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1. Introduction 
 

Since from the last decade carbon nanotubes (CNTs) 

have become potential subject of scientific research with its 

vigorous performance in the various fields. Owing to 

remarkable physical and mechanical features of the nano-

sized structures, they have been persuasive and 

contemporary measure in aerospace, microscopic system, 

actuators, gas exposure, defence, diagnosis devices and 

several more. (Lau and Hui 2002, Zhao 2002, Lieber 2003, 

Liu and Zang 2004, Kostarelos et al. 2009, Sosa et al. 2014, 

Fakhrabadi et al. 2015). CNTs also contribute significantly 

in material science, medicine and structural engineering 

(Gittes et al. 1993, Nogales 2001, Kasas et al. 2004, Regi 

2007, Reilly 2007, Gohardani et al. 2014, Soldano 2015). 

Basically CNTs are in shape of cylindrical macromolecules 

composed of carbon atoms attracted astounding response 

from scientific community. Over the last number of years, 

CNTs have become focus of interest amidst leading 

scientists from many research areas. CNTs are exceptionally 

meagre in structure, so to envision the behaviour through 

experimental techniques of such nanostructures under 

various conditions is not an easy task.  

For that reason, computational simulations have been 

taken an edge being dynamic tool to inspect the physical 

and mechanical attributes of CNTs.The past research work 

found on nanotubes carried out by two main methodologies 
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known as continuum mechanics and molecular dynamics 

(MD). The MD simulation approach is a presentation of 

molecules of the materials which is distinct solution of 

Newton’s classical equations of motion and has been 

efficiently exercised to analyse the dynamical properties of 

single-, double- and multi-walled CNTs (Cornwell and 

Wille 1997, Liew et al. 2005, Hao et al. 2008, Hu et al. 

2008). At the same time, continuum mechanics has been 

engaged to examine various features of minuscule and 

nano-sized suchlike thermo mechanical investigations 

(Murmu and Adhikari 2010, Rafiee and Moghandam 2014), 

buckling (Chang et al. 2005, Wang et al. 2006, Lu et al. 

2007) and free vibrations (Xu et al. 2008, Hu et al. 2012, 

Chang and Lee 2009, Avcar 2019) of CNTs. In recent times, 

some of the researchers made use of continuum shell model 

to inquire further advancements in CNTs (Li and 

Kardomateas 2007, Hu et al. 2012, Brischetto 2014). The 

theory of non-local elasticity happened to be intrinsic factor 

in continuum mechanics by accommodating the size 

dependency in nanostructures introduced by Eringen (1983, 

2002). The use of nonlocal continuum mechanics evolved 

scale effect which conferred the vibrational analysis of 

CNTs (Erigen 1972, Zang et al. 2005, Heireche et al. 2008, 

Ansari et al. 2012, Zidour et al. 2014, Benguediab et al. 

2014). The nonlocal elasticity theory has been extensively 

utilized for different types of nanostructures such as nano 

FGM structures (Jung and Han 2013, Kolahchi et al. 2015, 

Nejad et al. 2016) and static (Wang and Liew 2007, 

Pradhan and Reddy 2011, Eltaher et al. 2013). The double-

walled CNTs are coaxial nano structure in nature comprised 

of certainly two single-walled CNTs encapsulated one in 

other. Mehar et al. (2016) modeled mathematically based on 

the higher order shell theory. The material properties of 
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carbon nanotube reinforced composite plate are assumed to 

be temperature dependent and graded in the thickness 

direction using different grading rules.The structure of 

double-walled CNT makes it rudimentary course of action 

to estimate the aftermath of inter wall coupling hinge on the 

assorted substantial properties of CNTs. On comparing the 

single-walled to double-walled CNTs, it is observed that 

double-walled CNTs demonstrate strong mechanical ability, 

thermal combat and effective electronic characteristics. Free 

vibration of double-walled CNTs (Xu et al. 2008) showed 

explicitly the interaction of van der Waals forces being two 

exclusive beams. The small-scale diameters/aspect ratios 

were main focus for investigation which revealed the valid 

use of Donnell shell theory for vibration study (Hashemi et 

al. 2012). Moreover, a precise study was carried out on 

resonant frequencies of double-walled CNTs subjected to 

layer wise end conditions (Rouhi et al. 2013). The 

technique employed to obtain the numerical outcomes for 

ruling equations was radial point interpolation differential 

quadrature (RPIDQ) based on nonlocal Donnell shell theory 

which happened to justify the scale effects. Mehar and 

Panda (2018) investigated the curved shell and CNT 

vibration with thermal environment using higher order 

deformation theory. These CNT was mixed with different 

configurations of the layers. The results have been verified 

with the earlier investigations. 

