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1. Introduction  
 

The internal fracture of concrete can destroy concrete 

structures because the propagation of cracks is very rapid 

and unpredictable (Fan et al. 2016). Therefore, the 

investigations of dynamic fracture process in concrete has 

been widely conducted among concrete researchers (Choi 

and Cheung 1994, Choi and Cheung 1994). 

Nowadays, acoustic emission (AE) technology has been 

widely used to detect internal damage of reinforced 

concrete structures and materials (Behnia et al. 2014) to 

achieve real-time monitoring of damage behavior of 

structures or components under different loading conditions 

such as bending, freeze-thaw cycles, fatigue and chemical 

corrosion. It is used to determine the time of damage 

occurrence based on the activity, intensity, location and 

nature of AE source (Xu et al. 2013, Mainali et al. 2015, 

Wiedmann et al. 2017, Ohno and Ohtsu 2010). The analysis 

and evaluation of internal damage of concrete can be 

achieved by processing AE parameters (Nair and Cai 2010, 

Barrios and Ziehl 2012, Pisani 2018, Sagar and Prasad 

2012). Zhou et al. evaluated the correlation between AE 

signals and concrete strength (Zhou et al. 2016). The 

commonly used processing analysis techniques include 

modal analysis, spectrum analysis, wavelet analysis, 

artificial neural network pattern recognition and gray 

correlation analysis (Asamene et al. 2015, Pazdera et al. 

2016, Mostafapour et al. 2014, Wang et al. 2014, Jiang et 

al. 2016, Li 2013). Huo et al. located internal damage in 

reinforced concrete beams using piezoelectric transducers 

and AE sensors (Huo et al. 2017). However, due to the 

presence of noise, they usually need a higher threshold 

 

Corresponding author, Ph.D. 

E-mail: yling@iastate.edu 

 

 

which lags acquisition of results behind structural damage 

and makes structure monitoring difficult (Desa et al. 2018, 

Abouhussien and Hassan 2015, Di Benedetti et al. 2013).  

In this paper, a three-point bending test was conducted 

on the notched concrete beams. During the test, AE was 

used to dynamically track the whole process of microcrack 

development. Based on the obtained AE signal parameters, 

a concrete catastrophe model was established using grey-

cusp theory. The model was used to predict concrete 

fracture process and provide a theory for the application of 

AE technology in the prediction of concrete fracture 

instability. 

 

 

2. Grey-cusp catastrophe model 
 
Catastrophe model was firstly proposed by Rene Tom in 

1972. After several improvements from scholars, it was 

separated to many models to study catastrophe that may 

occur in smooth systems (Zhai et al. 2019). Among them, 

the cusp catastrophe model has been popularly used because 

it is simple in form, and can better describe the process of 

catastrophe in the force of external continuous action (Li 

2013). The Grey-cusp Theory proposed by Deng Julong 

(1982) is an effective way to speculate the whole system 

behavior from finite information, and establish 

mathematical models for random, incomplete and discrete 

data (Yuan et al. 2010, Chu and Jiang 2009, Li et al. 2017, 

Li et al. 2007).  

AE is a phenomenon of localized stress concentration in 

a material, which rapidly releases energy and generates 

transient elastic waves, also called stress wave emission 

(Abdelrahman et al. 2019). The source associated with the 

microscopic fracture process of non-metallic material is 

named AE source (Xie et al. 2018, Rodríguez and Celestino 

2019, Zohari et al. 2013). Under the action of stress, cracks 
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inside concrete continuously develop, propagate, and will 

have different AE signal parameters in different fracture 

stages (Yuyama et al. 2001, Carpinteri et al. 2008, Iturrioz 

et al. 2013). If the variable causing AE change is uniformly 

represented by x, the AE sequence during concrete fracture 

process can be described as a univariate function f(x). Based 

on the theory of cusp catastrophe (Zhai et al. 2019), the 

potential function of the model is expressed as 

f(x) = (
1

4
) 𝑥4 + (

1

2
) 𝑢𝑥2 + 𝑣𝑥        (1) 

Where y is the AE parameter; x is the mechanical 

parameter; u and v are the parameters of the relationship 

between the AE parameter and the mechanical parameter. 

