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Abstract. Buckling and post-buckling behaviors of geometrically imperfect annular sector plates made from nanoparticle
reinforced composites have been investigated. Two types of nanoparticles are considered including graphene oxide powders
(GOPs) and silicone oxide (SiO,). Nanoparticles are considered to have uniform and functionally graded distributions within the
matrix and the material properties are derived using Halpin-Tsai procedure. Annular sector plate is formulated based upon thin
shell theory considering geometric nonlinearity and imperfectness. After solving the governing equations via Galerkin’s
technique, it is showed that the post-buckling curves of annular sector plates rely on the geometric imperfection, nanoparticle
type, amount of nanoparticles, sector inner/outer radius and sector open angle.
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1. Introduction

Based on recent developments, a variety of carbon based
structures containing carbon nanotube or carbon fiber have
been widely utilized in composites for enhancing their
mechanics and thermal specifications (Zhang 2017,
Keleshtreri et al. 2016, Belbachir et al. 2019, Draoui et al.
2019, Medani et al. 2019). A 273% enhancement of elastic
modulus is obtained by Ahankari et al. (2010) for carbon
reinforced composites in comparison to conventional
composites. Likewise, Gojny et al. (2004) mentioned that
structural stiffness of carbon based composites may be
enhanced with incorporation of carbon nanotube within
material. Impacts of configuration and scale of carbon
nanotubes on rigidity growth of material composites having
metallic matrices are studied by Esawi et al. (2011).
Because of possessing above mentioned properties, beam
and plate structures having carbon based fillers are
researched to understand their static or dynamical status
(Yang et al. 2017, Semmah et al. 2019, Hussain et al.
2019). There are also some investigations on composite or
functionally graded materials and interested readers are
refaced to new investigations on materials (Barati and
Zenkour 2018, Shafiei et al. 2017, Mirjavadi et al. 2017,
2018, 2019, Azimi et al. 2017, 2018, Hellal et al. 2019,
Tlidji et al. 2019, Chaabane et al. 2019, Keddari et al. 2020,
Berghouti et al. 2019, Bourada et al. 2019, Sahla et al.
2019, Boutaleb et al. 2019, Boulefrakh et al. 2019, Boukhlif
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et al. 2019, Boussoula et al. 2020, Bellal et al. 2020).
Furthermore, the graphene based composite material has
been recently gained enormous attentions because of having
easy producing procedure and high rigidity growth. Nieto et
al. (2017) presented a review paper based on several
graphene based composite material possessing ceramic or
metallic matrices. The multi-scale study of mechanical
attributes for graphene based composite material has been
provided by Lin et al. (2018) utilizing finite elements
approach.

Until now, many of researches in the fields of nano-
composites have been interested in production and materials
characteristics recognition of graphene based composites
and structural components containing slight percentages of
graphene fillers. For instance, it is mentioned by Rafiee et
al. (2009) that some material characteristics of graphene
based composites may be enhanced via placing 0.1%
volume of graphene filler. However, achieving to this level
of reinforcement employing nanotubes required 1% of their
volume. Graphene based composites containing epoxy
matrix were created by King et al. (2013) by placing 6%
weight fraction of graphene fillers to polymeric phases. It
was stated that Young modulus of the composite has been
increased from 2.72 GPa to 3.36 GPa. Next, 57% increment
for Young modulus has been achieved by Fang et al. (2009)
based on a sample of graphene based composite.

Moreover, many studies in the fields of nano-mechanic
are associated with vibrational and stability investigation of
various structural elements containing beam or plate
reinforced via diverse graphene dispersions. For instance,
vibrational properties of a laminated graphene based plate
have been explored by Song et al. (2017) assuming simply
support edge condition. They assumed that the plate is
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constructed from particular numbers of layers each
containing a sensible content of graphene. Selecting a
perturbation approach, static deflections and bucking loads
of graphene based plates have been derived by Shen et al.
(2017). In above papers, each material property has
discontinuous variation across the thickness of beam or
plate. Also, geometrically nonlinear vibration frequencies of
graphene based beams having embedded graphene have
been explored by Feng et al. (2017) selecting first-order
beam theory. Moreover, vibration frequencies of graphene
based beams having porosities have been explored by
Kitipornchai et al. (2017).