Among armchair, chiral and zigzag single and double-

walled CNTs, limited work is done related to chiral and 

zigzag especially double-walled CNTs. The stress aspects of 

single-walled CNTs with respect to chiral dependency of 

the axial tensile strain was examined (Yoshikazm et al. 

2005). They applied numerical simulation that worked with 

a tight binding and first principles density functional theory 

calculation depicting its authentication. Mehar and Panda 

(2018) computed the vibration behavior, bending and 

dynamic response of FG reinforced CNT finite element 

method. For the sake of generality, the mathematical model 

was presented with the mixture of Green Lagrange method. 

The convergence of these methodologies have been 

checked for the variety of results. The composite paltes with 

differenct greded was investigated with isotropic and core 

phase. (Ghavanloo and Fazelzadeh 2009) studied the 

vibration frequency spectra of chiral CNTs, Flugge shell 

theory was applied to obtain the isotropic elastic model. 

Timoshenko beam model framed on nonlocal elasticity 

theory was utilized (Zidour et al. 2014), they performed a 

study on elastic bending of chiral single-walled CNTs 

considering axial compression. Their work 

comprehensively covered the chirality of single-walled 

CNTs, its vibrational mode and aspect ratio against the 

critical buckling load. Mehar et al. (2017a, b) studied the 

freqncy response of FG CNT and reinforced CNT using the 

simple deformation theory and Mori-Tanaka scheme. They 

investigated a new frequency phenomena with the 

combination of Lagrange strain, Green-Lagrange, for 

double curved and curved panel of FG and reinforced FG 

CNT. The charactrictics of sandwich and grades CNT Bwas 

found with labeling the temperarure environ. The 

thermoelastic frequency of single shaollow panel was 

determined using Mori-Tanake formaulation. The research 

of these authore have opened a new frequency spectra for 

other material researchers. Benguediab et al. (2014) 

inspected mechanical buckling characteristics of a zigzag 

double-walled CNTs incorporated with chirality and small 

scale effect. Their findings revealed influential reliance of 

critical buckling load of zigzag CNTs by using nonlocal 

Timoshenko beam model. Mehar et al. (2018) evaluated the 

frequency behavior of nanolpate structure using FEM 

including the nonlocal theory of elasticity. Computer 

generated results are created by using the software first time 

roubustly to check the vibration of nanoplate. The 

efficiency was checked by comparing the results of 

available data. 

Hussain and Naeem (2017) examined the frequencies of 

armchair tubes using proposed approach based on Flügge’s 

shell model. The effect of length and thickness-to-radius 

ratios against fundamental natural frequency with different 

indices of armchair tube. The increment and decrement of 

frequency observed on increasing the thickness-to-radius 

ratio and length. Chemi et al. (2015) exhibited frequency 

vibrations of chiral double-walled CNTs. The set of 

governing equations were modelled by nonlocal Euler 

Bernoulli beam theory. Batou et al. (2019) investigated the 

wave propagations in sigmoid functionally graded (S-FG) 

plates using Higher Shear Deformation Theory (HSDT). 

Salah et al. (2019) interpreted the ceramic-metal FGM 

sandwich plates using 2D integral plate model. The results 

were verified with the earlier investigations. Recently 

Hussain and Naeem (2019a, b, c, d) performed the vibration 

of SWCNTs based on wave propagation approach and 

Galerkin’s method. Jamali et al. (2019) and Ebrahimi et al. 

