 

 

Anderson distribution, Normal distribution and F 

distribution) was achieved. The quality of each particle size 

range is shown in Table 4 and Table 5. 

 

 
3. Results and discussion 

 
3.1 Effect of fly ash with different particle size 

distribution on the mechanical properties of concrete 
 

The compressive strength and flexural strength of 

concrete at 3d, 7d, 14d and 28d were shown in Figs. 2-5. In 

the early period (3d), the compressive strength and the 

flexural strength of A are slightly lower than that of the 

control group, while the compressive strength and the 

flexural strength of B and C are higher than that of the 

control group. The compressive strength and the flexural 

strength of D and E are generally lower than that of the 

control group. The compressive strength and the flexural 

strength of fly ash with the Normal distribution are higher 

than that of the control group. The compressive strength and 

the flexural strength of fly ash with F distribution are higher 

than that of the control group, and its growth rate is faster. 

At the age of 7d, the general trend is the same as that of 3d. 

However, the compressive strength and flexural strength of 

fly ash with the Normal distribution decreased, the 

compressive strength of F and the flexural strength of F, H 

are lower than that of the control group. At the age of 14d, 

the compressive strength and the flexural strength of fly ash 

with F distribution is significantly higher than that of the 

control group. In the later period (28d), the compressive 

strength of B and the flexural strength of C concrete 

increase rapidly, the compressive strength and flexural 

strength of fly ash with the Normal distribution concrete are 

substantially lower than that of the control group. 

For S.Tsivilis distribution, the compressive strength  
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Fig. 2 Compressive strength and flexural strength of 

concrete in control group and different distribution (curing 

period: 3d) 
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Fig. 3 Compressive strength and flexural strength of 

concrete in control group and different distribution (curing 

period: 7d) 

 

 

(S.Tsivilis (2)) increases by 18.9% and 12.9% at the age of 

3 d and 28 d compared with control group, respectively. The 

flexural strength increases by 7.2% and 3.4% respectively, 

compared with control group at 3 d and 28 d. Adding fly 

ash with S.Tsivilis distribution can improve the strength of 

concrete. At the same time, it shows that the S.Tsivilis 

distribution is not only suitable for Portland cement, but 

also for the fly ash with pozzolanic activity. The strength of 

concrete improved with the change of fly ash size at early 

and late stage. Ultrafine particles have large specific surface 

area and high chemical activity, and leads to quick 

hydration reaction. With the increase of curing age, the 

contribution of pozzolanic activity of fly ash on strength is 

increasing, making it higher than that of the control group. 

For Anderson distribution, the compressive strength of E 

concrete increases rapidly at 14 d, the compressive strength 

increases by 37.3% compared with that of 7 d. The flexural 

strength of E concrete increases rapidly at 14 d, the flexural 

strength increases by 36.08% compared with that of 7 d. It 

is not conducive to the strength of concrete that improving 

the particle size distribution of fly ash to make it the most 

closely compacted. In other words, it is not conducive to 

improve the strength of that the fly ash with Andersen 

distribution concrete. Fly ash with a state of close packing  
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Fig. 4 Compressive strength and flexural strength of 

concrete in control group and different distribution (curing 

period: 14d) 
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Fig. 5 Compressive strength and flexural strength of 

concrete in control group and different distribution (curing 

period: 28d) 

 

 

is not play its micro aggregate effect well in the early stage. 

The total porosity of concrete increases and the number of 

multiple harmful holes increases. The pozzolanic effect of 

fly ash plays a major role with the increase of curing age. It 

will still be affected by its own close packing, and the 

improvement effect is not ideal. 

For Normal distribution, the early of 3 d compressive 

strength of fly ash with Normal distribution concrete is 

better, and the compressive strength of G, F and H is 

32.25%, 19.28% and 12.41% higher than that of the control 

group, respectively. The early flexural strength growth rate 

of F and H concrete is faster, the flexural strength increases 

by 24.04% compared with that of 7 d and 25.99% compared 

with that of 3 d. However, the flexural strength (28d) of H 

concrete at later stage increases rapidly, the growth value is 

38.78%, 18.37% compared with that of 3d and 14d, 

respectively. When fly ash with the Normal distribution is 

added, fly ash in the range of 10-15 μm is conducive to 

improve the early strength of concrete. 

