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1. Introduction 
 

Computer-aided design (CAD) and computer-aided 
engineering (CAE) based on two platforms can only 
transmit information unidirectionally in the traditional finite 
element simulation. With the idea of isogeometric analysis 
(IGA), a seamless combination of CAD and CAE has been 
successfully implemented. IGA is proposed by Hughes et 
al. (2005) based on the idea of an isoparametric element in 
the finite element method. In IGA, the basic function of a 
non-uniform rational B-spline (NURBS) in computer-aided 
geometric design is used as a shape function for expressing 
the geometric model. While IGA has been extensively 
explored in mechanical and aerospace engineering 
applications (e.g., Cottrell et al. 2006, Bazilevs et al. 2008, 
de Borst et al. 2011, Anitescu et al. 2015, Jia et al. 2015, 
Nguyen et al. 2015, Bui et al. 2016, Thai et al. 2016), its 
application in classical civil engineering structures is 
relatively scarce. However, civil engineering designs are 
also commonly based on CAD data, and accurate geometric 
modeling capabilities of CAD basis functions can be 
exploited in such area (e.g., Ozbolt et al. 2007, Feist and 
Hofstetter 2007). The IGA also has advantages in the 
context of damage mechanics, which are commonly used 
for concrete materials given its high-order continuity, see 
e.g., the contributions in Borden et al. (2014) or Thai et al. 
(2016). 
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The typical failure modes of concrete are cracking in 

tension and crushing in compression. The failure process is 

characterized by irreversible deformations and degradations 

of material stiffness, thereby leading to tension and 

compression to strain-softening (e.g., Jelic et al. 2004). 

Thus, considering the properties of concrete materials as 

comprehensive as possible is an arduous task in the spatial 

refinement analysis of concrete structures. At present, 

constitutive models of concrete can be categorized into 

elastic models (e.g., Darwin and Pecknold 1977, Elwi and 

Murray 1979), plasticity models (e.g., Chen and Chen 1975, 

Han and Chen 1985), damage models (e.g., Loland 1980, 

Mazars and Pijaudier-Cabot 1989), and damage-plasticity 

models (e.g., Lee and Fenves 1998, Rabczuk and Eibl 

2003). Among them, damage-plasticity models can describe 

comprehensively the complex mechanical properties of 

concrete materials. Plasticity is established in the effective 

stress space, and damage is used to reduce effective stress 

to nominal stress. These models can be based on a scalar 

(isotropic) damage (e.g., Lee and Fenves 1998, Rabczuk 

and Eibl 2003, Grassl and Jirasek 2006a) or tensor 

(anisotropic) damage (e.g., Rabczuk and Eibl 2006, 

Voyiadjis et al. 2008). The mathematical expression of 

anisotropic damage is complex and difficult to combine 

with plastic parts; thus, the damage is typically considered 

isotropy. 

However, a local damage-plasticity model for concrete 

can lead to localization on a set of measure zeros (e.g., 

Bazant et al. 1984, Bazant 1991), which finally yield mesh-

dependent results. Accordingly, several approaches have 

been developed to restore the well-posedness of the 

boundary value problem and alleviate this mesh 

dependency, such as gradient models (e.g., de Borst et al. 

1996), nonlocal models  (e.g., Bazant and Jirasek 2002, 

Rabczuk et al. 2005), smeared crack models (e.g., Rots et 
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al. 1985), and phase field approaches for fracture (e.g., 

Miehe et al. 2010). All models introduce a characteristic 

length 𝑙𝑐ℎ , which can typically be motivated physically 

(e.g., Bazant and Pijaudier-Cabot 1989). Nonlocal theory 

can regularize a boundary value problem of a local model 

and can effectively eliminate its sensitivity, thereby 

resulting in a mesh size and arrangement form of the 

analysis region, which is an improved method. In nonlocal 

models, the state variable at any point 𝐱 within an analysis 

domain Ω is not only determined by a local state parameter 

𝑓(𝐱) at the point itself but also by neighboring points 𝐲 

within a certain range of the domain that has the point as the 

center. 

𝑓̅(𝐱) =
∫ 𝜓(𝐱, 𝐲) ⋅ 𝑓(𝐲)
Ω

dΩ

∫ 𝜓(𝐱, 𝐲)
Ω

dΩ
 (1) 

where 𝑓̅(𝐱) is the nonlocal variable at point 𝐱; 𝜓(𝐱, 𝐲) is 

the weight function, which includes 𝑙𝑐ℎ. Kröner (1967) and 

Eringen and Edelen (1972) incorporated nonlocal terms 

through integral equations for the elastic material model. 

Pijaudier-Cabot and Bazant (1987) and Bazant and 

Pijaudier-Cabot (1988) introduced the philosophy of 

nonlocal theory to the studies of continuum damage 

mechanics, in which various models of nonlocal damage are 

developed. Generally, these models can be divided into two 

types, namely, integral and gradient-enhanced. A numerical 

implementation of the integral formulation (e.g., Bazant and 

Jirasek 2002) requires a global weighted averaging on every 

Gauss point within each local iteration step of the stress 

update, which is not only computationally inefficient but 

also difficult in linearizing an incremental equilibrium 

equation. The gradient-enhanced type approximates an 

integral formulation using a truncated Taylor series 

expansion, which can make the expression and application 

more flexible. Aifantis (1984) suggested a gradient 

approach to describe plastic instability problems; recently, 

gradient-enhanced models have been developed by 

subsequent researchers (e.g., Pamin 1994, de Borst and 

Pamin 1996, Peerlings et al. 1996a, Engelen et al. 2003, 

Dorgan and Voyiadjis 2006, Al-Rub and Voyiadjis 2009). 

In the context of damage mechanics, high-order 

flexibility and continuity can be achieved through IGA 

method (e.g., Verhoosel et al. 2011, Borden et al. 2014, 

Thai et al. 2016). Therefore, if the gradient-enhanced 

damage-plasticity model of concrete can be analyzed under 

an IGA framework, then accurate damage-plasticity results 

can be obtained, and the calculation can be significantly 

simplified. The present study proposes a gradient-enhanced 

damage-plasticity model for concrete in the IGA 

framework. First, the IGA and the constitutive framework 

of the damage-plasticity model are introduced, and a 

second-order implicit gradient formulation is discussed, 

thereby regularizing the local internal variables as a 

localization limiter. Second, the equilibrium equation and 

derivation of the final discrete system of equations are 

presented. Finally, three numerical examples are described 

to verify the effectiveness of the proposed approach. 

2. Basic concepts of isogeometric analysis 
 

2.1 B-spline and NURBS basis functions 
 

A 𝑝th-order B-spline curve is defined on an open knot 

vector 𝚵 = {𝜉1, 𝜉2, … , 𝜉𝑛+𝑝+1}       (𝜉1 ≤ 𝜉2 ≤ ⋯ ≤ 𝜉𝑖 ≤

𝜉𝑖+1 ≤ ⋯ ≤ 𝜉𝑛+𝑝+1)  in accordance with the following 

equation 

𝐂(𝜉) =∑𝑁𝑖,𝑝(𝜉)𝐁𝑖

𝑛

𝑖=1

 (2) 

where 𝐁𝑖 = *𝐵𝑖+𝑖=1
𝑛  and {𝑁𝑖,𝑝(𝜉)}𝑖=1

𝑛
 are the control 

points and B-spline basis functions, correspondingly; 𝑛 

and 𝑝 are the number and polynomial order of the basis 

functions, respectively. 𝑁𝑖,𝑝(𝜉) is defined by the following 

Cox-de-Boor recursion formula 

For 𝑝 = 0, 

𝑵𝒊,𝟎(𝝃) = {
𝟏   𝝃𝒊 ≤ 𝝃 < 𝝃𝒊+𝟏
𝟎 𝐨𝐭𝐡𝐞𝐫𝐰𝐢𝐬𝐞

 (3) 

For 𝑝 ≥ 1, 

𝑵𝒊,𝒑(𝝃) =
𝝃 − 𝝃𝒊
𝝃𝒊+𝒑 − 𝝃𝒊

𝑵𝒊,𝒑−𝟏(𝝃) 

 +
𝝃𝒊+𝒑+𝟏 − 𝝃

𝝃𝒊+𝒑+𝟏 − 𝝃𝒊+𝟏
𝑵𝒊+𝟏,𝒑−𝟏(𝝃) 

(4) 

The NURBS basis functions can be obtained from B-

splines using the following formula 

𝑹𝒊
𝒑(𝝃) =

𝑵𝒊,𝒑(𝝃)𝝎𝒊

𝑾(𝝃)
=

𝑵𝒊,𝒑(𝝃)𝝎𝒊
∑ 𝑵𝒊̂,𝒑(𝝃)𝝎𝒊̂
𝒏
𝒊̂=𝟏

 (5) 

where *𝜔𝑖+𝑖=1
𝑛  (𝜔𝑖 > 0) are the weight functions. A 𝑝th-

order NURBS curve can be constructed by using the linear 

combination of the NURBS basis functions {𝑅𝑖
𝑝(𝜉)}

𝑖=1

𝑛
 

and control points *𝐵𝑖+𝑖=1
𝑛 . 

