
Computers and Concrete, Vol. 26, No. 2 (2020) 107-114 

DOI: https://doi.org/10.12989/cac.2020.26.2.107                                                                  107 

Copyright © 2020 Techno-Press, Ltd. 
http://www.techno-press.org/?journal=cac&subpage=8                                      ISSN: 1598-8198 (Print), 1598-818X (Online) 

 
1. Introduction  
 

Practical structural and mechanical components and 

materials that can keep pace with the changing and 

developing technology day by day is one of the 

fundamental issues of today's engineers. For this reason, 

analytical, numerical and experimental studies on the 

different behaviors of structural and mechanical 

components made of different kinds of materials have been 

the focus of interest of scientists (Gurses et al. 2012, Akgoz 

and Civalek 2015, Civalek and Demir 2016, Haeri and 

Sarfarazi 2016, Haeri and Marji 2016, Amnieh et al. 2018, 

Avcar 2019, Hajmohammad et al. 2019, Arbabi et al. 2020, 

Farokhian and Kolahchi 2020, Hussain et al. 2020, 

Kolahchi et al. 2020, Ghamari et al. 2020, Taherifar et al. 

2020). One of the load transferring methods between these 

structural and mechanical components is contacting them. 

Stresses and deflections occur between contacting two 

elastic bodies which may affect the stability of the structural 

body. Hence, the nature of the stresses arising from the 

contact between two elastic bodies is of significant 

importance in engineering field and was first studied by 

Hertz (1881, 1882). Then, contact problems have found 

wide application areas in engineering structures of 
practical importance such as foundations, road and 
airport superstructures, railways, fuel tanks, grain silos, 

cylindrical shafts and marbles as well as in biomechanics  
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where human joints, implants or teeth are of consideration. 

In the last century, Hertzian contact theory has established 

to be a respected tool for finding the behavior of contacting 

bodies. Spence (1975) formulated the indentation of an 

elastic half-space by an axisymmetric punch under a 

monotonically applied normal force using a mixed 

boundary value problem under the assumption of Coulomb 

friction with the coefficient in the region of contact. Keer et 

al. (1972) discussed the problem of frictionless contact of 

an elastic layer loaded with elastic load and fitted to the 

elastic half plane, where the contact areas and contact 

stresses are obtained solving unsymmetrical plane contact 

problems. The same problem was handled by Ratwani and 

Erdogan (1973) loading through a frictionless block 

considering the block profile as rectangular and circular. 

Cakiroglu and Cakiroglu and Cakiroglu (1991) investigated 

the continuous and discontinuous contact problem between 

the elastic layer and the elastic half plane. Pindera and Lane 

(1993) discussed the contact problem of isotropic, 

orthotropic, or monoclinic layers. Guler and Erdogan 

(2004) discussed the contact problem of functionally graded 

layers supported by an elastic half plane and presented 

numerical examples. Kahya et al. (2007), examined the 

problem of contact with an anisotropic elastic layer resting 

on anisotropic elastic half plane and pressed with a rigid 

punch taking into account a single integral equation where 

the contact length and contact stress are unknown and 

solved for some dimensionless parameters. Kuo (2008) 

presented a two-dimensional contact stress analysis to 

investigate the effects of multiple inclusions on the contact 

pressure and subsurface stresses in an elastic half-plane. 

Rhimi et al. (2009, 2011) considered the axisymmetric 
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problem of a frictionless receding contact between an 

elastic functionally graded layer and a homogeneous half-

space, when the punch subjected to concentrated normal 

force and applied distributed load. Liu et al. (2010) treated 

two-dimensional elastic contact problems including normal, 

tangential, and rolling contacts, using FEM.  Zhou and 

Gao (2013) presented analytical solutions for the problems 

of an elastic half-space and an elastic half-plane subjected 

to a distributed normal force. Gandhi et al. (2015) examined 

the effect of material dependency in elastic-plastic contact 

models by contact analysis of sphere and flat contact model 

and wheel rail contact model considering the material 

properties without friction. Öner et al. (2015) presented a 

comparative study of analytical method and FEM for 

analysis of a continuous contact problem. Vasiliev et al. 

