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1. Introduction 
 

Based on recent knowledge, different carbon structures 

including carbon nanotube and carbon fiber are extensively 

applied in composite materials to enhance their thermal and 

mechanical characteristics (Zhang 2017, Keleshtreri et al. 

2016, Mirjavadi et al. 2017, 2018, 2019, Azimi et al. 2017, 

2018). An increase of about 273% in elastic moduli of a 

carbon reinforced composite compared with a traditional 

composite has been reported by Ahankari et al. (2010). 

Also, Gojny et al. (2004) stated that the stiffness of carbon 

reinforced composite can be increased even by embedding a 

small amount of carbon nanotube. The effects of shape and 

size of carbon nanotubes on stiffness enhancement of 

composite materials with metal matrix have been 

investigated by Esawi et al. (2011). Due to having such 

superior characteristics, structural elements (beams and 

plates) with embedded carbon nanotubes have been 

investigated in the view of their static and dynamical 

properties (Yang et al. 2017). However, graphene 

reinforced composites have been recently attracted huge 

attention due to their easier production approach and 

excellent stiffness enhancement mechanism. A review of 

different graphene nanoplate reinforced composites having 

ceramic and metal matrices has been represented by Nieto 

et al. (2017). A multi-scale analysis of mechanical 

characteristics of graphene nanoplate reinforced composites 

is presented by Lin et al. (2018) using finite element 

method.  

Until now, many of researches in the fields of nano- 
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composites have been interested in production and materials 

characteristics recognition of graphene based composites 

and structural components containing slight percentages of 

graphene fillers. For instance, it is mentioned by Rafiee et 

al. (2009) that some material characteristics of graphene 

based composites may be enhanced via placing 0.1% 

volume of graphene filler. However, achieving to this level 

of reinforcement employing nanotubes required 1% of their 

volume. Graphene based composites containing epoxy 

matrix were created by King et al. (2013) by placing 6% 

weight fraction of graphene fillers to polymeric phases. It 

was stated that Young modulus of the composite has been 

increased from 2.72 GPa to 3.36 GPa. Next, 57% increment 

for Young modulus has been achieved by Fang et al. (2009) 

based on a sample of graphene based composite.  

Moreover, many studies in the fields of nano-mechanic 

are associated with vibrational and stability investigation of 

various structural elements containing beam or plate 

reinforced via diverse graphene dispersions. For instance, 

vibrational properties of a laminated graphene based plate 

have been explored by Song et al. (2017) assuming simply 

support edge condition. They assumed that the plate is 

constructed from particular numbers of layers each 

containing a sensible content of graphene. Selecting a 

perturbation approach, static deflections and bucking loads 

of graphene based plates have been derived by Shen et al. 

(2017). In above papers, each material property has 

discontinuous variation across the thickness of beam or 

plate. Also, geometrically nonlinear vibration frequencies of 

graphene based beams having embedded graphene have 

been explored by Feng et al. (2017) selecting first-order 

beam theory. Moreover, vibration frequencies of graphene 

based beams having porosities have been explored by 

Kitipornchai et al. (2017). 
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Fig. 1 A GOP-reinforced plate under a pulse loading 

 

 

Recently, reinforcement of concrete with nano-size 

inclusions is a novel case study. Many researches show that 

mechanical properties of concrete can be enhanced by 

adding graphene platelets (GPLs), graphene oxide powders 

(GOPs) and ever carbon nanotubes (Du et al. 2016, 

Shamsaei et al. 2018). Graphene oxide, a derivative of 

graphene, is extensively and economically available from 

graphite mass oxidations. It is compatible with many matrix 

materials including polymeric materials and even concrete 

(Mohammed et al. 2017). Composites of graphene oxide 

display excellent Young modulus and tensile strengths as 

are carbon-based materials with low cost and prominent 

performances (Zhang et al. 2020). To the best of author’s 

knowledge, transient vibration study of concrete plates 

reinforced by GOPs under pulse loads is not performed yet. 