(2019) studied the effects of postbukling behavior and 

magneto-electro-elastic curved nanotubes using different 

methodologies. This research opened a new window for the 

material researchers. Bisen et al. (2018) and Mehar and 

Panda (2019) studied the structural response of reinforced 

material and FG-CNT using the numerical and experimental 

properties. The results are verified with the open existing 

literature. The computer software MATLAB was used for 

the frequency results. The higher order finite element and 

higher order mid-plane kinematics. The mixture rule was 

defined for the different materials. 

The foremost intension of this paper to investigate 

nonlocal vibration characteristics of zigzag and chiral 

double-walled CNTs by means of Donnell shell theory 

along with wave propagation technique, which is our 

intrinsic interest. The suggested method to investigate the 

solution of fundamental eigen relations is a well-known and 

efficient technique. It is carefully observed from the 

literature, no information is seen regarding present 

established model where aforementioned problem has been 

considered so it became an incentive to proceed current 

study. The specific influence of four distinct end supports 

based on proposed method such as clamped-clamped, 

clamped-simply supported, simply supported-simply 

supported and clamped-free is examined in detail. 

Many material researchers calculated the frequency of 

CNTs using different techniques, for example, Timoshenko 

beam model (Zidour et al. 2014), Euler Bernoulli beam 

theory (Chemi et al. 2015), Flugge shell theory (Zidour et  
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Fig. 1 Geometry of double-walled carbon nanotubes 

 

 

al. 2014), nonlocal Donnell shell theory (Rouhi et al. 2013), 

and interpolation differential quadrature (Rouhi et al. 2013). 

The aim of current study is to delve for the free vibration 

characteristics of chiral and zigzag double-walled CNTs by 

forming a nonlocal Donnell shell model (DSM). Erigen’s 

nonlocal elasticity equations are acquired by adopting DSM 

to count scale effect. The investigation is realized by 

employing the wave propagation approach due to its 

effective application in studying the structural vibrational 

analysis related to different parameters and end supports. 

The domination of numerous end supports alike DSM 

simply supported (DSM-SS), DSM clamped-supported 

(DSM-CS), DSM clamped-clamped (DSM-CC) and DSM 

clamped free (DSM-CF) regarding disparate values of 

nonlocal parameter are explored numerically and reflected 

with help of graphs.  

 

 

2. Formulation of governing nonlocal shell equations 
 

The theory of non-local elasticity despite of traditional 

elasticity, states the stress at a certain point rely upon the 

strain in a domain nearby that specific point. The nonlocal 

equation (Eringen 1983, 2002) is expressed by  

 2 2(1 ( ) )oe a t−  =  (1) 

The term e0a describes the characteristic length known 

as nonlocal parameter. The generalized Hooke’s law relates 

stress tensor to strain as 

 𝑡 = 𝑆: 𝜖 (2) 

where S stands as forth order elasticity tensor and ‘:’ 

indicates the double dot product. The stress and strain 

relationship is presented by Hooke’s law as 
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(3) 

here described terms are E as Young’s modulus, G as 

shearing modulus and v as Poisson’s ratio respectively. The 

cylindrical shell is considered the length L, thickness h and 

the radius R for individual tube of double-walled CNTs 

having coordinate system (x,θ,z) as labelled in Fig. 1. The 

displacement components are described by ux, uy, uz in three 

directions x, θ and z whereas surface rotations by ψx and ψθ 

according to classical shell theory.  
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The expressions that shows the accordance between 

normal and shear strains are written as 

 

(5) 

Utilizing Eqs. (3)-(5) nonlocal force and moment 

resultants takes the form 
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controlling equations of Donnell shell theory are given as 
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I1, I2, I3
 

are known as inertia terms and the pressure p 

applied on the double-walled nanotubes though van der 

Waals (vdW) interaction forces.  

2 2

1 1

i ij ij j

j j

p w c c w
= =

= −    ( 1,2)i =
 

(8) 

cij is vdW coefficient, depicting the pressure increment 

contributing from ith to jth tube.  
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Here C-C bond length is given by 1.42a A= , depth of 

potential by ε, σ as parameter concluded by equilibrium 

distance, Rj as radius of jth tube and Eij
m be as elliptic 

integral which is given as 
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being m as integer and coefficient Kij is defined by 
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While studying the double-walled CNTs, each tube can 

be treated as an individual shell whose vibration response 

can be examined by the controlling Eqs. (7a)-(7e).Thus by 

incorporating Eqs. (6a)-(6h) into Eqs. (7a)-(7e), the field 

equations take following form 
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For i=1,2. Differential operators written above are given 

in Appendix. 