(2017) considered the plane contact problem of the theory 

of elasticity on the indentation of a non-deformable punch 

with a flat base into an elastic transversely isotropic half-

plane with a transversely isotropic functionally graded 

coating. Liu et al. (2018) considered the smooth receding 

contact problem between a homogeneous half plane and a 

composite laminate composed of an in-homogeneously 

coated elastic layer. Yaylaci et al. (2019a) dealt with the 

numerical analysis of the symmetric contact problem of two 

bonded layers resting on an elastic half plane compressed 

with a rigid punch. Yaylaci et al. (2019b) examined the 

contact problem of an elastic layer resting on the rigid 

foundation.  
In the researches on the contact problems the layers are 

thought to be resting on the elastic half plane. However, the 

layers may rest on elastic quarter planes. Limited number of 

studies performed considering elastic quarter planes. Some 

of them can be summarized as follows. Erdogan and 

Ratwani (1974) have solved the problem of discontinuous 

contact in a layer supported by two quarter planes reducing 

the problem to a single integral equation where the contact 

stresses are unknown. Keer et al. (1984) solved the problem 

of the contact between a smooth, rigid indenter and an 

elastic quarter space using integral transform techniques.  

Hanson and Keer (1989) used an integral-equation 

formulation to study the stress analysis and related contact 

problems for an elastic quarter-plane. Aksoğan et al. (1996, 

1997) discussed the problem of contact in the case of a 

symmetrical and unsymmetrical elastic layer which 

supported by two elastic quarter planes.. Yaylaci and Birinci 

(2013) considered a receding contact problem for two 

elastic layers whose elastic constants and heights are 

different supported by two elastic quarter planes and 

subjected to a uniformly distributed load is considered 

according to the theory of elasticity. In addition, this 

problem was analyzed with based on the FEM using 

ANSYS software by Yaylaci et al. (2014). The numerical 
and analytical results for the contact pressures, contact 

areas, and normal are given for various dimensionless 

quantities. They achieved that the numerical results are 

verified by comparison with analytical results. A receding 
contact problem for an elastic layer and functionally 

graded layer resting on two quarter planes is considered by 

Adiyaman et al. (2015, 2016). The layer is pressed by a 

stamp and distributed loads. The dimensionless quantities 

for the contact areas and the contact pressures are  

 

Fig. 1 Geometry of the problem 

 

 

calculated. Comez et al. (2018) considered the plane 

receding contact problem for a functionally graded layer 

resting on two quarter-planes using the theory of linear 

elasticity. 

From the search of open literature, it seen that, finite 

element modeling of an elastic layer and two homogeneous, 

isotropic and symmetrical elastic quarter planes and pressed 

by means of a rigid circular punch has not been presented 

yet. Hence, an attempt is made to address this problem in 

this study.  For this aim, two-dimensional modeling and 

simulations are performed using ANSYS and ABAQUS 

package programs. The accuracy of the present models is 

validated by comparing the obtained results are with the 

available results of the open literature. Furthermore, the 

results of two software are compared using RMSE, also. 

Numerical analyses are performed considering different 

values of the external load, radius rigid circular radius, 

quarter planes span length and material properties. The 

contact lengths and contact stresses of these values are 

examined, and their results are presented.  

 

 

2. The modeling and solution of problem 
 

Fig. 1 shows the geometry of present contact problem 

composed of a rigidly supported elastic layer and two 

quarter planes subjected to the concentrated load P applied 

with circular rigid punch, where, a is the contact distance 

between the layer and the punch, h is the thickness of the 

layer, c is the distance between quarter planes, b is the 

contact distance between the layer and quarter plane. Here, 

y-axis is the axis of the symmetry, the quarter planes and the 

layer locate in the range of −∞≤x<∞, therefore the 

calculations are performed in the range of 0≤x<∞. Besides, 

the thickness is taken as a unit since the problem is 

examined for the plane state, as well as the mass forces and 

friction are neglected. The present contact problem is 

solved with the use of finite element method-based software 

called ANSYS (2013) and ABAQUS (2017). The finite 

element method is an effective means for the solution of the 

contact problems and it allows considering a real geometry 

of interacting bodies, complex physical and mechanical 

properties of materials, mixed boundary conditions 

(Shrestha et al. 2013, Vasudevan and Kothandaraman 2015, 

Lazzari et al. 2017, Zhang et al. 2017, Tigdemir et al. 2018, 

Stoner and Polak 2020). 
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Fig. 2 The geometry for the analysis 

 

 

Fig. 3 PLANE183 and TARGE169/CONTA172 contact 

elements 

 

 

Fig. 2 shows the geometry for the analyses; here, i, i 

(i=1, 2) indicate shear modulus and Poisson’s ratio of the 

layer and quarter planes, respectively. 

In these analyzes carried out with the help of package 

programs, many processes such as determination of element 

types, assignment of material properties of the elements, 

formation of the geometry of the problem, formation of the 

mesh structure, assignment of boundary conditions, loading 

of the problem, solution of the problem and analysis results 

are performed. Element choice is particularly important for 

determining the mathematical model to be used in the 

analysis. The elements are selected according to the type of 

analysis to be performed, that is, different elements are used 

for static, thermal, fluid, or electromagnetic analysis. 