Furthermore, reinforcement of matrix materials with
nano-size inclusions is a novel case study (Alijani and
Bidgoli 2018, Guenaneche et al. 2019, Zaheer et al. 2019,
Alimirzaei et al. 2019). Many researches show that
mechanical properties of concrete can be enhanced by
adding graphene platelets (GPLs), graphene oxide powders
(GOPs) and ever carbon nanotubes (Du et al. 2016,
Shamsaei et al. 2018). Graphene oxide, as derivative of
graphene, is broadly and economically available from
graphite mass oxidations. It is compatible with many matix
materials including polymeric materials and even concrete
(Mohammed et al. 2017). Graphene oxide composite
exhibits great Young modulus and tensile strength as are
carbon-based material with remarkable performances and
low costs (Zhang et al. 2020). To the best of author’s
knowledge, post-buckling study of geometrically imperfect
(Wang et al. 2018) annular sector plates reinforced by
nanoparticles is not carried out till to now.

In this article, post-buckling behaviors of geometrically
imperfect annular sector plates made from nanoparticle
reinforced composites have been investigated. Two types of
nanoparticles are considered including graphene oxide
powders (GOPs) and silicone oxide (SiOz). Nanoparticles
are considered to have uniform and graded distributions
within the matrix and the material properties are derived
using Halpin-Tsai procedure. Annular sector plate is
formulated based upon thin shell theory considering
geometric nonlinearity and imperfectness. After solving the
governing equations via Galerkin’s technique, it is showed
that the post-buckling curves of annular sector plates rely
on the geometric imperfection, nanoparticle type, amount of
nanoparticles, sector inner/outer radius and sector open
angle.

2. Nanoparticle reinforced composites

Two types of nanoparticles are considered including
graphene oxide powders (GOPs) and silicone oxide (SiO,).
Micro-mechanic theory of such composite materials (Liew
et al. 2015) introduces the below relationship between
nanoparticles weight fraction (Wparicie) and their volume
fraction (Vparticie) by

v * _ Wparticle
particle —
W + pparticle _ ppanicle W (l)
particle D P particle
M M

where  ppaice @nd py define the mass densities of

nanoparticle and matrices, respectively. Next, the elastic
modulus of a nanoparticle based composite might be
represented based upon matrix elastic modulus (Em) by
(Zhang et al. 2020)
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S0 that dparice and tpanicie define nanoparticle average
diameter and thickness, respectively. Furthermore,
Poisson’s ratio for nanoparticle based composite might be
defined based upon Poisson’s ratio of the two constituents
in the form

Vv, =V \%

1 = Yparticle " particle

ViV (4)

in which Vm=1—Vyaricie €xpresses the volume fractions of
matrix component (Metwally et al. 2014). Herein, three
dispersions of the nanoparticle have been assumed as

V;article (UD)
. 2|7|
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L
4Vparticle F (FG_X)

Fig. 1 Geometry of the annular plate
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3. Derivation of equations of motion

Considering inner radius (ro), outer radius (r1) and open
angel (w), Fig. 1 illustrates the geometry of an annular
sector plate. As mentioned, the annular sector is made of
nanoparticle reinforced composite material for which the
stresses op (p=r, ¢, rp) can be determined as

O_r Qu Q12 0 gr
O_¢ = Q. Q. 0 ‘9¢ (6)
orp| VOO Qully
in which
- __B AASY N N
Qu =Qy l—V12 , Qi 1— V12 » Qes 2@+v,) (7)

For a thin annular sector plate, components of strain
field considering imperfection deflection (w") are (Barati
and Zenkour 2019)
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Sector deflection is denoted by w and in-plane
displacements are denoted by u and v. Annular sector plate
contains stresses which result in below forces and moments
via integrating Eq. (6) over sector thickness
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Finally, one may express the governing equations for an
annular sector plate as
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where Py is radial load. By substituting Egs. (10)-(11) into
Egs. (13) and (15), nonlinear governing equations in terms

of strain components can be simply expressed in compact
forms
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4. Method of solution