𝑪(𝝃) =∑𝑹𝒊
𝒑(𝝃)𝑩𝒊

𝒏

𝒊=𝟏

 (6) 

Moreover, a NURBS surface can be constructed as a 

tensor product of the three NURBS basis functions on the 

directions of 𝜉 and 𝜂. 

𝑺(𝝃, 𝜼) =∑∑𝑹𝒊,𝒋
𝒑,𝒒(𝝃, 𝜼)𝑩𝒊,𝒋

𝒎

𝒋=𝟏

𝒏

𝒊=𝟏

 (7) 

𝑹𝒊,𝒋
𝒑,𝒒(𝝃, 𝜼) =

𝑵𝒊,𝒑(𝝃)𝑴𝒋,𝒒(𝜼)𝝎𝒊,𝒋
∑ ∑ 𝑵𝒊̂,𝒑(𝝃)𝑴𝒋̂,𝒒(𝜼)𝝎𝒊̂,𝒋̂

𝒎
𝒋̂=𝟏

𝒏
𝒊̂=𝟏

 (8) 

where {𝑁𝑖,𝑝(𝜉)}𝑖=1
𝑛

 and {𝑀𝑗,𝑞(𝜂)}𝑗=1
𝑚

 are the B-spline 

basis functions defined on the knot vectors of 𝚵1 =

{𝜉1, 𝜉2, … , 𝜉𝑛+𝑝+1}  and 𝚵2 = {𝜂1, 𝜂2, … , 𝜂𝑚+𝑞+1} , 

correspondingly; 𝐁𝑖,𝑗 is the set of control points. 

 

2.2 IGA based on NURBS 
 

Considering that the domain Ω consists of ne NURBS 
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elements, three spaces, i.e. the parent space Ω̃ele , the 

parametric space Ω̂ele  and the physical space Ωele  are 

defined by the local, knot and Cartesian coordinates, 

respectively 

𝜴̃𝒆𝒍𝒆 = [𝝃̃𝒊, 𝝃̃𝒊+𝟏]⨂[𝜼̃𝒋, 𝜼̃𝒋+𝟏] = ,−𝟏, 𝟏-⨂,−𝟏, 𝟏- (9) 

𝛀̂𝐞𝐥𝐞 = ,𝝃𝒊, 𝝃𝒊+𝟏-⨂[𝜼𝒋, 𝜼𝒋+𝟏]，𝝃𝒊 ≠ 𝝃𝒊+𝟏，𝜼𝒋 ≠ 𝜼𝒋+𝟏 (10) 

𝛀𝐞𝐥𝐞 = ,𝒙𝒊, 𝒙𝒊+𝟏-⨂[𝒚𝒋, 𝒚𝒋+𝟏]，𝒙𝒊 ≠ 𝒙𝒊+𝟏，𝒚𝒋 ≠ 𝒚𝒋+𝟏 (11) 

The mapping of the parametric space → parent space 

and physical space → parametric space are defined as the 

mapping 𝜙1  and 𝜙2 , correspondingly. For 𝜙2 , the 

NURBS surface dΩele  constructed by d𝝃  and d𝜼 

satisfies the following equation 

𝒅𝜴𝒆𝒍𝒆 = 𝒅𝝃⨂𝒅𝜼 = ||

𝝏𝒙

𝝏𝝃

𝝏𝒚

𝝏𝝃
𝝏𝒙

𝝏𝜼

𝝏𝒚

𝝏𝜼

||  𝒅𝝃𝒅𝜼 

= |𝑱𝟐| 𝒅𝝃𝒅𝜼 = |𝑱𝟐| 𝒅𝜴̂
𝒆𝒍𝒆 

(12) 

where 𝐉2 = 𝜕(𝑥, 𝑦) 𝜕(𝜉, 𝜂)⁄  is the Jacobian matrix in 𝜙2. 
For 𝜙1, the NURBS surface dΩ̂ele constructed by d𝝃̃ 

and d𝜼̃ satisfies 

𝒅𝜴̂𝒆𝒍𝒆 = 𝒅𝝃̃⨂𝒅𝜼̃ = ||

𝝏𝝃

𝝏𝝃̃

𝝏𝜼

𝝏𝝃̃
𝝏𝝃

𝝏𝜼̃

𝝏𝜼

𝝏𝜼̃

||  𝒅𝝃̃𝒅𝜼̃ 

= |𝑱𝟏| 𝒅𝝃̃𝒅𝜼̃ = |𝑱𝟏| 𝒅𝜴̃
𝒆𝒍𝒆 

(13) 

where 𝐉1 = 𝜕(𝜉, 𝜂) 𝜕(𝜉, 𝜂̃)⁄  is the Jacobian matrix for 𝜙1. 

The integral of a function 𝓑 (e.g., stiffness matrix) on 

Ω can be obtained by using 

∫ 𝓑(𝒙, 𝒚)𝒅𝜴
𝜴

= ∑ ∫ 𝓑(𝒙, 𝒚)𝒅𝜴𝒆𝒍𝒆

𝜴𝒆𝒍𝒆

𝒏𝒆

𝒆𝒍𝒆=𝟏

 

= ∑ ∫ 𝓑(𝝃̃, 𝜼̃)|𝑱|𝒅𝜴̃𝒆𝒍𝒆

𝜴̃𝒆𝒍𝒆

𝒏𝒆

𝒆𝒍𝒆=𝟏

 

(14) 

where |𝐉| = |𝐉2| ∙ |𝐉1|. 
 

 

3. Framework of the local concrete model 
 

3.1 Basic equations 
 

The basic equation for the damage-plasticity model of 

concrete is expressed as 

𝝇 = (𝟏 − 𝒅)𝝇̅ = (𝟏 − 𝒅)𝑫𝒆𝜺𝒆 = (𝟏 − 𝒅)𝑫𝒆(𝜺 − 𝜺𝒑) (15) 

where 𝛔 and 𝛔̅ are the nominal and effective stresses, 

respectively; 𝑑 is the damage factor. Since the damage-

plasticity model is based on a scalar (isotropic) damage, it is 

generally believed that 𝑑 is driven by the internal variables 

𝛋 of concrete. 

𝒅 = 𝒅(𝜿) (16) 

According to the plasticity theory, the total strain of 

concrete is decomposed into the elastic part 𝛆e and the 

plastic part 𝛆p. 

𝜺 = 𝜺𝒆 + 𝜺𝒑 (17) 

Only the elastic part is assumed to cause damage; thus, 

the damaged part is included in 𝛆e. The increment in plastic 

strain can be calculated using the following equation 

𝜺̇𝒑 = 𝝀̇𝒑𝒎(𝝇̅, 𝜿) = 𝝀̇𝒑
𝝏𝜱(𝝇̅, 𝜿)

𝝏𝝇̅
 (18) 

where λ̇p is the plastic multiplier, 𝐦 is the flow vector, 

Φ is the plastic potential, and ( )̇  denotes the derivative 

with respect to time. 

The increment in internal variables can be calculated as 

follows 

𝜿̇ = 𝝀̇𝒑𝒉(𝝇̅, 𝜿) (19) 

where 𝐡 is the plastic modulus. 

The plastic multiplier is determined from the loading-

unloading conditions. 

𝝀̇𝒑 ≥ 𝟎,𝑭(𝝇̅, 𝜿) ≤ 𝟎  𝐰𝐢𝐭𝐡  𝝀̇𝒑𝑭 = 𝟎 (20) 

where 𝐹 is the yield function. 

 

3.2 Internal variables 
 

The internal variable 𝜅 is used to record the loading 

history of concrete, which is similar to the hardening 

variable in the elastic-plastic model (e.g., Lubliner et al. 

1989). 𝜅  can be measured by either the accumulative 

plastic work or the accumulative equivalent plastic strain. In 

this study, 𝜅 is defined as follows 

𝜿 = ∫ 𝜿̇𝒅𝒕
𝒕

𝟎

⟺ 𝜺̃𝒑 = ∫ 𝜺̇̃𝒑𝒅𝒕
𝒕

𝟎

 (21) 

where 𝜀̃p is the equivalent plastic strain. 

The material properties of concrete under tension and 

compression are different. Thus, using two internal 

variables 𝜅𝑡  and 𝜅𝑐  related to hardening/softening 

behavior of concrete under tension and compression, 

correspondingly, is necessary. 