For F distribution, the compressive strength reaches to 

41.98 MPa and 32.55% higher than that of 14 d. the 

compressive strength (F (1)) increases by 42.8% and 20.8% 

at the age of 3 d and 28 d compared with control group, 

respectively. The flexural strength increases by 29.7% and  
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Fig. 6 The calculation results of the total porosity of 

concrete with different particle size distribution (S: control 

sample; B: S.Tsivilis Distribution (2); E: Andersen 

Distribution (n=0.37); G: Normal Distribution (μ=12.5); J: 

F Distribution (2)) 

 

 

12.6% respectively, compared with control group at 3 d and 

28 d. Due to its not in a close accumulation state, the fine 

particles can participate in the hydration reaction in the later 

stage, and the pozzolanic activity increases, which has a 

certain favorable impact on the later compressive strength 

of concrete. Compared with the other three groups, adding 

fly ash with F distribution is beneficial to improve the 

compressive strength of concrete. Which shows that the 

addition of fly ash with F distribution is conducive to the 

improvement of the strength of concrete. 

 
3.2 Effect of fly ash particle size distribution on the 

pore structure of concrete 
 

The B, E, H, J with optimal compressive strength were 

compared with the control group. Fig. 6 and Fig. 7 are pore 

structure information of concrete. From the pore structure 

characteristic parameters of concrete, the development of 

total porosity and the most probable pore diameter are the 

same. Except for the D and E concrete, the total porosity of 

the rest concrete is reduced. The average pore diameter and 

the most probable pore diameter are reduced. The structure 

of B and J are improved obviously. The porosity are 

11.4476% and 10.8231%, respectively. The most probable 

pore size are 15.6 nm and 16.8 nm, respectively. 

It can be seen that there is an obvious regular 

relationship that the improvement degree of concrete pore 

structure parameters and fly ash with different particle size 

distribution. That is, the whole concrete appears close 

packing state with the addition of fly ash, the better the 

improvement effect on the pore structure of the concrete is. 

It is reflected in the distribution of S.Tsivilis (2) and F (2) 

that the appropriate amount of fly ash is increased by 5-15 

μm, and the amount of fly ash is reduced by 30-80 μm. The 

fine particles can fill in the pores of concrete, and the fly 

ash can play a pozzolanic effect fully at the later stage, the 

degree of secondary hydration increased, so as to improve 

the strength. However, the fly ash only present close 

packing state in the E concrete. The packing effect of fly 

ash and other materials is not well, the pore structure 

parameters increase and the mechanical properties  

S B E G J
0

9

18

27

T
h

e 
m

o
st

 p
ro

b
a
b

le
 a

p
er

tu
re

Particle size distribution of fly ash

 

 

 

Fig. 7 The calculation results of the most probable pore size 

of concrete with different particle size distribution (S: 

control sample; B: S.Tsivilis Distribution (2); E: Andersen 

Distribution (n=0.37); G: Normal Distribution (μ=12.5); J: 

F Distribution (2)) 
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Fig. 8 Pore size distribution of concrete with different 

particle size distribution 

 

 

decreases significantly. 

As can be seen from Fig. 8, the harmful pores, multiple 

harmful pores in the vast majority of concrete obviously 

decreases and the harmless pores increases when different 

distribution fly ash are added. For example, 15.72% of the 

harmful pores, 47.31% of the multi harmful pores and 

11.72% of the harmless pores are in the benchmark 

concrete. When B and G were added into concrete, the 

harmful pores decreased obviously, which were 8.45% and 

9.36% respectively. The multiple harmful pores decreased 

to 35%, the harmless pores and the less harmful pores 

increased obviously, which accounted for about 55% of the 

pore volume. J concrete of the multiple harmful pores were 

the lowest, it was 28.33%; However, E concrete under the 

harmless pore is 23.44%, the multiple harmful pores are 

59.20%. 

It can be seen that the particle size distribution of fly ash 

except E has obvious effect on improving the pore structure 

of concrete, which shows a large increment on the strength 

of concrete. Due to its close packing accumulation state, the 

packing effect of fly ash and other powder materials is not 

well. That leads to the highest proportion of multiple 

damage pores and the strength of concrete greatly reduced. 

In F distribution (2), 5-15 μm fly ash fill in the pores and it 
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play the role of micro aggregate at the early stage. With the 

increase of curing age, it is easy to participate in the 

hydration reaction and make its structure more dense. The 

multiple harmful pores reduced and the mechanical 

properties increased. 