 
 
3. Application of wave propagation approach  

 

Numerous methods and techniques have been employed 

to get solution of differential equations and especially 

numerical solution always have been of great interest of 

researchers for advance research. The wave propagation 

first ever used by (Zhang et al. 2001) is an appropriate 

technique to investigate the vibration phenomena. This 

technique has been effectively exercised in determination of 

vibration spectra of shell/tube. Over the past several years 

vibration of tube structures of various configurations and 

boundary conditions have been extensively studied (Asghar 

et al. 2019a, b, Hussain et al. 2019, Hussain et al. 2018a, 

Hussain and Naeem 2018a, Hussain et al. 2018b, Hussain et 

al. 2018c, Sharma et al. 2019, Fatahi-Vajari et al. 2019). 

The shell modal displacement expressions with respect to 

wave propagation for ith tube are written as follow  
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mw x t c n e
  −

=  (13c) 

( )( ) ( , , ) cos( ) mj t jk xi

x mx t d n e
   −

=  (13d) 

( )( ) ( , , ) sin( ) mj t jk xi

mx t e n e


   −
=  (13e) 

In which am, bm, cm define the displacement amplitude 

sequentially in x, θ and z directions. The angular frequency 

is denoted by ω, circumferential wave number by n and km 

regarded as axial wave number conjoin with end supports 

imposed on double-walled CNTs. Substituting the 

derivatives and respective functions into the stated 

equations, hence obtained a new set of simultaneous 

equations as follows 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2 2 2 ( ) ( )

11 12 13 14 15 1 2(1 ( ) )i i i i i i i i i i i i

m m m m m o m mK a K b K c K d K e e a I a I d  + + + + = − −  +  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2 2 2 ( ) ( )

11 12 13 14 15 1 2(1 ( ) )i i i i i i i i i i i i

m m m m m o m mK a K b K c K d K e e a I a I d  + + + + = − −  +   

(14a) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2 2 2 ( ) ( )

21 22 23 24 25 1 2(1 ( ) )i i i i i i i i i i i i

m m m m m o m mK a K b K c K d K e e a I b I e  + + + + = − −  +  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2 2 2 ( ) ( )

21 22 23 24 25 1 2(1 ( ) )i i i i i i i i i i i i

m m m m m o m mK a K b K c K d K e e a I b I e  + + + + = − −  +   
(14b) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

31 32 33 34 35

2 2
2 2 ( ) ( ) 2 2 2 ( )

( ) ( ) 1

1 1

(1 ( ) ) (1 ( ) )

i i i i i i i i i i

m m m m m

i i i

o ij m ij m o m

j j
j i j i

K a K b K c K d K e

e a c c c c e a I c
= =
 

+ + + + +

 
   −  − = − −    
  

 

 

(14c) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2 2 2 ( ) ( )

41 42 43 44 45 2 3(1 ( ) )i i i i i i i i i i i i

m m m m m o m mK a K b K c K d K e e a I a I d  + + + + = − −  +  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2 2 2 ( ) ( )

41 42 43 44 45 2 3(1 ( ) )i i i i i i i i i i i i

m m m m m o m mK a K b K c K d K e e a I a I d  + + + + = − −  +   
(14d) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2 2 2 ( ) ( )

51 52 53 54 55 2 3(1 ( ) )i i i i i i i i i i i i

m m m m m o m mK a K b K c K d K e e a I b I e  + + + + = − −  +  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2 2 2 ( ) ( )

51 52 53 54 55 2 3(1 ( ) )i i i i i i i i i i i i

m m m m m o m mK a K b K c K d K e e a I b I e  + + + + = − −  +   
(14e) 

( 1,2)i =  
Where algebraic operators Kij ’s are written in Appendix. 