Based on a refined shear deformation finite strip, 

transient vibrations of graphene oxide powder (GOP) 

reinforced plates due to external pulse loads have been 

investigated. The plate has uniformly and linearly 

distributed GOPs inside material structure. Applied pulse 

loads have been selected as sinusoidal, linear and blast 

types. Such pulse loads result in transient vibrations of the 

GOP-reinforced plates which are not explored before. Finite 

strip method (FSM) has been performed for solving the 

equations of motion and then inverse Laplace transform 

technique has been employed to derive transient responses 

due to pulse loading. It is reported in this study that the 

transient responses of GOP-reinforced plates are dependent 

on GOP dispersions, GOP volume fraction, type of pulse 

loading, loading time and load locations. 

 

 

2. GOP-based composites 
 

According to Fig. 1, it is assumed that GOPs have two 

types of dispersion within the structure including uniform-

type and linear-type. In this figure, a GOP reinforced 

composite plate is illustrated. Micro-mechanic theory of 

such composite materials (Liew et al. 2015, Medani et al. 

2019, Zarga et al. 2019) introduces the below relationship 

between GOPs weight fraction (WGOP) and their volume 

fraction (VGOP) by 

* GOP
GOP

GOP GOP
GOP GOP

M M

W
V

W W
 

 

=

+ −

 

(1) 

where ρGOP and ρM define the mass densities of GOP and 

matrices, respectively. Next, the elastic modulus of a GOP 

based composite might be represented based upon matrix 

elastic modulus (EM) by (Zhang et al. 2020) 
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so that GOP

L and GOP

W  define two geometrical factors 

indicating the impacts of graphene configuration and scales 

as 
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so that dGPL and tGPL define GOP average diameter and 

thickness, respectively. Furthermore, Poisson’s ratio and 

density for GOP based composite might be defined based 

upon Poisson’s ratio of the two constituents in the form 

1

1

GOP GOP M M

GOP GOP M M

v v V v V

V V  

= +

= +
 (4) 

in which VM=1−VGOP expresses the volume fractions of 

matrix component. Herein, two dispersions of the GOP 

have been assumed as: 

Uniform 

*

GOP GOPV V=  (5) 

Linear 

*(1 2 )GOP GOP

z
V V

h
= +  (6) 

 

 

3. Refined plate theory 
 

Based upon exact location of neutral surface when the 

material is graded, a refined four-unknown plate theory 

(Barati 2017, Fenjan et al. 2019, Ahmed et al. 2019, 

Abualnour et al. 2019, Addou et al. 2019, Balubaid et al. 

2019, Batou et al. 2019, Draiche et al. 2019, Draoui et al. 

2019, Hellal et al. 2019, Hussain et al. 2019, Mahmoudi et 

al. 2019, Medani et al. 2019, Meksi et al. 2019, Sahla et al. 

2019, Semmah et al. 2019, Soltani et al. 2019, Tlidji et al. 

2019, Tounsi et al. 2020, Zarga et al. 2019, Zaoui et al. 

2019, Refrafi et al. 2020) presents a displacement field in 
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the below form 
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Membrane displacement components have been 

respectively shown by u and v (Boukhlif et al. 2019). 

Furthermore, bending displacement components have been 

shown by wb and ws (Atmane et al. 2015, Draiche et al. 