Presented in this chapter is numerical solution of the
non-linear governing equations for post-buckling of a
nanoparticle-reinforced annular plate. The below edge
conditions may be introduced for mechanical post-buckling
analyzes of simply-supported plate as

w=M, =N, =0 atr=r,r=r,
w=M,=N,, =0 at =0,y

According to the thin sector plate formulation, the
displacement field may be selected as

(19)
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where (U, V, W) are the displacements amplitudes; W" is the
imperfection amplitude and the functions H; and R; are the
test functions which are selected as

1 0
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W

Arranging the governing equations as Bi (u, v, w, w")=0
with (i=1,2,3) and inserting field components presented as
Egs. (20)-(23) into B; yields following equations with the
use of Galerkin’s technique

Jr Io B a:(r)R (p)rdrdp=0 (25)
" (w)

.[ J, BH, (f) rdrdg =0 (26)
J.,:J.: B3Hi(r)Rj (p)rdrdep=0 @7)

Table 1 Material properties of the nanoparticle reinforced
composite

Epoxy GOP SiO2

E (GPa) 3.45 444.8 74.8
v 0.35 0.165 0.19

p (kg/m?3) 1270 1090 2650

Table 2 Comparison of post-buckling loads of ideal and
imperfect plates for various normalized amplitude.
W /h W/h=0 W*/h=0.1
Chikh et al. (2016) present Chikh et al. (2016) present

0 0.62411 0.62411 0 0
0.1 0.62627 0.62627 0.31853 0.31853
0.2 0.63274 0.63274 0.43334 0.43334
0.3 0.64354 0.64354 0.50047 0.50047

After solving Egs. (25)-(27) by neglecting in-plane
inertias, three governing equations will be derived

S,U+S,V+S.W+H,W?+YWW" =0 (28)
S,U +S,V +S W + H W2 +Y, W™ =0 (29)

SU +S,V +S. W +H,W?+HW?
+HUW + H VW +Y WW”

. . . 30
YW YW (W) Y,uw (30)

+Y VW =P (W +W") =0

in which S; are linear stiffness matrix components; Hi;
denotes nonlinear stiffness components and Y; are added
stiffness due to geometric imperfection. Also, P* denote the
geometric matrix related to applied load. With the aid of
Eqgs. (28)-(30) one can express that

S21832 — Szz (531 +Y1W*)W + stn — Hlszz W2
S11522 - 512821 S11522 - S12821
S12831 — S11(532 +Y2W*)W n Hlslz - stn W2
S11822 - S12821 S11822 - S12821
Then, applying Eg. (31) in Eq. (30) yields a single
equation based on W and W* only. The numerical solution

of obtained equation for finding P, will give post-buckling
curves.

U:

(31)
V=

5. Discussion on results

In this section, post-buckling of a particle-reinforced
annular sector plate modeled via nonlinear thin shell theory
has been studied based upon provided solution approach.
The dependency of post-buckling load P.=P./10°h, on
nanoparticles, inner/outer radius, normalized amplitude,
geometric imperfectness and open angle will be explored.
In this research, the material properties of nanoparticle
reinforced annular plate are obtained when djqticie =
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(a) 1** mode

(b) 2" mode

(c) 3" mode

(d) 4" mode

Fig. 2 First 4 mode shapes of GOP-reinforced annular plate (r1/4=50, r0=0.2r1, Wyaricie=0.4%)

'

(a) 1 mode

(b) 2" mode

(c) 3" mode

Fig. 3 First 4 mode shapes of GOP-reinforced annular sector (r1/4=50, ro=0.2r1, y=n, Wparicie=0.4%)