Eq. (1) can obtain the equilibrium surface equation of the 

model through derivation once 

3x ux v 0+ + =               (2) 

Its bifurcation set equation is 

3 2=4u +27v                (3) 

In Eq. (3), ∆ is the value of the bifurcation set equation. 

Eq. (3) is a half cube parabola, and the control variable 

plane is divided into two regions of ∆>0 and ∆≤0. When 

∆>0, the change of v only causes a continuous change of x, 

and the system is stable at this time; when ∆≤0, the change 

of v will cause a jump of x, and the system is in an unstable 

state. 

Grey-cusp theory is a new method to study the problem 

lack of data and information certainty. It extracts valuable 

information through the generation and development of 

gray system information. By learning the uncertainty of 

small samples and information, the accurate description of 

the evolution of events and the effective monitoring of 

behavior are achieved. In the process of dynamic 

monitoring of AE signals, the actual collected AE parameter 

sequence tend to be less regular and have a certain 

oscillation. In order to improve the utilization efficiency of 

information in parameters and reduce the randomness of 

parameters in acquisition process, transmission process and 

statistical process, this paper used gray-cusp theory to 

accumulate data of AE in the experiment, and then establish 

the grey-cusp catastrophe model of the system. 

Let x(0) be the parameter sequence of a certain AE 

process, and x(1) is its cumulative generation order (AGO), 

which are 

𝑥(0) = {𝑥(0)(1), 𝑥(0)(2),∙∙∙, 𝑥(0)(𝑚)}      (4) 

𝑥(1) = {𝑥(1)(1), 𝑥(1)(2),∙∙∙, 𝑥(1)(𝑚)}      (5) 

Where 𝑥(0)(𝑘)(𝑘 ≤ 𝑚) is the gray parameter sequence 

of k time, and x(1)(k) is its AGO, i.e. 

𝑥(1)(𝑘) = ∑ 𝑥(0)(𝑗)(𝑘 ≤ 𝑚)𝑘
𝑗=1         (6) 

If the generated sequence x(1) is expanded into a power 

series at a certain AE process time (t), then Eq. (6) can be 

written as 

1 2 3

0 1 2 3

( ) n

nx ( t ) A At A t A t A t= + + + ++    (7) 

Where, A0, A1, …, An, … are undetermined coefficients,  

 

Fig. 1 Three-point bending test setup 

 

 

which can be obtained by polynomial fitting. Eq. (7) is the 

fitting polynomial of AGO. According to the literature, the 

first 5 items (Pazdera et al. 2016) are intercepted, which is a 

new sequence expression 

1 2 3 4 5

0 1 2 3 4 5

( )x̂ ( t ) A At A t A t A t A t= + + + + +    (8) 

deriving (8) to be 

1
2 3 4

1 2 3 4 52 3 4 5
( )ˆdx ( t )

y= A A t A t A t A t
dt

= + + + +      (9) 

By substituting variables for the AE parameter sequence 

in Eq. (9), the standard form of the grey-cusp catastrophe 

model can be obtained as 

4 21 4 1 2y f ( t ) ( / )t ( / )ut vt c= = + + +      (10) 

Where 

2
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5

5
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0

5

A q A q A
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A

− +
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−
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4 55q A / A=                 (13) 

3 2
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20 /

A q A q A q A
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( A )

− + − +
=     (14) 

3 2

5 4 3 2
51 4

5

20 12 6 2
0

20 /

A q A q A q A
v ( A )

( A )

− + − +
= 

−
   (15) 

Since c is meaningless for catastrophe analysis, it is 

usually discarded when applied (Wang et al. 2014). 