2019, Abdelaziz et al. 2017, Ayache et al. 2018, Bennai et 

al. 2019, Safa et al. 2019, Nebab et al. 2019). In order to 

incorporate shear deformations, the below function has been 

introduced 

 (S) [ ])( inf z
h

h
z

z


= −  (11) 

Based on the proposed finite strip via refined plate 

theory, the governing equations might be represented by 

(Ahmed et al. 2019) 
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(15) 

so that f(t) denotes the exerted impulse loading and  
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(16) 

Also, N, Mb, Ms and Q denote in-plane axial force, 

bending moment, shearing moment and shear load which 

may be introduced by (Faleh et al. 2018, She et al. 2018) 

ijkl klij C  =  (17) 

where Cijkl are elastic constants. Also, σij and εkl denote the 

stress and strain field components. For a refined finite strip, 

the constitutive relations may be defined as 
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(18) 

Integration from above system of equations in thickness 

direction gives the below resultants 
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in which: 
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where g=1-df/dz. Note that I1 and I3 in Eq. (16) are zero due 

to considering exact position of neutral surface. Therefore, 

the coupling between Eqs. (12)-(13) and Eqs. (14)-(15) has 

been eliminated. Now, one can get to the governing 

equations of the GOP-reinforced plate by inserting Eqs. 

(19)-(22), into Eqs. (14)-(15) as follows 
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The impulse loading is defined as a point load in the 

following form where f0 denotes load amplitude and (x0, y0) 

is load location: 

Sinusoidal pulse load 
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( ) sin ( ) ( )
t

f t f x x y y H t H t t
t


 

 
= − − − − 

 
 

(26) 

Linear pulse load 

( ) ( ) ( )0 0 0 0

0

( ) 1 ( ) ( )
t

f t f x x y y H t H t t
t

 
 

= − − − − − 
 
 

( ) ( ) ( )0 0 0 0

0

( ) 1 ( ) ( )
t

f t f x x y y H t H t t
t

 
 

= − − − − − 
   

(27) 

Blast load 

( ) ( ) ( )0

0 0 0 0

0

( ) 1.8 1 ( ) ( )

br t

tt
f t f x x y y e H t H t t

t
 

 −
 
 

 
= − − − − − 

 
 

( ) ( ) ( )0

0 0 0 0

0

( ) 1.8 1 ( ) ( )

br t

tt
f t f x x y y e H t H t t

t
 

 −
 
 

 
= − − − − − 

   

(28) 

where rb is a factor representing the decaying rate of the 

pulse load. 

 

 

4. Finite strip method (FSM) 
 

In this section, the finite strip method (Cheung 1968) 

based upon proposed refined plate model, which is known 

as refined finite strip method, has been used for 

investigating the transient vibrational behavior of GOP-

reinforced plate. Fig. 2 illustrates a single strip having 

length as and width bs with two nodal lines of i and j. This 

figure also shows the strip nodal degrees of freedom. As the 

first step, the bending and shear displacements of the strip 

can be introduced by 

1

( ) ( )b b

r
w w

b e e

e

w f x g y
=

=
 

(29) 

1

( ) ( )s s

r
w w

s e e

e

w f x g y
=

=
 

(30) 

where r defines the number of harmonic modes, ( )bw

ef x

 

Fig. 2 Refined finite strip and nodal coordinates 
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and ( )sw

ef x are appropriate Hermitian shape functions; 

( )bw

eg y  and ( )sw

eg y are trigonometric functions 

satisfying boundary conditions at y direction.  

Based on Hermitian shape functions, Eqs. (29) and (30) 

can be re-written as 

2 3 2 3

2 3 2 3
1

(1 3 2 )( ) ( 2 )( )
( )

(3 2 )( ) ( )( )

b

b br
i e s i e w

b eb b
e j e s j e

w a
w g y

w a

     

    =

 − + + − +
=  

+ − + − +  


 
2 3 2 3

2 3 2 3
1

(1 3 2 )( ) ( 2 )( )
( )

(3 2 )( ) ( )( )

b

b br
i e s i e w

b eb b
e j e s j e

w a
w g y

w a

     

    =

 − + + − +
=  

+ − + − +  


 

(31) 

2 3 2 3

2 3 2 3
1

(1 3 2 )( ) ( 2 )( )
( )

(3 2 )( ) ( )( )

s

s sr
i e s i e w

s es s
e j e s j e

w a
w g y

w a

     