 
3.3 The basic principle of grey multiple linear 

regression analysis 
 

Grey multiple linear regression analysis model (Xie and 

Yang 2019, Zeng et al. 2019, Yu et al. 2018) is a multiple 

linear regression analysis model based on grey system 

theory. However, it is different from the classical multiple 

linear regression analysis model. In two aspects: First, the 

grey multiple linear regression analysis model can improve 

the problems that the classical analysis model is not reflect 

the dynamic changes in real time and the system response 

time is long; Second, the grey multiple linear regression 

analysis model can effectively reduce the influence of ill-

conditioned data on the model when processing data. Due to 

the data accumulation or subtraction in the classical analysis 

model, the error of differential equation affects the 

parameters of estimation. It is more difficult to determine 

the high-order model and it is usually unstable. In the grey 

multiple linear regression analysis model, there are N 

variables in total, which are divided into 1 dependent 

variable and N-1 independent variable, and there are n time 

series. Dependent variable prediction value and change 

trend are predicted mainly using N-1 independent variable 

in the model.  

Assume Y1
(0)=(y1

(0)(1), y1
(0)(2), …, y1

(0)(n)) is the 

sequence of dependent variables, and the sequence of 

independent variables is as follows: 

X1
(0)=(x1

(0)(1), x1
(0)(2), …, x1

(0)(n)); 

X2
(0)=(x2

(0)(1), x2
(0)(2), …, x2

(0)(n)); 

…….     ……… 

XN
(0)=(xN

(0)(1), xN
(0)(2), …, xN

(0)(n)) 

The Gray level is weak statistics, which is different from 

set. That is, the gray level as gi=1/ln(i) (i=1, 2, …, n), n is 

the number of elements to be recognized in the set. It can be 

seen from the common sense that the gray scale cannot be 

1, i is not equal to n, which means things in practice are not 

fully recognized. According to the definition of gray level, 

the variable should be multiplied with its own whiteness in 

different time series. The whiteness is the reciprocal of gray 

level, which can be set as wi=1/gi=log2(i), that is, the 

whiteness of the ith element Si in S sequence. According to 

the modeling idea of multiple linear regression analysis, the 

grey multiple linear regression model satisfies the following 

matrix equations 

           yN=BPN                  (7) 

Among, 

B =

[
 
 
 
 log2(1) ∗ x2

(0)
(1)

log2(2) ∗ x2
(0)

(2)
…

log2(n) ∗ x2
(0)

(n)

log2(1) ∗ x3
(0)

(1)

log2(2) ∗ x3
(0)

(2)
…

log2(n) ∗ x3
(0)

(n)

… log2(1) ∗ xN
(0)

(1)

…  log2(2) ∗ xN
(0)

(2)
…

… log2(n) ∗ xN
(0)

(n)]
 
 
 
 

 

    y𝑁 =

[
 
 
 
 [log2(1) ∗ x1

(0)
(1)

log2(2) ∗ x1
(0)

(2)
…

log2(n) ∗ x1
(0)

(n) ]
 
 
 
 

          P𝑁 =

[
 
 
 
 
a
𝑏3

𝑏4

…
𝑏𝑁]

 
 
 
 

 

The solution of grey multiple linear regression analysis 

model is the same as that of classical analysis model, the 

least square estimation is used to solve the matrix 

coefficient to get the regression coefficient. According to 

the above model definition, yN=BPN 

The least square estimation of parameter column PN 

satisfy the following requirements 

B𝑇𝐵𝑃𝑁 = B𝑇𝑦𝑁               (8) 

If(B𝑇𝐵)−1exist, then 

𝑃𝑁 = (B𝑇𝐵)−1𝐵𝑇𝑦𝑁             (9) 

The PN is solved using MATLAB software, then, 

substitute it in the prediction expression of grey multiple 

linear regression analysis model 

𝑦�̂� = 𝑎𝑥2
(0)(𝑖) + 𝑏3𝑥3

(0)(𝑖) + 𝑏4𝑥4
(0)(𝑖) + ⋯ 

+𝑏𝑁𝑥𝑁
(0)(𝑖), (𝑖 = 1,2, … , 𝑛)        (10) 

The  value of  𝑦𝑖  ̂ and 𝑦�̂�  are obtained, which is the 

prediction sequence of dependent variable. Based on the 

analysis of data, it can be seen that there are a good 

correlation between the content of fly ash in the four 

particle size ranges of 3-5 μm, 5-8 μm, 8-10 μm and 10-15 

μm and the strength of concrete under the different standard 

curing condition, which has a significant effect on its 

improvement. Four kinds different fly ash distribution are 

selected in the following, the correlation of fly ash particle 

distribution, strength and pore structure of concrete is 

studied, the mathematical model is established. 