 

 

3. Test methods 
 
The three-point bending test for the notched concrete 

beam is shown in Fig. 1 (Fu et al. 2015, Fu et al. 2019). The 

test consists of a loading system and an AE system. The 

loading system used was the Shanghai Hualong Hydraulic 

Universal Testing Machine, which recorded the force-time 

curve in real time. The AE system with eight-channel DS2-

B series produced by Beijing Ruandao Technology was 

applied to dynamically track the process of concrete  
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Table 1 Mineral ingredient of Portland cement 

Composition C3S C2S C3A C4AF Gypsum content 

Content (%) 55.5 19.1 6.5 10.1 5.0 

 

 

fracture. The system collected all AE signals from concrete 

beam fracture during the test, and recorded the waveform, 

parameters, numerical values, locations of each point in a 

laptop. The test was performed with a channel threshold of 

40dB. The AE sensor of RS-2A type had frequency range of 

50kHz-400kHz, connecting with a preamplifier of 40dB and 

a multi-channel synchronous acquisition. The acoustic 

coupling agent on the surface of sensor and specimen was 

high vacuum grease. 

 

3.1 Test conditions 
 

A Type I Portland cement was used. Coarse aggregate 

was gravel in 5-20 mm continuous grading. Fine aggregate 

(river sand) has fineness modulus of 2.64 and water content 

of 1.2%. Tap water was used as mixing water. The concrete 

28-day compressive strength was 50.6 MPa. The concrete 

beams in dimension of 75 mm×150 mm×400 mm were cast 

and cured under 20°C and 90% relative humidity for 28 

days before test. The depth of notch was 15 mm at the 

middle of span. 

 

3.2 Test plan 
 

As shown in Fig. 2, using the control screws on test 

specimen, the specimen did not exhibit brittle fracture, and 

the crack width was accurately controlled. The sensors of 

AE system were set by four RS-2A independent-channel 

sensors mounting on both lateral sides of specimen. Their 

locations are presented in Fig. 2. All AE signals in the 

positioning range during the test were captured in an all-

round way, and AE waveforms and parameters were 

completely collected. AE dynamic monitoring on three 

specimens was carried out in the test. 

 

 
4. Results and discussion 

 
Table 2 Mixing proportion (kg/m3) and strength of concrete 

(MPa)  

w/b Cement 
Fine 

aggregate 

Coarse 

aggregate 
Water 

Cube compressive 

strength 

0.53 370 750 1112 188 50.6 

 
 
4.1 Process of AE signal  
 
Fig. 3 shows the process of AE signal changing over 

time under three-point bending test. Fig. 3(a) presents the 

variation of ringing count over time. It can be seen that the 

AE ringing count had two peaks. The first peak appeared at 

the initial stage of loading, while the second one came after 

cracking and lasted until the unstable failure. The results of 

AE hits and AE energy are shown in Fig. 3(b) and Fig. 3(c) 

respectively, which illustrate that they displayed 

consistently with the ringing count. A large amount of 

energy was released at the moments of cracking and final 

unstable failure of specimen. Fig. 3(d) shows the 

cumulative counts of AE signal, which indicates that the 

cumulative counts suddenly increased after cracking. 

According to the relationship between the macroscopic 

deformation response and the microscopic evolution of 

fracture, the AE signal parameters of the specimen, as 

shown in Fig. 3, can be divided into four stages: (1) Initial 

compaction stage, where the AE signal generated 

immediately after loading, the ringing count raised sharply 

and the concrete began to crack. (2) Stable growth stage of 

microcrack, where the cumulative counts continued to 

climb slowly, but the rates of counting and energy releasing 

were small. It implies that after the original microcrack, 

new cracks were continuously produced and the concrete 

fracture was accumulating. (3) Initial crack stage, where AE 

hit count and released energy increased rapidly, and 

concrete internal fracture began to deteriorate. With 

microcracks spreading, they accumulated and evolved into 

micro-fracture zones. As a result, cracks occurred in 

concrete. (4) Fracture failure stage, where the concentration 

of microcracks was getting stronger, due to the interaction 

between the channel element and the blocking element. The 

accumulated energy was released in the form of elastic  

 