    =

 − + + − +
=  

+ − + − +  


 
2 3 2 3

2 3 2 3
1

(1 3 2 )( ) ( 2 )( )
( )

(3 2 )( ) ( )( )

s

s sr
i e s i e w

s es s
e j e s j e

w a
w g y

w a

     

    =

 − + + − +
=  

+ − + − +  


 

(32) 

in which ζ=x/as and     b b b b

i i j jw w   are bending degrees 

of freedom of each nodal line, whereas     s s s s

i i j jw w 

are the shear degrees of freedom. Eqs. (31) and (32) can 

then be re-written in vector forms as (Huang and 

Thambiratnam 2001) 

1

r
b b

b e e

e

w N 
=

=  (33) 

1

r
s s

s e e

e

w N 
=

=
 

(34) 

where 

2 3 2 3 2 3 2 3[1 3 2   ( 2 )   3 2    ( )] ( )bwb s

e e s s eN N a a g y        = = − + − + − − + 
2 3 2 3 2 3 2 3[1 3 2   ( 2 )   3 2    ( )] ( )bwb s

e e s s eN N a a g y        = = − + − + − − +
 

(35) 

Also, 
b

e  and 
s

e are the displacement vectors related 

to mode e and has the following form 

 
( )

( )
   

b

iT eb b b b b

e i i j j
e b

j
e

w w


  


 
 

= =  
  

 (36) 

 
( )

( )
   

s

iT es s s s s

e i i j j
e s

j
e

w w


  


 
 

= =  
  

 (37) 

Then, the complete displacement vector for a strip can 

be represented as 

        

b

i

b
T jb b b b s s s s

i i j j i i j j se
i

s

j

w w w w




    





 
 
 

= =  
 
 
 

 
(38) 

Using the weak form of the governing equation and 

constructing Hamiltonian (H) and minimizing it to field 

coefficients (Rezaiee-Pajand et al. 2018, Al-Maliki et al. 

2019) results in below relation containing simultaneous 

algebraic equations 

0
H




=


 (39) 

Introducing Eqs. (33)-(34) to obtained relations yields 

     [ ] [ ] ( )K M F t + =

 

(40) 

Utilizing Laplace transform approach in Eq. (40) 

together with the consideration of zero initial conditions, 

the below system of equation would be derived 

     [ ] [ ] [ ] [ ] [ ( )]K L M L L F t + =

 

(41) 

where is S is Laplace transform operator. The following 

boundary conditions for the edge strips can be considered: 

Simply supported edge (S) 

2 2 2 2

2 2 2 2

0,

0

b s

b s b s

w w

w w w w

x x y y

= =

   
= = = =

   

 (42) 

Clamped edge (C): 

0,

0

b s

b s b s

w w

w w w w

x x y y

= =

   
= = = =

   

 (43) 

Via solving Eq. (41) and utilizing inverse Laplace 

transform approach, it is feasible to derive total maximum 

deflection of the plate at its center (W). In order to represent 

the obtained results, the below dimensionless parameters 

may be introduced 

4 32
*

3 2

0 0

, , , ,
12(1 )

GOP w GOPP
w P G

G G GOP

E I k a E hk at
t W W K K D

t f a D D v
= = = = =

−
 

4 32
*

3 2

0 0

, , , ,
12(1 )

GOP w GOPP
w P G

G G GOP

E I k a E hk at
t W W K K D

t f a D D v
= = = = =

−

 

(44) 

 

 

5. Numerical results and discussions 
 

Based on refined plate strip, the problem of transient 

vibration of GOP-reinforced plates was formulated and 

solved in previous sections. Now, this section provides new 

results for considered problem to show the importance of 

several factors including GOP distribution, exerted pulse 

loads, load position, load duration, foundation parameters 

and boundary condition on transient response of the plate. 

Fig. 1 illustrates a GOP-reinforced plate on elastic 

foundation and subjected to three types of pulse load which 

their variation against time is illustrated in Fig. 3.  