Similarly, whether the model to be analyzed is two or three 

dimensional is one of the factors in the choice of the 

element. The type and number of degrees of freedom of the 

selected element is especially important for the correct 

analysis. In the analysis, PLANE183 type structural element 

in ANSYS package library is used. This element is defined 

by eight joints and each joint has two degrees of freedom 

and no rotation. Therefore, it can make displacement and 

deformation in x and y directions. The element has 

plasticity, withstands large flexes, and has a great deal of 

deformation, as well as, it performs better than other two-

dimensional elements with four connection points in the 

formation of the network structure of complex geometries. 

In this study, the surface-to-surface contact model is used to 

model the contact pair. The surface-to-surface contact 

pattern also allows for solution if the joints do not overlap. 

In the problem, a contact pair is formed in the contact area. 

Contact pairs consist of two element types. These are the 

TARGET and CONTACT element types. The target surface 

TARGE169 and the contact surface CONTA172 are used to  

 

Fig. 4 RAX2 element and CAX4R elements 

 

 

Fig. 5 The finite element mesh in ANSYS 

 

 

Fig. 6 The finite element mesh in ABAQUS 

 

 

Fig. 7 Deformed shapes of model in ANSYS 

 

 

form the contact pair. The elements TARGE169 and 

CONTA172 are elements having three nodes and these 

nodes overlap with the nodes on the surface of the 

PLANE183 element as can be seen in Fig. 3. 

In the analyzes performed with ABAQUS program, 

punch is modeled using 2-node axial symmetrical rigid link 

element RAX2, the axial symmetrical CAX4R element with 

four nodes is used while for the other elements. Fig. 4 

shows the RAX2 element and CAX4R elements. In contact 

interaction modeling, the surface-surface contact model is 

chosen like the ANSYS program.  

The finite element models of prior to analysis of the 

problem created in the ANSYS and ABAQUS software are 

shown in Figs. 5 and 6. Besides, the deformed shapes that 

occur after analysis of these models are shown in Figs.7 and 

8. 
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Fig. 8 Deformed shape of model in ABAQUS 

 

 

3. Numerical studies and discussion 
 

In this section, the contact distances and contact stresses 

that occur under different external load, material and 

geometric characteristics are examined using finite element 

method software called ANSYS and ABAQUS. The results 

obtained from the numerical analyzes are presented in 

tables and figures and their findings are discussed. Here, 

linear, elastic and isotropic materials are used in all parts of 

the model and concentrated load is taken to be P=100 kN, 

half length, height, Young’s modulus and Poisson’s ratio of 

the layers are taken into account as L=0.5 m, h=0.1 m, 

E1=3×1010 Pa, 𝜈1=0.25. The other quantities about material 

and geometry are taken into consideration as parameters 

depending on the ratios used in the analyzes.  

In all tables and figures the following non-dimensional 

parameters are used where the values of h and  

parameters kept constant since they affect the other ones.  

a/h: contact length between rigid punch and layer 

b/h: contact length between quarter planes and layer  

c/h: span length of quarter planes  

R/h: radius of rigid punch  

𝜇1 (𝑃 ℎ⁄ )⁄ : load ratio  

𝑝1(𝑥) (𝑃 ℎ⁄ )⁄ : Contact stress between rigid punch and 

layer  

𝑝2(𝑥) (𝑃 ℎ⁄ )⁄ : Contact stress between quarter planes 

and layer  

𝜅1: material property of the layer  

𝜅2: material property of the quarter planes  

 shear modulus ratio 

 

Study 1: Table 1 shows a comparative work for the 

change in the contact lengths against the non-dimensional 

load ratio with the analytical results of Cakiroglu and 

Cakiroglu (1991) to verify the exactness of the present 

model. Here the following non-dimensional quantities are 

used: (c/h=0.2, R/h=10, == =). As one can see 

from Table 1 that the present results are in good agreement 

with the analytical results of Cakiroglu and Cakiroglu 

(1991). Thus, it is concluded that the assumed solution 

method is a good calculation method to examined actual 

contact problems. 