The above equations are arranged as eigen value 

problem, and expressed in form of matrix to determine 

vibration analysis of double-walled CNTs based on 

nonlocal DSM using wave propagation approach. 
( ) ( )

11 12 13 14 15 1

( ) ( )
21 22 23 24 25 1

2( ) ( )
31 32 33 34 35 1

( )
41 42 43 44 45 3

( )
51 52 53 54 55 3

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

i i

m m

i i

m m

i i

m m

i

m m

i

m

K K K K K Ia a

K K K K K Ib b

K K K K K S Ic c

K K K K K Id d

K K K K K Ie



    
    
    
    = −
    
    
        

( )

( )

i

i

me

 
 
 
 
 
 
 
 

 

(15) 
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Table 1 Non dimensional results comparison with present 

results 

Method 
e0a  

0 1 2 3 4 

Reddy (2007) 9.8696 8.983 8.2426 7.6149 47.0761 

Aydogdu (2009) 9.8696 9.6319 9.4055 9.1894 8.983 

Elather (2013) 9.86973 8.98312 8.24267 7.61499 7.07614 

Karami et al. 

(2019) 
9.80601 8.92692 8.19176 7.56846 7.03246 

Present 9.80601 8.92692 8.19176 7.56846 7.03246 

 

Table 2 Presenting the lower frequency ratio comparison for 

diverse indices of zigzag and chiral against aspect ratios 

(L/d) when scale coefficient (eoa) is 2 nm 

Indices Zigzag Indices Chiral 

 Rakrak et al. 

(2016) 
Present  Rakrak et al. 

(2016) 
Present 

(14, 0) 0.94169 0.94169 (12, 6) 0.94964 0.94964 

(17, 0) 0.95365 0.95365 (14, 6) 0.82448 0.82448 

(21, 0) 0.9647 0.9647 (16, 8) 0.95618 0.95618 

(24, 0) 0.97062 0.97062 (18, 9) 0.96508 0.96508 

(18, 0) 0.97647 0.97647 (20, 12) 0.97029 0.97029 

(31, 0) 0.97979 0.97979 (24, 11) 0.97648 0.97648 

 

 

The operators Kij’s are already mentioned ones and S is 

also labeled in Appendix. The fundamental frequencies of 

double-walled CNTs are determined by eigen values and 

eigen vector is displayed as [am  bm  cm  dm  em]T. 

 

 

4. Results and discussions 
 

On the basis of established nonlocal DSM by practicing 

with wave propagation approach, the dominance of end 

conditions of double-walled CNTs is presented. Sundry 

studies can be seen for authentic application of present 

technique to conclude governing equation system of CNTs 

and to examine the fundamental frequency of double-walled 

CNTs (Wang et al. 2006, Xu et al 2008, Rouhi et al. 2011, 

Ansari et al. 2013). The procedure proposed in the previous 

section is here applied to study the size-dependent vibration 

behavior double-walled CNTs. Wave propagation approach 

is applied to form the presented model, whereby the size-

dependent effect is considered by means of the application 

of the Eringen’s nonlocal differential model. Thus, the 

vibration phenomena of the nanostructure are solved 

mathematically via the suggested approach for different 

boundary conditions. The parametric study presented in this 

work analyzes the sensitivity of the size-dependent 

vibration response of double-walled CNTs subjected to 

mechanical parameter (i.e., the nonlocal parameter), as well 

as to some geometrical parameters namely, the length, 

radius and height. The preliminary focus of the 

investigation is on the precision of the proposed technique 

with existing model, whose results are summarized in Table 

1 in nondimensional form for an S-S condition, while 

varying the nonlocal parameter e0a. Based on a comparative 

evaluation between our predictions and those obtained by  

Table 3 Comparative estimate of natural frequency with the 

experimental results of Resonant Raman Spectroscopy 

(RRS) 

f (THz) 

(m, n) 
Zigzag Chiral 

(18, 0) (21, 0) (16, 7) (18, 6) 

RRS (Jorio et al. 2001) 5.276 4.437 4.617 4.317 

Present 5.025 4.437 4.617 4.317 

Difference % 4.76 3.74 4.85 4.04 

 