𝜿 = (𝜿𝒕     𝜿𝒄)
𝑻 = (𝜺̃𝒕

𝒑
     𝜺̃𝒄

𝒑
)
𝑻
 (22) 

where 𝜀𝑡̃
p

 and 𝜀𝑐̃
p

 are the tensile and compressive 

equivalent plastic strains, respectively. 

 

3.3 Plasticity criterion 
 

The yield surface of the concrete is described by the 

three-parameter Barcelona function (e.g., Lee and Fenves 

1998). 

𝑭 =
𝟏

𝟏 − 𝜶𝑭
(𝜶𝑭𝑰𝟏 +√𝟑𝑱𝟐 + 𝜷𝑭(𝜿)〈𝝇̂𝒎𝒂𝒙〉

− 𝜸𝑭〈−𝝇̂𝒎𝒂𝒙〉) − 𝒄̅𝒄(𝜿𝒄) 
(23) 

with 

𝜶𝑭 =
𝜽 − 𝟏

𝟐𝜽 − 𝟏
,   𝟎 ≤ 𝜶𝑭 ≤ 𝟓 
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𝜷𝑭(𝛋) =
𝒄̅𝒄(𝜿𝒄)

𝒄̅𝒕(𝜿𝒕)
(𝟏 − 𝜶𝑭) − (𝟏 + 𝜶𝑭) 

𝜸𝑭 =
𝟑(𝟏 − 𝑲𝒄)

𝟐𝑲𝒄 − 𝟏
 

where  1 and  2 are the first stress invariant and second 

deviatoric stress invariant computed by the effective stress 

tensor 𝛔̅, correspondingly.  ̂    is the maximum principal 

effective stress, with 〈𝑥〉 = (𝑥 + |𝑥|) 2⁄ , and  = 𝑓  𝑓𝑐 ⁄ , 

where 𝑓𝑐  and 𝑓   are the uniaxial and biaxial 

compressive yield strengths of concrete, respectively; 

 𝑐̅(𝜅𝑐) = − ̅𝑐(𝜅𝑐) >  0  and  𝑡̅(𝜅𝑡) =  ̅𝑡(𝜅𝑡) > 0  are the 

effective tensile and compressive cohesion stresses, 

correspondingly; the parameter  𝑐 controls the projection 

of the yield function on the deviatoric plane, which must 

satisfy 0  ≤  𝑐 ≤ 1 0. If  𝑐 = 1 0, then the projection 

shape of the yield function on the deviatoric plane is 

circular, which is similar to the Drucker-Prager criterion; if 

 𝑐 = 0  , then the projection shape of the yield function on 

the deviatoric plane is triangular, which is similar to the 

Rankine criterion. In this study,  = 1 1 , and  𝑐 = 2 3⁄  

for all numerical examples. 

The plastic potential is described by a hyperbolic form 

of the Drucker-Prager function (e.g., Saritas and Filippou 

2009). 

𝜱 = √(𝝆𝒑𝒇𝒕𝟎 𝒕𝒂𝒏𝝋)
𝟐
+ 𝟑𝑱𝟐 + (

𝒕𝒂𝒏𝝋

𝟑
) 𝑰𝟏 (24) 

where   is the dilation angle that is typically used as   ⁄ , 

𝑓𝑡  is the uniaxial tensile yield strength, and  𝑝  is the 

eccentricity parameter and is frequently considered 0 1. 

The stiffness matrix of concrete becomes asymmetric given 

the non-associated flow rule. 

A plastic modulus is defined as follows 

𝒉(𝝇̂̅, 𝜿) = (
𝒓(𝝇̂̅) 𝟎 𝟎

𝟎 𝟎 −.𝟏 − 𝒓(𝝇̂̅)/
) ∙
𝝏𝜱

𝝏𝝇̂̅
 

=

(

 
 

𝒓(𝝇̂̅) ∙
𝝏𝜱

𝝏𝝇̂𝟏

−.𝟏 − 𝒓(𝝇̂̅)/ ∙
𝝏𝜱

𝝏𝝇̂𝟑)

 
 

 

(25) 

where 

𝒓(𝝇̂̅) = {

𝟎                                  𝝇̂̅ = 𝟎

(∑〈𝝇̂̅𝒊〉

𝟑

𝒊=𝟏

) (∑|𝝇̂̅𝒊|

𝟑

𝒊=𝟏

)⁄   𝐨𝐭𝐡𝐞𝐫𝐰𝐢𝐬𝐞
 (26) 

The substitution of Eq. (25) into Eq.(19) yields 

𝜿̇ = (
𝜿̇𝒕
𝜿̇𝒄
) = 𝝀̇𝒑

(

 
 

𝒓(𝝇̂̅) ∙
𝝏𝜱

𝝏𝝇̂𝟏

−.𝟏 − 𝒓(𝝇̂̅)/ ∙
𝝏𝜱

𝝏𝝇̂𝟑)

 
 

 

= (
𝒓(𝝇̂̅) ∙ 𝜺̇̂𝟏

𝒑

−.𝟏 − 𝒓(𝝇̂̅)/ ∙ 𝜺̇̂𝟑
𝒑) 

(27) 

3.4 Damage criterion 
 

Two damage variables, namely, 𝑑𝑡  and 𝑑𝑐 , are 

introduced to measure the tensile and compressive damage 

of concrete, which are driven by 𝜅𝑡 and 𝜅𝑐, respectively. 

𝒅𝒕 = 𝒅(𝜿𝒕) = 𝒅(𝜺̃𝒕
𝒑
);         𝟎 ≤ 𝒅𝒕 ≤ 𝟏 (28) 

𝒅𝒄 = 𝒅(𝜿𝒄) = 𝒅(𝜺̃𝒄
𝐩
);         𝟎 ≤ 𝒅𝒄 ≤ 𝟏 (29) 

The total damage of concrete is a combination of 𝑑𝑡 
and 𝑑𝑐 (e.g., Saritas and Filippou 2009) 

𝒅 = 𝟏 − (𝟏 − 𝒔𝒕𝒅𝒄)(𝟏 − 𝒔𝒄𝒅𝒕) (30) 

with 

𝒔𝒕 = 𝟏 −𝒘𝒕𝒓(𝝇̂̅);                       𝟎 ≤ 𝒘𝒕 ≤ 𝟏 

𝒔𝒄 = 𝟏 −𝒘𝒄 .𝟏 − 𝒓(𝝇̂̅)/ ;         𝟎 ≤ 𝒘𝒄 ≤ 𝟏 

where  𝑡 and  𝑐 refer to the stiffness recovery factors in 

tension and compression, correspondingly. If compressive 

stiffness can be recovered upon crack closure when a load 

changes from tension to compression, and the tensile 

stiffness cannot be fully recovered as the load changes from 

compression to tension once crushing develops, then this 

property is reflected by considering  𝑡 = 0 and  𝑐 = 1. 

On the basis of experimental data, Yu and Wu (2009) 

suggested that the plastic strain of concrete under uniaxial 

loading satisfies 

𝜺ℵ
𝒑
= 𝜶(𝜺ℵ − 𝜺𝟎ℵ)

𝜷 (31) 

where  = 1    and  = 1 1  are the material 

parameters (e.g., Yu and Wu 2009), 𝜀ℵ is the total strain, 

𝜀 ℵ is the strain at the elastic limit, and ℵ  * ,  + indicates 

the stress state. 

In our study, 𝜅ℵ = 𝜀ℵ
p
 for uniaxial loading; thus, the 

effective stress can be calculated as follows 

𝝇̅ℵ(𝜿ℵ) = {

𝑬ℵ𝟎𝜺ℵ                                             𝜿ℵ = 𝟎

𝑬ℵ𝟎 [𝜺𝟎ℵ + .
𝜿ℵ
𝜶
/

𝟏
𝜷
− 𝜿ℵ]           𝜿ℵ > 𝟎

 (32) 

Moreover, Yu and Wu (2009) proposed the damage 

evolution law as follows 

𝒅ℵ(𝜿ℵ) =

{
 
 

 
 
𝒅𝟎ℵ                                               𝜿ℵ = 𝟎

𝒅𝟎ℵ + 𝑨𝟏ℵ .
𝜿ℵ
𝜶
/

𝑩𝟏ℵ
𝜷
                   𝜿ℵ ≤ 𝜿𝒇ℵ

𝟏 −
(𝟏 − 𝒅𝒇ℵ)𝜫ℵ

𝑩𝟐ℵ

𝑨𝟐ℵ(𝜫ℵ − 𝟏)
𝑩𝟑ℵ +𝜫ℵ

      𝜿ℵ > 𝜿𝒇ℵ

 (33) 

with 

𝜫ℵ =
𝜺𝟎ℵ + .