 
Fig. 2 Locations of RS-2A AE sensors (mm) 
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Table 3 Fracture state of three-point bending notched beam 

on AE hits 

Steady state time 

(time duration), s 

Non-steady state time 

(time duration), s 

0-12 (12) 13 (1) 

14-29 (16) 30-45 (16) 

46-68 (23) 69-70 (2) 

71-117 (47) 118-221 (104) 

222-600 (379) 601-671 (71) 

672-781 (110) 782-848 (67) 

 

 

waves, both ringing count and AE hits were approximately 

exponential, and the energy releasing rate was large. With 

load continuing, the fracture zone were further unstable and 

propagating, eventually leading to the sudden failure. 

 

4.2 Comparison between model analysis results and 
parameter analysis results 
 

AE signal is a response of crack initiation, propagation 

and failure in concrete. The catastrophe of specimen 

fracture will cause the catastrophe of AE signals. Therefore, 

the catastrophe of signal parameters can be used as the sign 

of cracking and fracture in the process of concrete failure. It 

is of great significance to analyze and explore the AE 

signals from the internal structure of concrete. In order to 

further investigate the catastrophe characteristics of 

cracking and fracture process of concrete, a grey-cusp 

catastrophe model was established based on grey-cusp 

theory and catastrophe theory. The catastrophe analysis of 

 

Table 4 Analysis results of AE signal parameter and grey-

cusp catastrophe model 

AE signal parameters Catastrophe model  

Initial compaction stage (53s-87s) 
Unstable state 

(13s, 30s-45s, 69s-70s) 

Stable growth stage of micro-

cracks (88s-664s) 

Unstable state (118s-221s) 

Stable state (222s-600s) 

Crack initiation stage (665s-667s) Unstable state (601s-671s) 

Fracture failure stage (678s-848s) 
Stable state (672s-781s)  

Unstable state (782s-848s) 

 

 

the cumulative number of AE hits, as shown in Fig. 3(d), 

was carried out using MATLAB to program calculation and 

analysis. The specific steps are as follows: 

(1) The polynomial fitting, i.e., Eq. (7), was used to fit 

AGO: 𝑥(1) = {𝑥(1)(1), 𝑥(1)(2),∙∙∙, 𝑥(1)(𝑚)} and the fitting 

polynomial coefficients A1, ... , A5. 

(2) According to the numerical substitution Eq. (11)-

(15), the parameters and values of the relationship between 

mechanical parameters and AE parameters in Eq. (10) were 

calculated. 

(3) The Δ value in Eq. (3) was calculated. 

(4) By using the mutation rule and the relationship 

between bifurcation set equation (Δ and 0), the change of 

fracture state of three-point bending notched beam was 

evaluated. 

In order to judge the stability of concrete, from the 

beginning of load to the fracture process, the AE parameters 

of the experimental process were substituted into the 

calculation. The calculation results are shown in Table 3. 
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 (a) AE ring-down count graph (b) AE hits graph  
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 (c) AE energy graph (d) Cumulative curve of AE hits  

Fig. 3 The process of AE signal changes over time under three-point bending 

Cracking 
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Fig. 4 Fracture of three point bending beam 

 

In Table 3, it can be seen that under the bending test, the 

loading process has experienced several stages from stable 

state to unstable state, and finally to fracture state. The 

grey-cusp catastrophe model of AE signal was compared 

with the parameter analysis results as shown in Table 4. The 

crack evolution process of three-point bending beam can be 

inferred as following: 

(1) Initial compaction stage: The model analysis results 

show that instability occurred at 15s and 30s-45s. This is 

due to the contact between the specimen and the loading 

equipment. Sporadic AE signals began to appear on the 

contact surface. This phenomenon can also be verified by 

observation and analysis in the experimental stage. The 

specimen was in a relatively stable stage. In the compaction 

stage, only 69s-70s had a sudden-change point, while the 

parameter analysis only indicated that there were hit counts  

 

 

  
(a) 70s AE crack location (b) 221s AE crack location 

  
(c) 600s AE crack location (d) 618s AE crack location 

  
(e) 671s AE crack location (f) 780s AE crack location 

 
(g) 848s AE crack location 

Fig. 5 Crack locations over time during the three-point bending test 
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in 53-87. 