Also, vibration frequencies for nano-composite plates 

reinforced by carbon nanotubes (CNTs) are validated with 

those reported by Zhu et al. (2012) and the results are 

presented as Table 1. Different number of strips have been  
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Fig. 3 Variations different pulse loads with respect to the 

time 
 

Table 1 Validation of dimensionless frequency for nano-

composite plates 

 
Present FSM solution 

2 strips 3 strips 5 strips 8 strips Zhu et al. (2012) 

Vcnt=0.11 14.137 13.742 13.581 13.533 13.532 

Vcnt=0.14 14.891 14.465 14.393 14.306 14.306 

Vcnt=0.17 17.613 17.224 16.926 16.816 16.815 

 

 

considered for validation study. Considering 8 strips, 

obtained frequencies based on various values of CNT 

volume fraction (Vcnt) are in excellent agreement with those 

of Zhu et al. (2012). New results related to transient 

vibration of GOP-reinforced plates have been presented and 

explained in the following paragraphs. In the present study, 

the material properties of GOP reinforced plate with 

concrete matrix are considered as: 

• 𝐸𝐺𝑂𝑃 = 444.8 𝑇𝑃𝑎 , 𝑑𝐺𝑂𝑃 = 500 𝑛𝑚, 𝑡𝐺𝑂𝑃 =
0.95 𝑛𝑚, 𝑣𝐺𝑂𝑃 = 0.165. 

• 𝐸𝑀 = 16.9 𝑇𝑃𝑎, 𝑣𝑀 = 0.15. 

In Fig. 4 the time response of GOP-reinforced plate due 

to exerted linear and sinusoidal pulse loads is illustrated for  

 
(a) Linear pulse load 

 
(b) Half-sine pulse load 

Fig. 4 Dynamic response of the plate for different GOP 

weight fraction and exerted impulse loadings (a/h=10, 

t0=0.03) 
 

 

various values of GOP weight fraction by assuming that 

loading time is t0=0.05 s. Uniform GOP distribution has 

been considered. First, it should be pointed out that when 

the dimensionless time (t*) varies from 0 to 1, the GOP-

reinforced plate experiences transient vibrations due to 

pulse loads. After t*=1, free vibrations of the plate can be 

seen. However, by increasing in t* for the case of linear 

impulse load the transient vibrations linearly (not suddenly) 

reach to the free oscillations. Also, reinforcing effect of 

GOPs on dynamic behavior of the plate is clearly 

observable in this figure. Actually, the effective stiffness of 

the reinforced plate can be greatly strengthened by 

dispersing a small amount of GOPs into matrix material. 

Accordingly, by increase of GOP weight fraction, the 

dynamic deflections will reduce.  

In Fig. 5, transient vibration response of GOP-reinforced 

plate under linear pulse load has been presented accounting 

for various GOP weight fraction and dispersions. It is 

considered that a/h=10 and t0=0.03. The most important 

observation from this figure is that increasing GOP weight 

fraction yields lower dynamic deflection for all types of 

GOP distributions. It means that adding the amount of GOP 

can increase the plate stiffness and enhance its vibration  
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character. Moreover, uniform GOP distribution provides 

smaller dynamic deflection than linear distribution. This is 

due to higher volume of GOP within the nano-composite 

plate. 

 

 

 

 

Impacts of loading time (t0) on dynamic characteristics 

of a GOP-reinforced plate under pulse loads has been 

studied in Fig. 6. It is evident that the number of oscillations 

in transient zone becomes greater as the amount of loading  

 

  

 

 (a) WGOP=0.4% (b) WGOP=0.6%  

Fig. 5 Dynamic response of the plate for different GOP distributions (a/h=10, t0=0.05) 

 

  

 

 (a) Linear pulse load (b) Half-Sine pulse load  

Fig. 6 Dynamic response of the plate for different loading time (WGOP=0.2%, a/h=10) 

 

  

 

 (a) Linear pulse load (b) Half-Sine pulse load  

Fig. 7 Dynamic response of the plate for different load positions (WGOP=0.2%, a/h=10) 
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Fig. 8 Dynamic response of the plate for different 

foundation parameters (WGOP=0.2%, a/h=10) 

 

 
(a) Linear pulse load 

 
(b) Half-sine pulse load 

Fig. 9 Dynamic response of the plate for different boundary 

conditions (a/h=10, WGOP=0.2%) 

 

 

time becomes larger. However, loading time have great 

influence on dimensionless deflection in transient region. 