𝜿ℵ
𝜶
/

𝟏
𝜷

𝜺𝒇ℵ
 

where 𝑑 ℵ is the initial damage and is typically regarded as 

0; 𝑑 ℵ is the damage at the peak strain 𝜀 ℵ;  2ℵ and 𝐵3ℵ 

are the parameters that control the softening shape of the 

nominal stress-strain curve;  1ℵ, 𝐵1ℵ, and 𝐵2ℵ are the 

parameters that can be derived in accordance with the  
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(a) Effective stress-strain curve 

 
(b) Damage variable-strain curve 

 
(c) Nominal stress-strain curve 

Fig. 1 Evolution curves of effective stress, damage variable, 

and nominal stress 

 

 

continuity requirements of the stress-strain curve. 

𝑩𝟏ℵ =
𝝀ℵ𝝇̅𝒇ℵ

′ (𝜺𝒇ℵ − 𝜺𝟎ℵ)

𝝇̅𝒇ℵ(𝟏 − 𝒅𝟎ℵ − 𝝀ℵ)
 (34) 

𝑨𝟏ℵ = (𝟏 − 𝒅𝟎ℵ − 𝝀ℵ)(𝜺𝒇ℵ − 𝜺𝟎ℵ)
−𝑩𝟏ℵ

 (35) 

𝑩𝟐ℵ =
𝝇̅𝒇ℵ − 𝜺𝒇ℵ𝝇̅𝒇ℵ

′

𝝇̅𝒇ℵ
 (36) 

𝝀ℵ =
𝝇𝒇ℵ

𝝇̅𝒇ℵ
 (37) 

where  ̅ ℵ
′  is the derivative of the effective stress with 

respect to the peak strain 𝜀 ℵ . Fig. 1 illustrates the 

evolution curves of the effective/nominal stress and damage 

variable of the proposed model under uniaxial loading cases 

(tension and compression). 

 

3.5 Consistent tangent stiffness 
 

At each time step, the nominal stress increment 𝑑𝛔 

within iteration    + 1 is 

𝒅𝝇 = (𝟏 − 𝒅̅𝒊 )𝒅𝝇̅ − 𝝇̅𝒊 𝒅𝒅̅ (38) 

with 

𝒅𝝇̅ = 𝑫𝒆: (𝒅𝜺 − 𝒅𝜺𝒑)   

= 𝑫𝒆 ∶ 𝒅𝜺 − ∆𝝀𝒑𝑫𝒆 ∶
𝝏𝒎

𝝏𝝇̅
∶ 𝒅𝝇̅ − 𝑫𝒆 ∶ 𝒎𝒅𝝀𝒑 

(39) 

This equation can be rewritten as 

𝒅𝝇̅ = 𝑫𝒂 ∶ 𝒅𝜺 − 𝑫𝒂 ∶ 𝒎𝒅𝝀𝒑 (40) 

where 

𝑫𝒂 = [(𝑫𝒆)−𝟏 + ∆𝝀𝒑
𝝏𝒎

𝝏𝝇̅
]
−𝟏

 (41) 

The yield function of concrete should satisfy the 

continuity requirement. 

𝒅𝑭 =
𝝏𝑭

𝝏𝝇̅
∶ 𝒅𝝇̅ +

𝝏𝑭

𝝏𝜿
∶ 𝒅𝜿 = 𝟎 (42) 

where the increment in the internal variables can be 

calculated as follows 

𝒅𝜿 = 𝒉𝒅𝝀𝒑 + ∆𝝀𝒑
𝝏𝒉

𝝏𝝇̅
∶ 𝒅𝝇̅ (43) 

The substitution of Eqs. (40) and (43) into Eq. (42) leads 

to an expression of 𝑑λp in terms of 𝑑𝛆 

𝒅𝝀𝒑 =
.
𝝏𝑭
𝝏𝝇̅
+ ∆𝝀𝒑

𝝏𝑭
𝝏𝜿
∶
𝝏𝒉
𝝏𝝇̅
/𝑫𝒂

𝑯𝒂 + .
𝝏𝑭
𝝏𝝇̅
+ ∆𝝀𝒑

𝝏𝑭
𝝏𝜿
∶
𝝏𝒉
𝝏𝝇̅
/ ∶ 𝑫𝒂 ∶ 𝒎

∶ 𝒅𝜺 (44) 

where   = −
  

 𝛋
∶ 𝐡. 

In Eq. (44), the effective stress increment 𝑑𝛔̅ can be 

expressed in terms of 𝑑𝛆. 

𝒅𝝇̅

= (𝑫𝒂 −
𝑫𝒂 ∶ 𝒎⊗ .

𝝏𝑭
𝝏𝝇̅
+ ∆𝝀𝒑

𝝏𝑭
𝝏𝜿
∶
𝝏𝒉
𝝏𝝇̅
/𝑫𝒂

𝑯𝒂 + .
𝝏𝑭
𝝏𝝇̅
+ ∆𝝀𝒑

𝝏𝑭
𝝏𝜿
∶
𝝏𝒉
𝝏𝝇̅
/ ∶ 𝑫𝒂 ∶ 𝒎

) : 𝒅𝜺

= 𝑫𝝇̅
𝒆𝒑
: 𝒅𝜺 

(45) 

When 𝑑λp and 𝑑𝛔̅ are simultaneously substituted into 

Eq. (43), the increment in internal variable 𝑑𝛋 can be 

formulated in terms of strain increment 𝑑𝛆 as follows 

𝒅𝜿 = (𝒉⊗
.
𝝏𝑭
𝝏𝝇̅
+ ∆𝝀𝒑

𝝏𝑭
𝝏𝜿
∶
𝝏𝒉
𝝏𝝇̅
/𝑫𝒂

𝑯𝒂 + .
𝝏𝑭
𝝏𝝇̅
+ ∆𝝀𝒑

𝝏𝑭
𝝏𝜿
∶
𝝏𝒉
𝝏𝝇̅
/ ∶ 𝑫𝒂 ∶ 𝒎

+ ∆𝝀𝒑
𝝏𝒉

𝝏𝝇̅
:𝑫𝝇̅

𝒆𝒑
) :𝒅𝜺 = 𝑫𝜿

𝒆𝒑
: 𝒅𝜺 

(46) 

The damage increment 𝑑𝑑̅ of concrete can be obtained 

by using 

𝒅𝒅̅ =
𝒅𝒅̅

𝒅𝜿̅
𝑹𝜿̅𝒅𝜿̅ (47) 

where   ̅ is the interpolation function for 𝛋̅. 

The substitution of Eq.(45) and (47) into Eq.(40) to 

obtain the expression of the increment in nominal stress for 

the gradient-enhanced damage-plasticity model yields the 

following equation 

𝒅𝝇 = (𝟏 − 𝒅̅𝒊 )𝑫𝝇̅
𝒆𝒑
: 𝒅𝜺 − 𝝇̅𝒊

𝒅𝒅̅

𝒅𝜿̅
𝒅𝜿̅ (48) 

 
 

4. Implicit gradient formulation of internal variables 

εt

εt

εc

εc εftεfc

1

σfc=ffc

σft=fft

d 

εtεc

σ 

σ 

ε0c

σc0=fc0

σt0=ft0

ε0t

εftεfc ε0c

ε0t

εftεfc ε0c ε0t

σft
σt0

σc0

σfc

dfc dft

(a) effective stress-strain curve

(b) damage variable-strain curve

(c) norminal stress-strain curve 
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ε0c
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ε0t
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σt0

σc0

σfc

dfc dft

(a) effective stress-strain curve

(b) damage variable-strain curve

(c) norminal stress-strain curve 
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Jirasek (1998) highlighted that the nonlocal variables 

must be selected carefully for strain-softening materials, 

which account for plasticity. Otherwise, stress locking may 

occur in numerical solutions. Generally, equivalent strain, 

plastic-hardening variable or damage can be selected as 

nonlocal variables. In this study, 𝛋̅ = (𝜅̅𝑡 , 𝜅̅𝑐)
  is defined 

as follows 

𝜿̅(𝒙) =
∫ 𝝍(𝒙, 𝒚)
𝜴

⋅ 𝜿(𝒚)𝒅𝜴

∫ 𝝍(𝒙, 𝒚)
𝜴

𝒅𝜴
 (49) 

For sufficiently smooth 𝜅ℵ(⋅) -fields, the integral 

relation in Eq.(49) can be rewritten in terms of gradients of 

𝜅ℵ(⋅)  by expanding 𝜅ℵ(𝐲)  into a Taylor series (e.g., 

Bazant et al. 1984; Peerlings et al. 1996a; Peerlings et al. 