(2) Stable growth stage of microcracks: With the 

continuous loading, the initial cracks in the specimen 

evolved continuously. In this stage, the occurrence and 

development of internal cracks in concrete were mainly due 

to the initial defects, such as microcracks, capillary pores 

and bleeding pores. The obtained AE signals were mainly 

produced by these defects, which caused initial fracture 

under load. As shown in Table 4, within 118s-221s, the 

system was in an unstable state, but cannot be effectively 

reflected in the parameter analysis chart (Fig. 3). The less 

AE signals and the smooth cumulative curve of hit counts 

revealed that the system was in a stable state from 88s to 

664s. 

(3) Crack initiation stage: When the internal defects of 

concrete deformed, cracks expanded to a certain extent, a 

micro-crack zone in concrete was suddenly penetrated. At 

this time, macro-crack points appeared in the specimens, 

which shows that there was an obvious peak value within 

665s-667s on the hit counting curve. From the analysis 

results of the model, it can be seen that the system had a 

sudden change. This change occurred much earlier than that 

of the experimental analysis. Comparing with the results of 

AE test, it can be found that the grey-cusp catastrophe 

model accurately predicted the crack evolution process of 

concrete. 

(4) Fracture failure stage: The parameter analysis results 

show that the hit counting curve became steeper, and the 

concrete was in the fracture failure stage within 678s-848s. 

The model analysis results can be divided into two stages. 

With the joint action of crack channel element and barrier 

element in concrete, the cracks were restrained in the 

process of propagation. The concrete moved into a new 

stable state within 672s-781s. In 782s-848s, with load 

increasing, the microcracks in concrete continued to crack, 

and then combined to form large cracks. At the same time, 

new cracks formed, and evolved into one or several micro-

crack zones until they developed into macrocracks and 

fractured. At this point, a new peak appeared in the AE hit 

counting curve, and the system was in an unstable state 

until the beam fractured as shown in Fig. 4. 
Based on the above comparative analysis, it can be 

concluded that the grey-cusp catastrophe model not only 
unified the process of cracking and determine catastrophe 
state, but also predict crack evolution process in concrete, 
unstable fracture of concrete, and deduce the degree of 

fracture. The developed model provided a theoretical 
foundation for the application of AE in the prediction of 
concrete fracture. 

 

4.3 Application of the model 
 

Fig. 5 presents crack locations over time in concrete 

during the three-point bending test. Comparing with Table 

3, Fig. 5 perfectly verified the results of catastrophe 

analysis. As shown from Figs. 5(a)-(g), crack began to 

appear at the middle of top part on specimen at 70s. The 

number of cracking points near the top surface was 

continually increasing until 600s. Then the bottom part of 

specimen started to exhibit cracking points at 618s. The 

catastrophe analysis indicates that the specimen had 

catastrophe at 601s, which was 17 seconds earlier than the 

AE signal analysis. The specimen kept having more crack 

points in the tension and compression zones with time. 

Subsequently, the specimen was in a stable state with a 

large quantity of crack points appeared. Eventually, the 

specimen fractured in instability with the most crack points 

located in concrete. Such crack locations better reflected the 

crack evolution process of concrete beam under three-point 

bending test. 

 
 
5. Conclusions 

 
• The grey-cusp catastrophe model of AE was 

established based on the cumulative AE parameters 

which provided an innovative application of AE signals 

in fracture analysis of concrete. The developed model 

well described the catastrophe characteristic of concrete. 

• AE analysis results were consistent with the 

experimental results using the grey-cusp catastrophe 

model and AE parameters better described the crack 

evolution process of concrete. 

• The developed grey-cusp catastrophe model 

determined the catastrophe state of concrete, predicted 

the crack evolution process of concrete and provided a 

theoretical foundation for the application of AE in the 

prediction of concrete fracture. 
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