0.28 0.30 0.32 0.34 0.36 0.38 0.40 0.42 0.44

0.966

1.035

1.104

1.173

1.242

1.311

1.380

1.449

1.518

1.587

1.656

F
u
n

d
a

m
e

n
ta

l 
fr

e
q

u
e

n
c
y

h/R1

 DSM-CC

 DSM-CS

 DSM-SS

 DSM-CF

 

Fig. 2(a) Fundamental frequency for chiral (11, 2) against 

h/R1 with eoa=0.45 
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Fig. 2(b) Fundamental frequency for chiral (11, 2) against 

h/R2 with eoa=0.45 

 

 

Reddy (2009), Aydogdu (2009), Eltaher (2013), Karami et 

al. (2019) a very good match was observed, which confirms 

the accuracy of the proposed formulation for similar 

problems. The influence of aspect ratio on zigzag and 

chirality are discussed in the Table 2. For comparison, 

various chiral and zigzag indices against distinct length-to-

diameter ratios determined by the non-local Euler Bernoulli 

beam model are recorded in Table 2. For the current work 

the non- dimensional frequency parameters are also 

calculated to evaluate convergence rate of end supports of 

both chiral and zigzag double-walled CNTs. The results 

generated by present model solved with wave propagation 

approach seen to have accordance with those experimental 

outputs of Jorio et al. (2001) obtained by the deformation 

theory are specified in Table 3. The results obtained here 

specifically deal with the small scale effect versus length 

and thickness to radius of both tubes. For the purpose of 

numerical computations estimates of Young’s modulus and  
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Fig. 3(a) Fundamental frequency for chiral (15, 2) against 

h/R1 with eoa=0.45 
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Fig. 3(b) Fundamental frequency for chiral (15, 2) against 

h/R2 with eoa=0.45 

 

 

Poisson’s ratio are E=1 TPA, ρ=2.3 g/cm3 remain 

unchanged as used (Rouhi et al. 2011). 

Furthermore, inner tube radius R1=8.5 nm and thickness 

to radius ratio are observed along with calibrated values of 

nonlocal parameter. Carbon nanotubes structure exhibit in 

forms as i) armchair, ii) zigzag, iii) chiral, for the ongoing 

investigation of vibration spectra of chiral and zigzag CNT 

based on DSM are demonstrated together with end supports 

clamped-clamped (DSM-CC), clamped-simply supported 

(DSM-CS), simply supported-simply supported (DSM-SS) 

and clamped-free (DSM- CF). Graphs 2(a) and 2(b) are 

frequency depiction of chiral double-walled CNTs with 

indices (11, 2) versus thickness-to-radius ratio and range of 

effective thickness varies from 0.32 nm to 0.44 nm. It 

exhibits the comparison for aspect ratio with respect to both 

inner and outer tubes radii. In both Fig. 2(a) and 2(b) the 

inner radius R1=8.5 nm and e0a=0.45 nm are considered for 

the all end supports whereas the length of tube remains 

fixed. It is obvious from the first Fig. 2(a) that frequency 

curve moves up like a ladder as the aspect ratio along inner 

tube increases. Frequency value of end condition clamped-

clamped (DSM-CC) is higher followed by (DSM-CS), 

(DSM-SS) and (DSM-CF). The influence of boundary 

conditions is more pronounced in the first Fig. 2(a) between 

the range 0.30 nm and 0.40 nm of aspect ratio. After that 

curve has a jump at 0.42 nm and difference between end 

conditions diminishes as hickness-to-radius continue to 

increase. Fig. 2(b) shows the higher values of frequencies 

when aspect ratio is taken along the outer tube radius. It is 

observed from the 2(b) as thickness-to-radius ratio  
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Fig. 4(a) Fundamental frequency for zigzag double (7, 0) 

against h/R1 with eoa=0.45 
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Fig. 4(b) Fundamental frequency for zigzag (7, 0) against 

h/R2 with eoa=0.45 

 

 

increases, respective frequencies for all end conditions tend 

to increase. 