 

Study 2: Table 2 displays the change in the contact 

lengths against the radius of rigid punch considering the 

following non-dimensional parameters: (c/h=0.2, 

(P/h)=250, == =). It is seen that both contact  

Table 1 Comparison of the contact lengths against non 

dimensional load ratio 

𝜇1 (𝑃 ℎ⁄ )⁄  Source 𝑎 ℎ⁄  𝑏 ℎ⁄  

50 

Cakiroglu and Cakiroglu (1991) 0.321737 1.007224 

Present (ANSYS) 0.325 1.000 

Present (ABAQUS) 0.320 1.000 

100 

Cakiroglu and Cakiroglu (1991) 0.223263 0.992050 

Present (ANSYS) 0.225 0.990 

Present (ABAQUS) 0.225 0.990 

200 

Cakiroglu and Cakiroglu (1991) 0.156233 0.984898 

Present (ANSYS) 0.150 0.985 

Present (ABAQUS) 0.150 0.980 

300 

Cakiroglu and Cakiroglu (1991) 0.127103 0.982582 

Present (ANSYS) 0.125 0.980 

Present (ABAQUS) 0.130 0.975 

600 

Cakiroglu and Cakiroglu (1991) 0.089543 0.980302 

Present (ANSYS) 0.090 0.980 

Present (ABAQUS) 0.090 0.970 

1000 

Cakiroglu and Cakiroglu (1991) 0.069256 0.979398 

Present (ANSYS) 0.070 0.975 

Present (ABAQUS) 0.070 0.970 

1500 

Cakiroglu and Cakiroglu (1991) 0.056505 0978948 

Present (ANSYS) 0.055 0.970 

Present (ABAQUS) 0.055 0.965 

 

Table 2 The change in the contact lengths against the radius 

of rigid punch 

𝑅 ℎ⁄  Source 𝑎 ℎ⁄  𝑏 ℎ⁄  

10 
ANSYS 0.140 0.980 

ABAQUS 0.140 0.985 

20 
ANSYS 0.200 0.990 

ABAQUS 0.200 0.990 

50 
ANSYS 0.325 1.000 

ABAQUS 0.320 1.000 

100 
ANSYS 0.475 1.050 

ABAQUS 0.470 1.050 

250 
ANSYS 0.780 1.150 

ABAQUS 0.780 1.155 

500 
ANSYS 1.110 1.350 

ABAQUS 1.110 1.355 

1000 
ANSYS 1.575 1.700 

ABAQUS 1.550 1.705 

 

 

lengths increase with the increase of radius of rigid punch. 

 

Study 3: Table 3 presents the change in the contact 

lengths against the span length of quarter planes considering 

the following non-dimensional parameters: (R/h=250, 

(P/h)=500, == =). It is found that, as the 

span length of quarter planes increases, the contact length 

between the rigid punch and layer increases while the 

contact length between quarter planes and layer decreases.  

 

Study 4: Table 4 demonstrates the change in the contact 

lengths against the shear modulus ratio considering the 

following non-dimensional parameters: (c/h=0.2,  

110



 

Finite element modeling of contact between an elastic layer and two elastic quarter planes 

 

Table 3 The change in the contact lengths against the span 

length of quarter planes 

𝑐 ℎ⁄  Source 𝑎 ℎ⁄  𝑏 ℎ⁄  

0.01 
ANSYS 0.500 1.265 

ABAQUS 0.500 1.260 

0.1 
ANSYS 0.510 1.170 

ABAQUS 0.515 1.175 

0.2 
ANSYS 0.530 1.000 

ABAQUS 0.535 1.055 

0.3 
ANSYS 0.550 0.950 

ABAQUS 0.555 0.955 

0.4 
ANSYS 0.570 0.835 

ABAQUS 0.575 0.840 

0.6 
ANSYS 0.650 0.650 

ABAQUS 0.655 0.655 

0.8 
ANSYS 0.750 0.500 

ABAQUS 0.750 0.485 

 

Table 4 The change in the contact lengths against the shear 

modulus ratio 

𝜇1 𝜇2⁄  Source 𝑎 ℎ⁄  𝑏 ℎ⁄  

0.1 
ANSYS 1.000 2.750 

ABAQUS 1.000 2.500 

0.25 
ANSYS 0.75 2.000 

ABAQUS 0.70 2.000 

0.5 
ANSYS 0.650 1.750 

ABAQUS 0.600 1.500 

1.0 
ANSYS 0.550 1.250 

ABAQUS 0.525 1.250 

2.0 
ANSYS 0.525 1.000 

ABAQUS 0.500 1.000 

4.0 
ANSYS 0.500 0.900 

ABAQUS 0.500 0.950 

10 
ANSYS 0.475 0.850 

ABAQUS 0.450 0.800 

 

 

Fig. 9 The change in the contact stresses against the non-

dimensional load ratio 

 

 

(P/h)=500, ==2, R/h=250). It is observed that both 

contact lengths decrease with the increase of the shear 

modulus ratio.  