1996b) 

𝜿ℵ(𝐲) = 𝜿ℵ(𝐱) +
𝝏𝜿ℵ
𝝏𝒙𝒊

(𝒚𝒊 − 𝒙𝒊) 

+
𝟏

𝟐!

𝝏𝟐𝜿ℵ
𝝏𝒙𝒊𝝏𝒙𝒋

(𝒚𝒊 − 𝒙𝒊)(𝒚𝒋 − 𝒙𝒋) 

+
𝟏

𝟑!

𝝏𝟑𝜿ℵ
𝝏𝒙𝒊𝝏𝒙𝒋𝝏𝒙𝒌

(𝒚𝒊 − 𝒙𝒊)(𝒚𝒋 − 𝒙𝒋)(𝒚𝒌 − 𝒙𝒌) 

+
𝟏

𝟒!

𝝏𝟒𝜿ℵ
𝝏𝒙𝒊𝝏𝒙𝒋𝝏𝒙𝒌𝝏𝒙𝒍

(𝒚𝒊 − 𝒙𝒊)(𝒚𝒋 − 𝒙𝒋) 

(𝒚𝒌 − 𝒙𝒌)(𝒚𝒍 − 𝒙𝒍) + ⋯⋯ 

(50) 

where the indices  ,  ,  , and 𝑙  satisfy Einstein‟s 

summation convention. The substitution of Eq.(50) into 

Eq.(49) and evaluation of the integral within the space 

range result in the following equation 

𝜿̅ℵ(𝒙) = 𝜿ℵ(𝒙) + 𝒄𝟐 ∙ 𝜵
𝟐𝜿ℵ(𝒙) + 𝒄𝟒 ∙ 𝜵

𝟒𝜿ℵ(𝒙) + ⋯ (51) 

where  2𝑛 is the Laplace operator, which is defined as 

 2= ∑ 𝜕2 𝜕𝑥𝑖
2⁄𝑖 , and  2𝑛= ( 2)𝑛;  2𝑛(𝑛 = 1,2,⋯) are the 

gradient coefficients that depend on the form of weighting 

function 𝜓(𝐱, 𝐲)  and include the material characteristic 

length 𝑙𝑐ℎ. 

 =  2 is denoted, and neglecting the derivative terms 

of an order higher than two on the right side of Eq.(51) 

result in the second-order explicit gradient formulation for 

𝜅̅ℵ(𝐱). 

𝜿̅ℵ(𝒙) = 𝜿ℵ(𝒙) + 𝒄 ⋅ 𝜵
𝟐𝜿ℵ(𝒙) (52) 

The material characteristic length 𝑙𝑐ℎ is considered in 

the gradient coefficient  . However, 𝜅(𝐱) and its second-

order derivative  2𝜅ℵ(𝐱)  are mathematically local 

quantities; thus, 𝜅̅(𝐱)  calculated using Eq.(52) is local, 

thereby indicating that an explicit gradient approximation is 

only weakly nonlocal (interactions limited to an 

infinitesimal neighborhood). The weak nonlocal character 

of an explicit gradient formulation can be improved by 

further mathematical treatments in Eq.(51), such that the 

second-order implicit gradient formulation for 𝜅̅ℵ(𝐱) can 

be derived as follows (e.g., Engelen et al. 2003) 

𝜿̅ℵ(𝒙) − 𝒄 ⋅ 𝜵
𝟐𝜿̅ℵ(𝒙) = 𝜿ℵ(𝒙) (53) 

Here, the second-order implicit gradient formulation of 

𝛋̅ is easily obtained as follows 

𝜿̅ − 𝒄 ⋅ 𝜵𝟐𝜿̅ = 𝜿  ⇔  , 
𝜿̅𝒕 − 𝒄 ⋅ 𝜵

𝟐𝜿̅𝒕 = 𝜿𝒕
𝜿̅𝒄 − 𝒄 ⋅ 𝜵

𝟐𝜿̅𝒄 = 𝜿𝒄
 (54) 

If nonlocal internal variables 𝛋̅  only affect the 

evolution of concrete damage, then the plastic hardening of 

concrete remains governed by the local internal variable 𝛋. 

Therefore, the governing equations of the gradient-

enhanced damage-plasticity model can be summarized as 

follows 

{
 
 
 

 
 
 

  

𝜺 = 𝜺𝒆 + 𝜺𝒑

𝝇 = (𝟏 − 𝒅̅)𝝇̅

𝒅̅ = 𝒅(𝜿̅)

𝜺̇𝒑 = 𝝀̇𝒑𝒎(𝝇̅, 𝜿) = 𝝀̇𝒑
𝝏𝜱(𝝇̅, 𝜿)

𝝏𝝇̅
𝜿̇ = 𝝀̇𝒑𝒉(𝝇̅, 𝜿)

𝝀̇𝒑 ≥ 𝟎,   𝑭(𝝇̅, 𝜿) ≤ 𝟎  𝐰𝐢𝐭𝐡  𝝀̇𝒑𝑭 = 𝟎

 (55) 

where 𝑑̅ is the nonlocal damage. 

The averaging partial differential Eq. (53) can be solved 

by applying an additional natural boundary condition to 

𝜅̅ℵ(𝐱), as follows 

𝜵𝜿̅ℵ(𝒙) ∙ 𝒏 = 𝟎, 𝐟𝐨𝐫 𝒙 ⊂ 𝜞 = 𝝏𝜴 (56) 

where 𝐧 is the outward normal unit vector to the boundary 

  of the analysis domain. A coincident regularization effect 

of 𝜅ℵ(𝐱) and 𝜅̅ℵ(𝐱) can be ensured by relating Eq. (54) to 

Eq. (56). 

∫ 𝜿̅ℵ(𝒙)
𝜴

𝒅𝜴 = ∫ 𝜿ℵ(𝒙)
𝜴

𝒅𝜴 (57) 

The nonlocal weight function is selected as Green‟s 

distribution function. 

𝝍(𝒙, 𝒚) =
𝟏

𝟒𝝅|𝒓|𝒍𝒄𝒉
𝟐 𝒆𝒙𝒑 (−

|𝒓|

𝒍𝒄𝒉
) (58) 

where  = ‖𝐱 − 𝐲‖ is the distance between points 𝐱 and 

𝐲 and can be obtained as follows (e.g., Engelen et al. 2003) 

𝒄 = 𝒍𝒄𝒉
𝟐  (59) 

Fig. 2 depicts the distribution curves of the nonlocal 

damage variable 𝑑̅ℵ that corresponds to different values of 

  in 1D. When  = 0, the nonlocal damage variable 𝑑̅ℵ  

 

 

 

Fig. 2 Distribution curves of 𝑑̅ℵ, which corresponds to the 

different values of   
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Fig. 3 Domain Ω of IGA 

 

 

completely degrades to the local damage variable 𝑑ℵ. The 

localized distribution property of 𝑑̅ℵ  along the 𝑥 -axis 

becomes less obvious than usual given the increase in the 

value of  . When   is used as a relatively high value, 𝑑̅ℵ 

shows a completely uniform distribution along the 𝑥-axis. 

 

 

5. Numerical framework 
 

5.1 Weak form and discretization 
 

The domain Ω  with boundary  =  Ω  must be 

considered, as demonstrated in Fig. 3. The equilibrium 

equation can be expressed as follows 

𝜵𝒖 ⋅ 𝝇 + 𝒇 = 𝟎, 𝐢𝐧 𝜴 (60) 

where    is the differential operator, and 𝐟 is the body 

force. 

The boundary is partitioned into two sets, namely,    

and  𝑡, with displacements prescribed on    and traction 𝐭 
prescribed on  𝑡; thus 

𝒖 = 𝒖, 𝐨𝐧 𝜞𝒖 (61) 

𝛔 ⋅ 𝐧 = 𝐭, 𝐨𝐧 𝚪𝒕 (62) 

The test functions of the displacement field 𝐮  and 

nonlocal internal variables 𝛋̅ must be denoted as 𝝎  and 

𝝎 ̅ , correspondingly; Eq. (60) and Eq. (54) can be 

formulated in an integral form as follows 

∫ 𝝎𝒖
𝑻 ∙ (𝜵𝒖 ∙ 𝝇 + 𝒇)𝒅𝜴

𝜴

= 𝟎 (63) 

∫ 𝝎𝜿̅
𝐓 ∙ (𝛋̅ − 𝒄 ∙ 𝛁𝟐𝛋̅)𝐝𝛀

𝛀

= ∫ 𝝎𝜿̅
𝐓 ∙ 𝛋𝐝𝛀

𝛀

 (64) 

where superscript T indicates the transpose.  