A leap again is seen in curve as aspect ratio hits at 0.42 

nm but with this the minute difference between end 

conditions recede. Another observation is realized that 

frequency results exceed for aspect ratio h/R as compare to 

h/R1. The curves in 3(a) and 3(b) are frequencies with 

nonlocal parameter eoa=0.45 for chiral double-walled CNTs 

with indices (15, 2) versus thickness -to-radius ratio. The 

other parameters remain same for these calculations. The 

frequencies are displaying increasing pattern with an 

increase in indices of chiral double-walled CNTs, as (11, 2) 

exhibited less values of frequencies, whereas (15, 2) have 

shown the higher frequencies. The boundary condition 

(DSM-CF) is at a minor difference from the other three 

conditions, on the other hand (DSM-CC), (DSM-CS) and 

(DSM-SS) possess the less difference. So, as indices 

increase for chiral double-walled CNTs the respective 

frequency also increases. The same behaviour is noticed for 

both aspect ratios as for aspect ratio h/R2 frequencies are 

followed by h/R1. The graphs 4(a) and 4(b) represent zigzag 

double-walled CNTs with indices (7, 0) against both aspect 

ratios h/R1 and h/R2. The Fig. 5(a) and 5(b) portray the 

zigzag double-walled CNTs along with indices (12, 0) 

versus aspect ratios corresponding to both tubes radii. The 

value for nonlocal parameter eoa=0.45 nm is considered and 

length of tube to be fixed. In all above graphs the pattern is 

observed alike, but on inspecting them keenly two facts are 

noticed. One as increasing pattern is displayed subjected to 

all end supports but as aspect ratio keeps on increasing the  
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natural frequencies start to show less increase and get more 

parallel to each other. That means after a certain increase in 

range of aspect ratio the frequency begin to produce more 

repeated /close results. Secondly the validation of the model 

DSM is reflected by these curves as zigzag (7, 0) shows 

lowest frequencies than those of zigzag (12, 0). Similarly 

h/R2 possess the higher natural frequencies for zigzag (7, 0) 

and (12, 0) double-walled CNTs. The end supports (DSM-

CS) and (DSM-SS) are sandwich between (DSM-CC) and 

(DSM-CF). 

The Figs. 6(a), 6(b), 7(a) and 7(b) are plotted above for 

zigzag double-walled CNTs (7, 0) and (12, 0) with nonlocal 

parameter eoa=0.90. It is seen that with an increase in scale 

effect value the frequencies depending upon four boundary 

conditions tend to decrease in a comparison of eoa=0.90 

against thickness-to-radius ratio. However, the pattern 

 

 

 

 

demonstrates the identical behaviour of increase in 

fundamental frequencies as an increase in aspect ratio. 

Hence the nonlocal parameter scales down the natural 

frequencies with an increase in it. Further, in next graphs 

the domination of end supports on free vibrations of double-

walled CNTs is demonstrated via length -to- diameter ratio. 

The other numerical estimates remain fixed along with 

distinct values of nonlocal parameter. The fundamental 

frequencies are analyzed for specifically zigzag and chiral 

double-walled CNTs. The executed outcomes confirm the 

appropriate utilization of nonlocal DSM with the suggested 

wave propagation approach. The Fig. 8(a) and 8(b) are 

illustrations of zigzag double walled CNTs with indices (7, 

0). In these graphs the significance of end supports have 

been displayed for zigzag double-walled CNT 

corresponding to two values of nonlocal parameters  
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Fig. 5(a) Fundamental frequency for zigzag (12, 0) against 

h/R1 with eoa=0.45 

Fig. 5(b) Fundamental frequency for zigzag (12, 0) against 

h/R2 with eoa=0.45 
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Fig. 6(a) Fundamental frequency for zigzag (7, 0) against 

h/R1 with eoa=0.90 

Fig. 6(b) Fundamental frequency for zigzag (7, 0) against 

h/R2 with eoa=0.90 
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Fig. 7(a) Fundamental frequency for zigzag (12, 0) against 

h/R1 with eoa=0.90 

Fig. 7(b) Fundamental frequency for zigzag (12, 0) against 

h/R2 with eoa=0.90 
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eoa=0.45, 0.90. The fundamental frequencies are calculated 

against length to diameter ratio, ranges from 8.3 to 35.8 

(Ansari). The frequency of zigzag (7, 0) with eoa=0.90 

shows low values on curves, whereas the frequency versus 

eoa=0.45 observe the highest values on comparison. The 

difference among the four end supports in both figures is 

more evidently shown in the beginning. In Fig. 9(a) and 

9(b), fundamental frequencies are examined for zigzag (12, 

0) double-walled CNTs against eoa=0.45, 0.90 along with 

aspect ratio L/d2. The response and pattern of frequency 

curves are analogous. However, the frequency is declining 

with an increase in indices of zigzag double-walled CNTs. 