 
3.4 Mathematical model of fly ash particle size range, 

flexural strength and pore structure of concrete 
 

Particle size ranges, pore structure and strength of fly 

ash concrete were shown in Table 6. Among, X is the 

particle size range (X1: 3-5 μm, X2: 5-8 μm, X3: 8-10 μm, X4: 

10-15 μm); Y is the pore structure parameter (Y1: porosity, 

Y2: average pore size, Y3, the most probable pore size); Z is 

the flexural strength of concrete under standard curing; 

Particle size distribution (S: control group, B: S.Tsivilis 

distribution (2), E: Anderson distribution (n=0.37), G: 

Normal distribution (μ=12.5), J: F distribution (2)) 

 

 

Table 6 The values of particle size range, pore structure and 

strength of fly ash concrete 

Variable 
Particle size distribution 

S B E G F 

X1 0.82 0.93 8.78 3.84 8.81 

X2 6.60 7.50 9.67 11.80 25.66 

X3 7.51 8.54 5.22 12.52 18.08 

X4 15.45 17.57 10.66 38.50 29.83 

Y1 15.5456 11.4476 17.3744 13.9371 10.8231 

Y2 26.6 23.8 33.5 26.4 22.9 

Y3 21.1 15.6 26.3 17.1 16.8 

Z 6.2 7.3 5.3 7.5 7.1 
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Fig. 9 Relationship between flexural strength of concrete 

fitting curves and measured values 

 

 

Under the standard curing condition, there are in good 

grey multiple linear correlation that the particle size range 

of fly ash, the characteristic parameters of concrete pore 

structure and the strength. The fitting function is 

preliminarily determined as follows 

Z=AX1+BX2+CX3+DX4+EY1+FY2+GY3+H     (11) 

Z is flexural strength of concrete; X is particle size range 

of fly ash; Y is pore structure characteristic parameter of 

concrete; A-H is corresponding parameter. 

The above data are processed using MATLAB software, 

and the function coefficient parameters are obtained by grey 

multiple linear regression analysis. The results are shown in 

formula 12. 

Z1=-0.4220X1+0.0450X2+0.2995X3-0.0254X4 

-0.0033Y1+0.2367Y2-0.0226Y3        (12) 

Finally, the established mathematical model (12) is 

applied to predict the flexural strength of the above four 

kinds different fly ash distribution of concrete under 

standard curing conditions (temperature of the 20±2°C and 

humidity of the 97±2%) for 7 d curing period. Five groups 

of concrete were prepared with the numbers of 1-5 

respectively. The predicted strength of concrete compared 

with the actual strength and the results are shown in Fig. 9. 

It can be seen from Figure 9 that the predicted flexural 

strength of concrete is consistent with the actual flexural 

strength and the similarity is very high. The results show 

that the mathematical model based on the particle size range 

of fly ash, pore structure parameters and flexural strength of 

concrete can be used to predict the flexural strength of 

concrete under different condition. Meanwhile, the 

correlation among the particle size range of fly ash, the 

structural characteristic parameters and the strength of 

concrete is well, there is a close internal relationship. The 

validity of the model is further verified by comparison and 

the predicted strength is basically reasonable and reliable. 

Therefore, Eq. (12) can be used to characterize the 

correlation among the particle size range of fly ash, the pore 

structure characteristic parameters and the flexural strength 

of concrete. 