An integration by parts followed by applying a 

divergence theorem with the associated boundary 

conditions yield the following equation 

∫ (𝜵𝒖𝝎𝒖)
𝑻𝝇𝒅𝜴

𝜴

= ∫ 𝝎𝒖
𝑻𝒇𝒅𝜴

𝜴

+∫ 𝝎𝒖
𝑻𝒕𝒅𝜞𝝇

𝜞𝝇

 (65) 

∫ 𝝎𝜿̅
𝐓𝛋̅

𝛀

𝐝𝛀 +∫ 𝛁𝝎𝜿̅
𝐓𝒄𝛁𝛋̅

𝛀

𝐝𝛀 = ∫ 𝝎𝜿̅
𝐓𝛋

𝛀

𝐝𝛀 (66) 

If Ω consists of 𝑛  NURBS elements, then 𝝎  and 

𝝎 ̅ can be calculated as follows 

𝝎𝒖 = 𝑹𝒖𝝎𝒖,𝑵 (67) 

𝝎𝜿̅ =  𝜿̅𝝎𝜿̅,𝑵 (68) 

where 𝝎 ,  and 𝝎 ̅,  are the weight functions of 

displacement 𝐮 and nonlocal internal variables 𝛋̅ for the 

control points of the NURBS element, respectively.    

and   ̅ are the interpolation function matrices expressed 

as follows 

𝑹𝒖 = [

𝑹𝟏
𝒑

𝟎 𝟎 𝑹𝒏𝒑𝒕
𝒑

𝟎 𝟎

𝟎 𝑹𝟏
𝒑

𝟎 …… 𝟎 𝑹𝒏𝒑𝒕
𝒑

𝟎

𝟎 𝟎 𝑹𝟏
𝒑

𝟎 𝟎 𝑹𝒏𝒑𝒕
𝒑

] (69) 

 𝜿̅ = *
𝑹𝟏
𝒑

…… 𝑹𝒏𝒑𝒕
𝒑

𝑹𝟏
𝒑

𝑹𝒏𝒑𝒕
𝒑 + (70) 

where 𝑅𝑖𝑝𝑡
𝑝
= 𝑅𝑖𝑝𝑡

𝑝
(𝜉, 𝜂̃)  is the pth-order NURBS basis 

function of control point  𝑝 . 
The spatial derivatives of 𝝎  and 𝝎 ̅ are obtained by 

using the following equation 

𝜵𝒖𝝎𝒖 = 𝜵𝒖𝑹𝒖𝝎𝒖,𝑵 = 𝑩𝒖𝝎𝒖,𝑵 (71) 

𝛁𝝎𝜿̅ = 𝛁 𝜿̅𝝎𝜿̅,𝑵 = 𝐁𝜿̅𝝎𝜿̅,𝑵 (72) 

where 𝐁 =     , and 𝐁 ̅ =    ̅. 

The displacement and nonlocal internal variables are 

discretized with the NURBS basis functions. 

𝒖 = 𝑹𝒖𝒖𝑵 (73) 

𝛋̅ =  𝜿̅𝛋𝑵 (74) 

Their gradients are obtained through the following 

equation 

𝜺 = 𝜵𝒖𝑹𝒖𝒖𝑵 = 𝑩𝒖𝒖𝑵 (75) 

𝜵𝜿̅ = 𝜵𝑹𝜿̅𝜿𝑵 = 𝑩𝜿̅𝜿𝑵 (76) 

The substitution of Eqs. (71) and (72) into Eqs. (65) and 

(66), correspondingly, yields the following equation 

∫ 𝑩𝒖
𝑻𝝇𝒅𝜴

𝜴

= ∫ 𝑹𝒖
𝑻𝒇𝒅𝜴

𝜴

+∫ 𝑹𝒖
𝑻𝒕𝒅𝜞

𝜞

 (77) 

∫ (𝑹𝜿̅
𝑻𝑹𝜿̅ +𝑩𝜿̅

𝑻𝒄𝑩𝜿̅)𝜿𝑵
𝜴

𝒅𝜴 = ∫ 𝑹𝜿̅
𝑻𝜿𝒅𝜴

𝜴

 (78) 

The Newton method for a linearized system of equations 

is used, in which the following fields are updated by 

𝒖𝑵𝒊+𝟏 = 𝒖𝑵𝒊 + 𝒅𝒖𝑵 (79) 

𝜿𝑵𝒊+𝟏
= 𝜿𝑵𝒊

+ 𝒅𝜿𝑵 (80) 

𝛔𝒊+𝟏 = 𝛔𝒊 + 𝒅𝛔 (81) 

where 𝐮  and 𝛋  are the vectors of displacement and 

nonlocal internal variables at the control points, 

respectively, with 𝑑𝐮  and 𝑑𝛋  being the corresponding 

increments. Moreover, the iteration index is denoted by i. 

Thus, Eq. (77) and Eq. (78) can be rewritten as follows 

Ω

Γtx

y

Γu
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∫ 𝑩𝒖
𝑻 ⋅ 𝝇𝒊+𝟏 𝒅𝜴

𝜴

= ∫ 𝑩𝒖
𝑻( 𝝇𝒊+𝟏 + 𝒅𝝇)𝒅𝜴

𝜴

 

= ∫ 𝑹𝒖
𝑻 ⋅ 𝒇𝒊+𝟏 𝒅𝜴

𝜴

+∫ 𝑹𝒖
𝑻 ⋅ 𝒕𝒊+𝟏 𝒅𝜞

𝜞

 

(82) 

∫ (𝑹𝜿̅
𝑻𝑹𝜿̅ + 𝑩𝜿̅

𝑻𝒄𝑩𝜿̅) . 𝜿𝑵𝒊
+ 𝒅𝜿𝑵/

𝜴

𝒅𝜴 

= ∫ 𝑹𝜿̅
𝑻( 𝜿𝒊 + 𝒅𝜿)𝒅𝜴

𝜴

 

(83) 

The substitution of Eq.(48) into Eq.(82) leads to 

∫ 𝐁𝒖
𝐓(𝟏 − 𝒅̅𝒊 )𝐃𝛔̅

𝐞𝐩
𝐁𝒖𝐝𝛀

𝛀

∙ 𝒅𝐮𝑵 

−∫ 𝐁𝒖
𝐓 𝛔̅𝒊

𝐝𝒅̅

𝐝𝛋̅
 𝜿̅𝐝𝛀

𝛀

∙ 𝒅𝛋𝑵 

= ∫  𝒖
𝐓 ⋅ 𝐟𝒊+𝟏 𝐝𝛀

𝛀

+∫  𝒖
𝐓 ⋅ 𝐭𝒊+𝟏 𝐝𝚪

𝚪

−∫ 𝐁𝒖
𝐓 ⋅ 𝛔𝒊 𝐝𝛀

𝛀

 

(84) 

The substitution of Eq.(46) into Eq.(83) can obtain 

−∫  𝜿̅
𝐓𝐃𝜿

𝐞𝐩
𝐁𝒖𝐝𝛀

𝛀

∙ 𝒅𝐮𝑵 

+∫ ( 𝜿̅
𝐓 𝜿̅ +  𝜿̅

𝐓𝒄𝐁𝜿̅)𝐝𝛀
𝛀

∙ 𝒅𝛋𝑵 

= ∫ 𝑹𝜿̅
𝑻 ⋅ 𝜿𝒊 𝒅𝜴

𝜴

−∫ (𝑹𝜿̅
𝑻𝑹𝜿̅ + 𝑩𝜿̅

𝑻𝒄𝑩𝜿̅) ⋅ 𝜿𝑵𝒊
𝒅𝜴

𝜴

 

(85) 

By combining Eq.(84) and Eq.(85) in a matrix form, the 

following discrete system of equations is obtained. 