As a conclusion, one can state that as the loading time is 

smaller the plate passes from the transient region with fewer 

number of oscillations. 

Fig. 7 shows the influence of loading location on 

dynamic characteristics of a GOP-reinforced plate under 

 

Fig. 10 Dynamic response of the plate for different blast 

load parameters (WGOP=0.2%, a/h=10) 

 

 

pulse loads when t0=0.03. It can be concluded from the 

figure that as the loading point travels far from the center of 

GOP-reinforced plate, the dynamical deflection in transient 

zone becomes smaller. So, the maximum deflection occurs 

when the pulse load is placed at the center point of GOP-

reinforced plate. Also, load location has no effect on 

number of oscillations in the transient region. 

Fig. 8 indicates the dimensionless deflection of a GOP-

reinforced plate versus dimensionless amplitude for various 

linear (KW) and shear (KP) foundation parameters at 

WGOP=0.2%. It should be mentioned that the shear layer 

provides a continuous interaction with the GOP-reinforced 

plate, while linear layer has a discontinuous interaction with 

the plate. Increasing foundation parameters yields smaller 

dynamic deflections by enhancing the bending rigidity of 

the GOP-reinforced plate. So the GOP-reinforced plate 

rested on elastic foundation experiences transient vibrations 

with lower deflections. 

Effect of boundary condition on transient vibration 

characteristics of a GOP-reinforced plate under pulse loads 

has been plotted in Fig. 9. Both fully clamped and fully 

simply-supported boundary conditions have been 

considered. Obtained results show that a considerable 

reduction in dynamic deflection of the plate occurs by 

applying clamped conditions. This means that clamped 

edges makes the structure stiffer leading to transient 

vibrations of the plate with lower magnitude of deflection.  

Time response of the plate under blast load based on 

various blast load parameter (rb) has been illustrated in Fig. 

10. It is considered that a/h=10 and t0=0.03. It can be seen 

that blast load parameter has a great influence on transient 

vibration of the GOP-reinforced plate. Actually, this 

parameter determines the rate of passing from transient to 

free vibrations. So, as the blast load parameter increases, the 

dynamic deflections of the plate become larger and transient 

vibration become closer to the free vibration region with a 

higher rate. 

 

 

6. Conclusions 
 

Based on finite strip method (FSM), the present article 

582



 

Assessment of transient vibrations of graphene oxide reinforced plates under pulse loads using finite strip method 

 

was devoted to investigate transient characteristics of a 

higher-order shear deformable GOP-reinforced plate 

exposed to different kinds of impulsive loads. GOP 

dispersion was considered to be uniform or linear inside the 

matrix. Three impulse loads of sinusoidal-type, linear-type 

and blast-type were applied. The governing equations were 

solved employing FSM and inverse Laplace transform 

technique. Actually, the effective stiffness of the reinforced 

plate can be greatly strengthened by dispersing a small 

amount of GOPs into matrix material. Thus, dynamic 

deflection decreases with the increase of GOP weight 

fraction. Moreover, uniform GOP distribution provides 

smaller dynamic deflection than linear distribution. Also, it 

was found that as the loading time is smaller the plate 

passes from the transient region with fewer number of 

oscillations. Moreover, as the blast load parameter 

increases, the dynamic deflections become larger and 

transient vibration become closer to the free vibration 

region with higher slope. 
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