Table 7 The values of particle size range, pore structure and 

strength of fly ash concrete 

Variable 
Particle size distribution 

S B E G F 

X1 0.82 0.93 8.78 3.84 8.81 

X2 6.60 7.50 9.67 11.80 25.66 

X3 7.51 8.54 5.22 12.52 18.08 

X4 15.45 17.57 10.66 38.50 29.83 

Y1 15.5456 11.4476 17.3744 13.9371 12.8231 

Y2 26.6 23.8 33.5 26.4 22.9 

Y3 21.1 15.6 26.3 17.1 16.8 

Z 29.0 32.0 23.4 28.9 25.0 

 

 
3.5 Mathematical model of fly ash particle size range, 

flexural strength and pore structure of concrete 
 

Particle size ranges, pore structure and strength of fly 

ash concrete were shown in Table 7. X is the particle size 

range (X1: 3-5 μm, X2: 5-8 μm, X3: 8-10 μm, X4: 10-15 μm); 

Y is the pore structure parameter (Y1: porosity, Y2: average 

pore size, Y3: the most probable pore size); Z is the flexural 

strength of concrete under standard curing; Particle size 

distribution (S: control group, B: S.Tsivilis distribution (2), 

E: Anderson distribution (n=0.37), G: Normal distribution 

(μ=12.5), J: F distribution (2)). 

There is a good grey multivariate linear correlation 

among the particle size range of fly ash, the pore structure 

parameters of concrete and compressive strength. The 

fitting function is preliminarily determined as follows 

 Z=AX1+BX2+CX3+DX4+EY1+FY2+GY3+H      (13) 

Z is flexural strength of concrete; X is particle size range 

of fly ash; Y is pore structure characteristic parameter of 

concrete; A-H is corresponding parameter. 

The above data are processed using MATLAB software, 

and the function coefficient parameters are obtained using 

grey multiple linear regression analysis. The results are 

shown in formula 14. 

Z2=-2.1010X1+0.0579X2+1.3563X3-0.2658X4 

+0.0025Y1+1.1790Y2-0.0951Y3        (14) 

Finally, the established mathematical model (12) is 

applied to predict the flexural strength of the above four 

kinds different fly ash distribution of concrete under 

standard curing conditions (temperature of the 20±2°C and 

humidity of the 97±2%) for 7 d curing period. Five groups 

of concrete were prepared with the numbers of 1-5 

respectively. The predicted compressive strength of 

concrete compared with the actual compressive strength, 

and the results are shown in Fig. 10. 

It can be seen from Fig. 10 that the predicted strength of 

concrete is consistent with the actual strength, and the 

similarity is very high. It can be concluded that the 

mathematical model based on the particle size range of fly 

ash, pore structure parameters and compressive strength of 

concrete can be used to predict the compressive strength of 

concrete under different condition. At the same time, the 

correlation among the particle size range of fly ash, the pore 

structure characteristic parameters of concrete and  
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fitting curves and measured values 

 

 

compressive strength is good and there is a close internal 

relationship. The validity of the model is further verified by 

comparison and the predicted compressive strength is 

basically reasonable and reliable. Therefore, Eq. (14) can be 

used to characterize the correlation among the particle size 

range of fly ash, the pore structure characteristic parameters 

and the compressive strength of concrete under different 

curing condition. 

 

 

4. Conclusions 

 

In this paper, the strength properties and pore structure 

characteristics of concrete mix with fly ash with different 

particle size distribution function are carried out, and the 

fitting results are as follows using grey correlation method: 

(1) Fly ash conforming to the S.Tsivilis distribution, 

Normal distribution and F distribution can improve the 

strength of concrete in a certain extent. The compressive 

and flexural strength of concrete (fly ash with S.Tsivilis, 

Normal, F distribution) increased by 5-10 MPa and 1-2 

MPa, respectively, compared to the reference sample at 

28 d. Andersen distribution is not conducive to the 

development of concrete strength. 

(2) The S.Tsivilis distribution, Normal distribution and F 

distribution of fly ash can reduce the porosity, average 

pore size and the most probable pore size of concrete. 

The total porosity of concrete decreased by 2-5% at 28 

d. Fly ash with Andersen distribution is in close 

accumulation state and the accumulation with other 

powder particles is not good, resulting in the highest 

proportion of multiple damage holes and the strength of 

concrete is greatly reduced. 

(3) The parameters and the prediction fitting equation 

among the particle size range of fly ash, the pore 

structure characteristic parameters of concrete and the 

strength are obtained through the establishment of 

mathematical model. The fitting effect is good, which 

shows that the correlation among the particle size range 

of fly ash, the pore structure characteristic parameters 

and strength of concrete are good, and there is a close 

internal relationship. 
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