(
𝐊𝒖𝒖𝒊+𝟏 𝐊𝒖𝜿𝒊+𝟏

𝐊𝜿𝒖𝒊+𝟏 𝐊𝜿𝜿𝒊+𝟏

)(
𝒅𝐮𝑵
𝒅𝛋𝑵

) = (
𝐟𝒖
𝐞𝐱𝐭

𝒊+𝟏

𝐟𝜿
𝐞𝐱𝐭

𝒊+𝟏

) − (
𝐟𝒖
𝐢𝐧𝐭

𝒊+𝟏

𝐟𝜿
𝐢𝐧𝐭

𝒊+𝟏

) (86) 

 

 

where submatrices are defined as follows 

𝑲𝒖𝒖𝒊+𝟏 = ∫ 𝑩𝒖
𝑻(𝟏 − 𝒅̅𝒊 )𝑫𝝇̅

𝒆𝒑
𝑩𝒖𝒅𝜴

𝜴

 

𝐊𝒖𝜿𝒊+𝟏 = −∫ 𝐁𝒖
𝐓 𝛔̅𝒊

𝐝𝒅̅

𝐝𝛋̅
 𝜿̅𝐝𝛀

𝛀

 

𝐊𝜿𝒖𝒊+𝟏 = −∫  𝜿̅
𝐓𝐃𝜿

𝐞𝐩
𝐁𝒖𝐝𝛀

𝛀

∙ 𝒅𝐮𝑵 

𝐊𝜿𝜿𝒊+𝟏 = ∫ ( 𝜿
𝐓 𝜿 + 𝐁𝜿

𝐓𝒄𝐁𝜿)𝐝𝛀
𝛀

 

𝐟𝒖
𝐞𝐱𝐭

𝒊+𝟏 = ∫  𝒖
𝐓 ⋅ 𝐟𝒊+𝟏 𝐝𝛀

𝛀

+∫  𝒖
𝐓 ⋅ 𝐭𝒊+𝟏 𝐝𝚪

𝚪

 

𝐟𝒖
𝐢𝐧𝐭

𝒊+𝟏 = ∫ 𝐁𝒖
𝐓 ⋅ 𝛔𝒊 𝐝𝛀

𝛀

 

𝐟𝜿
𝐞𝐱𝐭

𝒊+𝟏 = 𝟎 

𝐟𝜿
𝐢𝐧𝐭

𝒊+𝟏 = ∫ ( 𝜿
𝐓 𝜿 + 𝐁𝜿

𝐓𝒄𝐁𝜿) ⋅ 𝛋𝑵𝒊
𝐝𝛀

𝛀

 

−∫  𝜿
𝐓 ⋅ 𝛋𝒊 𝐝𝛀

𝛀

 

(87) 

 

5.2 Numerical flowchart 
 

Fig. 4 exhibits the flowchart of the proposed method. 

This figure consists of “global” and “local” iteration 

procedures. The global solution is used to trace the 

equilibrium path of a system, whereas the local solution is 

used to calculate the stresses and consistent material tangent 

matrices at each Gauss point. For the former, a hybrid 

solution strategy (e.g., Gutiérrez 2004, Verhoosel et al. 

2009) is used, initially with force control and then with 

energy dissipation-based arc length control; for the latter,  

i = i+1 

Stress update algorithm of kgasp

jx=j(σ,κ,Δλp)=j-1(σ,κ,Δλp)+(dσ,dκ,dΔλp)
Converge ?

Assemble and solve Eq.(86) 

to obtain duN and dκN

Initialize time step index n=0 and 

equilibrium state 0(uN, κN, λF)=0

Converge ?

i(uN,κN,λF)=i-1(uN,κN,λF)+(duN,dκN,dλF)

n=n+1

Initialize global iteration step index: i=0

Initialize local iteration step idex: j=0

j = j+1

n(uN,κN,λF) = i(uN,κN,λF)

Post processor

n n

0
Initialize element index: ielem=0

ielem = ielem+1 

Initialize Gaussian point index: kgasp=0

kgasp = kgasp+1 

n

Global solution Local solution

 

Fig. 4 Flowchart of procedure 
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also known as stress updating (Table 1), the solution 

process is decoupled by splitting operator (e.g., Simo and Ju 

1987a, b, Ju 1989) into the following sub-steps: elastic 

predictor → plastic corrector → damage corrector. The 

convergence of the plastic corrector is achieved through 

return mapping algorithm and adaptive sub-stepping 

strategy; however, other procedures can be exploited, thus 

avoiding a return mapping and allowing for large load 

increments (e.g., Areias et al. 2013a, Areias et al. 2013b, 

Areias et al. 2014, Areias et al. 2015, Areias et al. 2016a, 

Areias et al. 2016b). 

The Newton iteration at the “global” level can be 

stopped once the following stopping criteria are fulfilled. 

𝑹(𝐟𝒖) = ‖ 𝐟𝒖
𝐞𝐱𝐭

𝒊 − 𝐟𝒖
𝐢𝐧𝐭

𝒊 ‖ ‖ 𝐟𝒖
𝐞𝐱𝐭

𝒊 ‖⁄ ≤ 𝐓𝐨𝐥𝐟𝒖 

 

 

 

𝑹(𝐮𝑵) = ‖ 𝐮𝑵𝒊 − 𝐮𝑵𝒊−𝟏 ‖ ‖ 𝐮𝑵𝒊 ‖⁄ ≤ 𝐓𝐨𝐥𝐮𝑵 

𝑹(𝛋𝑵) = ‖ 𝛋𝑵𝒊
− 𝛋𝑵𝒊−𝟏

‖ ‖ 𝛋𝑵𝒊
‖⁄ ≤ 𝐓𝐨𝐥𝛋𝑵 

(88) 

where the error tolerances are chosen as 0.001. 

 

 

6. Numerical results 
 

The validations on material level of the proposed 

damage-plasticity model of concrete are the simulations of 

uniaxial tension tests of Gopalaratnam and Shah (1985), 

uniaxial compression tests of Karsan and Jirsa (1969), and 

biaxial monotonic tension and compression tests of Kupfer 

et al. (1969). The validations on the component level are the  

Table 1 Flowchart of the stress update 

At time step  𝑛
+∆𝑡
→   𝑛+1, if the displacement and nonlocal internal variables of control points after   times of iteration are 

𝐮 𝑖  and 𝛋 𝑖 , respectively, then the stress update algorithm at Gaussian point kgasp must be conducted as follows: 

1) Calculate 𝑑𝐮  and 𝑑𝛋  in accordance with Eq.(86); 

2) Update 𝐮 𝑖+1  and 𝛋 𝑖+1  in accordance with Eq.(79) and Eq.(80), correspondingly; 

3) Calculate 𝛋𝑖+1  in accordance with Eq.(74); 

4) Calculate 𝑑̅𝑖+1 = 𝑑 . 𝛋𝑖+1 / and 
d𝑑̅

d𝛋̅
; 

5) Calculate 𝑑𝛆 in accordance with Eq.(75); 

6) Read 𝛋𝑖  from the last iteration step; 

7) Elastic predictor: 

i. Calculate trial effective stress 𝝇̅tri l = 𝝇̅𝑖 + 𝐃e𝑑𝛆 

ii. Calculate the value of yield function 𝐹(𝝇̅tri l, 𝛋𝑖 ) 

iii. If 𝐹 < 0, then update 𝝇̅𝑖+1 = 𝝇̅𝑖 , 𝛋𝑖+1 = 𝛋𝑖 , 𝐃𝜎̅
ep
= 𝐃e, 𝐃 

ep
= 0; afterward, proceed to Step 8; 

iv. If 𝐹 > 0, then proceed to Step 8; 

8) Plastic corrector:  

Use the return mapping algorithm and sub-stepping strategy to update 𝝇̅𝑖+1 , 𝛋𝑖+1 , 𝐃𝜎̅
ep

, and 𝐃 
ep

; 

9) Damage corrector:  

Update nominal stress 𝝇𝑖+1 = (1 − 𝑑̅𝑖+1 ) ⋅  𝝇̅𝑖+1 ； 

10) Calculate 𝐊  𝑖+2 , 𝐊  𝑖+2 , 𝐊  𝑖+2 , 𝐊  𝑖+2 , and 𝐟 
e t

𝑖+2 , 𝐟 
int

𝑖+2 , 𝐟 
e t

𝑖+2 , and 𝐟 
int

𝑖+2  in accordance with Eq.(87); 

11) Check errors in accordance with Eq.(88). If the equation is satisfied, then proceed to Step 12. Otherwise, perform 

 =  + 1 and then return to Step 1; 

12) Update the converged displacement and nonlocal internal variables as follows: 

 𝐮 
𝑛+1 = 𝐮 𝑖+1  and 𝛋 

𝑛+1
= 𝛋 𝑖+1  

  
(a) Under uniaxial stress (b) Under biaxial stress 

Fig. 5 Isogeometric models of the concrete specimen (unit: mm) 
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simulations of the tests of three-point bending single-

notched plain concrete beams, four-point bending single-

notched plain concrete beams and four-point bending 

double-notched plain concrete beams. 

For all the tested cases, the external load is applied in 

accordance with the following hybrid scheme. Force control 

method with load increment factor ∆λ = 1 0 is used at 

the beginning stage. Once the number of global iterations 

exceeds a threshold value of 𝑛𝑑 , and no convergent 

solution is obtained, the dissipation-based arc-length 

method is activated to trace the subsequent equilibrium 

path. 

 

6.1 Uniaxial tension and compression simulations 
 

As shown in Fig. 5, the concrete specimen are all 

200×200×250 mm, and four first-order linear NURBS solid 

elements are discretized in space for uniaxial and biaxial 

simulations respectively. 