500 nm, tygrpicie = 0.95nm. Also, Table 1 give the
details of material proeprties for the matrix and
nanoparticles. As the first step, post-buckling responses of
perfect and imperfect square plates have been validated
with those reported by Chikh et al. (2016) based on
functionally graded (FG) plate model, as provided in Table
2. According to the table, buckling loads have been
provided for both perfect (W*/h=0) and imperfect
(W*/h=0.1) plates based on various normalized amplitude.
First four buckling mode shapes of nanoparticle
reinforced annular plates are shown in Figs. 2 and 3

'

(d) 4" mode

respectively for open angles of y=2= and y=n. The radius
of annular plate is assumed to be ri/h=50, ro=0.2r1. This
figure gives a good insight about the buckling behavior of
annular plates under compressive loads. Also, post-buckling
load of graphene oxide particle-reinforced annular sector
plate versus dimensionless deflection for different open
angles is shown in Fig. 4. The figure shows that higher
values for open angles result in lower post-buckling loads.
Influences of nanoparticle weight fraction (Wparticte) On
the post-buckling properties of annular plates are presented
in Fig. 5 at imperfection amplitude of W*/h=0.02. Uniform
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—— ¥=n/2 (perfect)
....... W=nr/2 (imperfect)
20 ——— ¥=n (perfect)

woreeeees =1 (imperfect)

—— ¥=2nx (perfect)

wewenenes Y=21 (imperfect)

Buckling load

oo

0.2 0.4 086 0.8 1.0

W/h
Fig. 4 Post-buckling load of graphene oxide particle-
reinforced annular sector plate versus dimensionless
deflection for different open angles (r1/A=50, r¢=0.2r1,
Woarticie=0.2%, W*1h=0.02)

20

—— Wparicie=0.2% (perfect)
....... W prticie=0.2% (imperfect)
—— W pamicie=0.4% (perfect)
wonnseees W particie=0.4% (imperfect)
—— Wparnicie=0.6% (perfect)

s W parricie=0.6% (imperfect)

Buckling load

3
]
0

Q
0 0.2 0.4 0.6 0.8 1.0

W/h
Fig. 5 Post-buckling load of graphene oxide particle-
reinforced annular plate versus dimensionless deflection for

different nanoparticle weight fractions (r1/4=50, r¢=0.2r1,
w=2mn, W'/h=0.02)

GOP distribution has been considered. In the case of ideal

(perfect) annular plate, the load at W /h=0 is critical
buckling load. However, in the case of imperfect annular
plate (W*/h+0), the critical buckling load does not exist,
because the plate has an initial deflection. It must be
pointed out that the buckling load becomes greater by
increasing in normalized amplitude. The reason is intrinsic
stiffening impact raised from geometric nonlinearity.
Reinforcing effect of nanoparticles on mechanical
properties of the plate is obviously observable from this
graph. In fact, the effective stiffness of the reinforced
annular plate may be prominently strengthened via adding a
small amount of nanoparticles to matrix material.

In Fig. 6, post-buckling load-amplitude curves of a
nanoparticle-reinforced annular plate with and without
geometric imperfections have been presented accounting for

20

Uniform (perfect)

-«ee-e. Uniform (imperfect)
——— FG-0 (perfect)
<osreeee FG=0 (imperfect)
—— FG-X (perfect)
e FG=X (imperfect)

Buckling load

0.0 0.2 0.4 0.6 0.8 1.0
W/h
Fig. 6 Post-buckling load of graphene oxide particle-
reinforced annular plate versus dimensionless deflection for

different nanoparticle weight fractions (Wpaicie=0.4%,
r1/h=50, r5=0.2r1, y=n, W'/h=0.02)

20

—— GOP reinforced (perfect)
L1 S I GOP reinforced (imperfect)
—— Si0; reinforced (perfect)

......... $10; reinforced (imperfect)