 

Fig. 10 The change in the contact stresses against the non-

dimensional load ratio 

 

 

Fig. 11 The change in the contact stresses against the radius 

of rigid punch 

 

 

Fig. 12 The change in the contact stresses against the radius 

of rigid punch 

 

 

Study 5: Figs. 9-10 show the change in the contact 

stresses against the load ratio considering the following 

non-dimensional parameters: (c/h=0.2, R/h=250, 

==2, =). It is concluded that as the non-

dimensional load ratio increase, both contact stresses 

increase. 
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Fig. 13 The change in the contact stresses against the span 

length of quarter planes 

 

 

Fig. 14 The change in the contact stresses against the span 

length of quarter planes 

 

 

Fig. 15 The change in the contact stresses against the shear 

modulus ratio 

 

 

Study 6: Figs. 11-12 show the change in the contact 

stresses against the radius of rigid punch considering the 

following non-dimensional parameters: (c/h=0.2, 

(P/h)=500, ==2, =). It is seen that both contact 

stresses decrease with the increase of radius of rigid punch. 

 

Study 7: Figs. 13-14 show the change in the contact 

 

Fig. 16 The change in the contact stresses against the shear 

modulus ratio 

 

Table 5 RMSE for dimensionless contact pressures 

Tables Parameters 𝑝1(𝑥) (𝑃 ℎ⁄ )⁄  𝑝2(𝑥) (𝑃 ℎ⁄ )⁄  

Figs. 9-10 
(P/h)= 8.125×10-5 4.83×10-4 

(P/h)= 1.25×10-6 2.69×10-5 

Figs. 11-12 
R/h=50 2.9057×10-2 9.52×10-4 

R/h=1000 4.22×10-4 1.19×10-4 

Figs. 13-14 
c/h=0.1 8.92×10-4 6.15×10-5 

c/h=0.5 2.83×10-4 1.088×10-3 

Figs. 15-16 
= 1.048×10-3 5.43×10-5 

= 9.2×10-4 8.11×10-5 

 

 

stresses against the span length of quarter planes 

considering the following non-dimensional parameters: 

(R/h=250, (P/h)=500, ==2, =). It is found that 

as the span length of quarter planes increases, the contact 

stresses between the rigid punch and layer decrease while 

the contact stresses between the quarter planes and layer 

increase.  

 

Study 8: Figs. 15-16 show the change in the contact 

stresses against the shear modulus ratio considering the 

following non-dimensional parameters: (c/h=0.2, 

(P/h)=500, ==2, R/h=250). It is found that as the 

shear modulus ratio increases, both contact stresses 

decrease. 

 

Study 9: Table 5 shows the comparisons of results of 

ANSYS and ABAQUS software for non-dimensional 

contact stresses given in Figs. 9-16 using Root Mean Square 

Error (RMSE) as 

( )
1 2

N
2

i i

i 1

1
RMSE Y X

N =

 
= − 

 


 
where Yi, Xi, and N are the values gotten from ABAQUS, 
ANSYS, and the number of samples, respectively.   

It is found that non-dimensional contact stresses obtained 

from ANSYS and ABAQUS software agree well. 

 
 
4. Conclusions 
 

In this paper, the contact analysis between an elastic 
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layer and two homogeneous, isotropic and symmetrical 

elastic quarter planes pressed by means of a rigid circular 

punch is presented. For this aim, several analyzes are 

carried out with the help of ANSYS and ABAQUS package 

programs, many processes such as determination of element 

types, assignment of material properties of the elements, 

formation of the geometry of the problem, formation of the 

mesh structure, assignment of boundary conditions, loading 

of the problem, solution of the problem and analysis results 

are performed.  

Briefly, the following results are obtained: 

• Contact lengths increase with the increase of radius of 

rigid punch 

• The contact length between the rigid punch and layer 

increases while the contact length between quarter 

planes and layer decreases with the increase of the span 

length of quarter planes  

• Contact lengths decrease with the increase of the shear 

modulus ratio  

• Contact stresses increase with the increase of non-

dimensional load ratio  

• Contact stresses decrease with the increase of radius of 

rigid punch 

• The contact stresses between the rigid punch and layer 

decrease while the contact stresses between the quarter 

planes and layer increase with the increase of span 

length of quarter planes  

• Contact stresses decrease with the increase of shear 

modulus ratio  

Finally, it is concluded that the considered non-

dimensional quantities have noteworthy influence on the 

normal and shear stress distributions as well as if FEM 

analysis is used correctly, it can be an efficient alternative 

numerical method to the analytical solutions need time. 
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