 

 

 

 

This is how it shows a reasonable correlation with (Ansari 

et al. 2013). It is a matter of concern to calibrate the precise 

value of nonlocal parameter to predict the natural 

frequencies for CNTs. As L/d2 expands, frequencies portray 

a decline in curves and all curves almost meet at end for 

four end supports. The Fig. 10(a) and 10(b) are frequency 

curves of chiral double-walled CNTs with indices (11,2), on 

the other hand 11(a) and 11(b) show the frequency graphs 

of (9, 4) chiral double-walled CNTs. In 10(a) and 11(a) the 

calculated natural frequencies are shown against eoa=0.45 

and aspect ratio L/d2, however for 10(b) and 11(b) versus 

eoa=0.45. The aspect ratio L/d2 ranges from 13.7 to 39.5 for  
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Fig. 8(a) Fundamental frequency for zigzag (7,0) against 

L/d2 with eoa=0.45 
Fig. 8(b) Fundamental frequency for zigzag (7,0) against 

L/d2 with eoa=0.90 
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Fig. 9(a) Fundamental frequency for zigzag (12, 0) against 

L/d2 with eoa=0.45 
Fig. 9(b) Fundamental frequency for zigzag (12, 0) against 

L/d2 with eoa=0.90 
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Fig. 10(a) Fundamental frequency for chiral double- walled 

CNT (11, 2) against L/d2 with eoa=0.45. 

Fig. 10(b) Fundamental frequency for chiral double- walled 

CNT (11, 2) against L/d2 with eoa=0.90. 
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these four graphs subjected to clamped-clamped (DSM-

CC), clamped supported (DSM-CS), simply supported-

simply supported (DSM-SS) and clamped-free (DSM-CF). 

The natural frequency via aspect ratio L/d2 descends as 

length-to-diameter expands subjected to all end supports. 

The difference between the conditions is obvious in 

beginning and vanishes as length of tube continues to 

extend. This behaviour and trend of curves reflects the fact 

that scale effect becomes negligible for longer tubes and 

also as scale rises the frequency declines for all end 

supports. The frequency for chiral (9, 4) attains increasing 

frequency pattern over the chiral (8, 3) as the previous 

zigzag and chiral doubled-walled CNTs have been observed  

 

 

5. Conclusion 
 

The free vibration analysis of chiral and zigzag double-

walled CNTs is presented based on nonlocal DSM by 

exercising wave propagation approach. Influence of four 

end supports against length-to-diameter ratio and thickness-

to-radius ratio with varying nonlocal parameter are 

discussed and shown graphically. The fundamental 

frequency curves displayed in article show the dependence 

of vibration attributes on the chiral and zigzag double-

walled CNT with regard to nonlocal parameter. Different 

indices are considered against aspect ratio to show the 

diversity of vibration characteristic of chiral and zigzag. 

According to the results, it is found that nonlocal effect is 

more prominent in increasing length of tubes for both chiral 

and zigzag double-walled CNTs. The aspect ratio thickness-

to-radius are compared with both radii, it is observed that 

h/R1 show the lowest frequency as compare to h/R2. The 

fundamental frequency curves show an increasing pattern as 

indices of chiral and zigzag observe an increase. Also it is 

examined that if thickness- to -radius ratio expands, the 

frequency tend to increase too within specified range. In 

addition as length- to- diameter ratio increases the 

difference between end supports become negligible and 

meet all curves at end for respective four end conditions. 

The nonlocal parameter value with an increase show the 

reduced frequency for both chiral and zigzag. The adoption 

of wave propagation method sustain the fact that nonlocal 

effect is insignificant for longer carbon nanotubes and can 

 

 

be engage effectively for further work on double-walled 

CNTs and multi-walled CNTs. 
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