Buckling load

2
=
3
.0

oo

0.2 0.4 086 0.8 1.0

W/h
Fig. 7 Post-buckling load of graphene oxide particle-
reinforced annular sector versus dimensionless deflection
for different nanoparticle type (ri/h=50, ro=0.2r|, w=mn,
W paricte=0.4%, W*1h=0.02)

various nanoparticle dispersions. It is considered that
W#*=0.02h. The most important observation from this figure
is that FG-X type of nanoparticle dispersion gives greater
post-buckling loads than uniform and FG-O dispersions. As
an outcome, controlling of nanoparticle is vital for
obtaining the best mechanical performances of annular
plates. Also, Fig. 7 presents post-buckling curves of the
annular sector plate based on the two types of nanoparticles.
According to this figure, using SiO, as reinforcing
nanoparticle leads to smaller post-buckling loads compared
to graphene as reinforcing nanoparticle.

Geometrical imperfection (W*/h) effect on post-buckling
behavior of nanoparticle-reinforced annular sector plate has
been illustrated in Fig. 8. It may be observed that the initial
deflection of plate has notable influences on the post-
buckling load-deflection path. Based on previous
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20

— W*/h=0
W*/h=0.02

---- W*/h=0.04
W*/h=0.06

Buckling load

oo
o [WEL,
.,

0.2 0.4 0.6 0.8 1.0
W/h
Fig. 8 Post-buckling load of GOP-reinforced annular sector

versus dimensionless deflection for different geometric
imperfections (w=mn, Wpyaricie=0.4%)

discussion, the critical buckling load vanishes by
considering plate initial deflection. In fact, for the case of
perfect structure (W*/h=0), the plate has critical buckling.
Next, plate buckling capacity improves by the increase of
normalized deflection. However, for the case of imperfect
structure (W*/h#0), there is no buckling load before the
initial situation of nanoparticle-reinforced annular plate.
Thus, the buckling load is zero at the starting point for
imperfect plates. After that, greater amplitudes of plates
need stronger compressive load. Finally, it may be
concluded that post-buckling curves of perfect and
imperfect nanoparticle-reinforced annular plates become
closer to each other at large values for normalized
amplitude.

Effects of radius-to-thickness ratio (ri/h) on post-
buckling behaviors of nanoparticle-reinforced annular
plates have been plotted in Fig. 9. Two cases of
geometrically ideal (perfect) and imperfect plates have been
supposed. It is obvious that nanoparticle-reinforced annular
plates are less rigid at greater values for ri/h. Accordingly,
derived post-buckling load becomes lower via enlargement
of ri/h at prescribed normalized amplitudes (W /h). Also,
calculated post-buckling loads for various values of ri/h
rely on the magnitude of normalized deflection. For smaller
ri/h, post-buckling load increases with a higher slope
according to normalized deflection than higher radius-to-
thickness ratio or thinner plates. Such observation is due to
more stiffness of the annular plate at low values of ri/h.

6. Conclusions

This article analyzed post-buckling behaviors of
imperfect nanoparticle-reinforced annular plates via
stablishing a nonlinear annular plate formulation in which
geometric imperfection effects are involved. Uniform and
functionally graded nanoparticle distributions were
considered. Obtained findings in this research are presented
as follows.

60

——— r1/h=30 (perfect)
r1/h=30 (imperfect)

—— r1/h=40 (perfect)

wovseeeens 11 /=40 (imperfect)

—— 71/h=50 (perfect)

wenene 11/ 1=50 (imperfect)

Buckling load

oo

0.2 04 08 0.8 1.0

W/h
Fig. 9 Post-buckling load of graphene oxide particle-
reinforced annular sector versus dimensionless deflection
for different radius to thickness ratio (r0=0.2ri, y=n,
Wparlicle:O.4%, W*/h=002)

« Increasing nanoparticle weight fraction yields larger
buckling loads. It means that adding the amount of
nanoparticle can increase the plate stiffness and enhance
its post-buckling behavior.

* FG-X nanoparticle distribution provided greater post-
buckling loads than other distributions.

+ An important finding was that as the magnitude of
open angle is greater, the post-buckling load is lower.

« Using SiO; as reinforcing nanoparticle leads to smaller
post-buckling loads compared to graphene as
reinforcing nanoparticle.
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