When simulating uniaxial tension and compression tests 

of concrete, the boundary conditions of the specimen are 

treated as follows: (1) all vertical displacements of the 

control points at 𝑦 = 0 are constrained; (2) uniform load 

𝑝1  is applied to the control points at 𝑦 = 200  as an 

equivalent force. The material and solution parameters used 

in uniaxial tension simulation are listed in Table 2. Those 

used in uniaxial compression simulation are listed in Table 

3. The parameters are consistent with those adopted in the 

experiments for comparative analysis. 

The stress-strain curves under uniaxial tension and 

compression obtained from the numerical models are 

compared with the experimental data presented in Fig. 6. 

The numerical results agree well with the experimental data 

of the plastic-hardening and strain-softening characteristics 

of concrete. 

 

6.2 Biaxial tension and compression simulations 
 

When simulating biaxial tension and compression tests 

of concrete, the boundary conditions of the specimen are 

treated as follows: (1) the displacements in x-direction and 

 

 

 
(a) Under uniaxial tension 

 
(b) Under uniaxial compression 

Fig. 6 Comparison between the stress-strain curves obtained 

from the numerical models and the experimental data under 

uniaxial load 

 

 

y-direction of the control points at 𝑦 = 0 and 𝑥 = 0 are 

constrained; (2) uniform load 𝑝1 and 𝑝2 are applied to the 

control points at 𝑦 = 200 and 𝑥 = 200 as equivalent 

forces. The material and solution parameters used in biaxial 

tension simulation and biaxial compression simulation are 

listed in Table 4 and Table 5, respectively. The parameters 

are also consistent with those adopted in the experiments 

for comparative analysis. In order to facilitate the result 

processing, the normalized parameter  𝑝 = 𝑓 𝑐 is  

Table 2 Material and solution parameters for the uniaxial tension simulation 

𝐸 𝑡(GPa) ν 𝜀 𝑡 𝜀 𝑡 𝑓 𝑡(MPa) 𝑑 𝑡  2𝑡 𝐵3𝑡 ∆𝜆  𝑝1(MPa) 𝑛𝑑 Δ𝜏𝑚𝑖𝑛(𝑁 ∙ 𝑚) Δ𝜏𝑚 𝑥(𝑁 ∙ 𝑚) 

31 0.18 0.000105 0.00012 3.48 0 0.7𝑓 𝑡
2  1.5 1.0 0.1 5 0.0001 1.0 

 

Table 3 Material and solution parameters for the uniaxial compression simulation 

𝐸 𝑐(GPa) ν 𝜀 𝑐  𝜀 𝑐 𝑓 𝑐(MPa) 𝑑 𝑐  2𝑐 𝐵3𝑐  ∆𝜆  𝑝1(MPa) 𝑛𝑑 Δ𝜏𝑚𝑖𝑛(𝑁 ∙ 𝑚) Δ𝜏𝑚 𝑥(𝑁 ∙ 𝑚) 

31 0.18 0.00067 0.002 -27.6 0 0.75 2.0 1.0 -1.0 5 0.0001 5.0 

Table 4 Material and solution parameters for the biaxial tension simulation 

𝐸 𝑡(GPa) ν 𝜀 𝑡 𝜀 𝑡 𝑓 𝑡(MPa) 𝑑 𝑡  2𝑡 𝐵3𝑡 ∆𝜆  𝑝1(MPa) 𝑛𝑑 Δ𝜏𝑚𝑖𝑛(𝑁 ∙ 𝑚) Δ𝜏𝑚 𝑥(𝑁 ∙ 𝑚) 

31 0.18 0.000105 0.00012 3.48 0 0.7𝑓 𝑡
2  1.5 1.0 0.1 5 0.0001 1.0 

 

Table 5 Material and solution parameters for the biaxial compression simulation 

𝐸 𝑐(GPa) ν 𝜀 𝑐  𝜀 𝑐 𝑓 𝑐 (MPa) 𝑑 𝑐  2𝑐 𝐵3𝑐 ∆𝜆  𝑝1(MPa) 𝑛𝑑 Δ𝜏𝑚𝑖𝑛(𝑁 ∙ 𝑚) Δ𝜏𝑚 𝑥(𝑁 ∙ 𝑚) 

31 0.18 0.00067 0.002 -32.8 0 0.75 2.0 1.0 -1.0 5 0.0001 5.0 
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(a) Under biaxial tension 

 
(b) Under biaxial compression 

Fig. 7 Comparison between the stress-strain curves obtained 

from the numerical models and the experimental data under 

biaxial load 
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Fig. 8 The geometry of the three-point bending single-

notched beam (unit: mm) 

 

 

introduced. 

For biaxial tension, three stress ratios are simulated by 

reference tests:  1  2⁄ = 1 0⁄ ,   1  2⁄ = 1 0   ⁄  and 

 1  2 = 1 1. 

For biaxial compression, three stress states are also 

simulated by reference tests:  1  2⁄ = −1 0⁄ ,   1  2⁄ =
−1 −0  2⁄  and  1  2 = −1 −1. 

The stress-strain curves under biaxial tension and 

compression obtained from the numerical models are 

compared with the experimental data presented in Fig. 7. 

The numerical results agree well with the experimental 

data. And according to the results of 𝜀2 and 𝜀3, the model 

can also simulate the non-linear lateral expansion of 

concrete caused by Poisson's ratio. 

 

6.3 Three-point bending single-notched beam 
 

A single-notched plain concrete beam under a three- 

 
(a) Mesh I (614 elements) 

 
(b) Mesh II (614 elements) 

 
(c) Mesh III (2032 elements) 

 
(d) Mesh IV (2032 elements) 

Fig. 9 Isogeometric discretization of the three-point bending 

single-notched beam 

 

 

point loading, which has been experimentally tested by 

Malvar and Warren (1988), must be considered. The 

predominant failure behavior of the beam is Mode I 

cracking. Fig. 8 displays the geometrical data and boundary 

conditions of the beam. Four meshes (denoted by I, II, III, 

and IV) are generated (Fig. 9). For each mesh, linear and 

quadratic basis functions are considered, thus indicating that 

eight numerical models (I-1, II-1, III-1, IV-1 and I-2, II-2, 

III-2, IV-2) are studied. 

Table 6 and Table 7 lists the material and solution 

parameters used in the simulation, respectively. All 

parameters are selected according to the parameters adopted 

in the experiments. The loading scheme is realized by force 

control to arc length control: in the initial stage of loading, 

the vertical downward concentrated force is applied at the 

mid-span Point A with an increment of 50 KN per step. If 

the number of iterations of the global solution is more than 

5 and the convergence solution is still not obtained, the arc 

length method based on energy dissipation rate is used to 

control the load of each step. The characteristic length is 

regarded as 𝑙𝑐ℎ =        to obtain a relatively close 

agreement with the experimental data. 

The load-displacement curves of Point A obtained from 

the eight numerical models are compared with the 

experimental data presented in Fig. 10. The numerical 

results agree well with the experimental data in the 

ascending and descending branches. The load-displacement 

curves are fairly meshing independent, thereby indicating 

that the gradient-enhanced formulation used in the present 

study can eliminate the mesh sensitivity of the traditional 

damage-plasticity model. Moreover, a quadratic NURBS 

simulation produces soft results, and the “scatter” is less 

than that in the case of linear complete basis functions. 

It can be found that neither 𝜅̅𝑐 nor 𝑑̅𝑐 have evolutions, 

thereby indicating that the failure of the beam is caused by 

the damage of concrete in tension. Fig. 11 and Fig. 12 

illustrate the evolution patterns of 𝜅̅𝑡 and 𝑑̅𝑡 in Model IV-

1, respectively. With continuous loading, 𝜅̅𝑡 and 𝑑̅𝑡 
initiate around the notch tip and then gradually evolve 

toward the top surface at mid-span. This behavior agrees 

with the experimental observations. Refined and inclined  
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Table 7 Solution parameters for the three-point bending 

single-notched beam 

∆𝜆  𝑛𝑑 Δ𝜏𝑚𝑖𝑛(𝑁 ∙ 𝑚) Δ𝜏𝑚 𝑥(𝑁 ∙ 𝑚) 

1.0 5 0.001 0.009 

 

 

meshes have no influence on the distribution contour of 

nonlocal parameters, thus indicating the mesh objectivity of 

the gradient formulation. Fig. 13 depicts the influence of 

characteristic length on the load-displacement curves. The 

results seem slightly independent of the order (linear or 

quadratic), and the peak load increases with the 

characteristic length. 

 

 

 
 

6.4 Four-point bending single-notched beam 
 

The second example is a single-notched concrete beam that 
is subjected to four-point bending that causes mixed-mode 
cracking (Modes I and II cracking). The experimental results 
were reported by Arrea and Ingraffea (1982), and numerous 
computational studies have been conducted with alternative 
methods (e.g., Rabczuk and Belytschko 2004, Al-Rub and 
Voyiadjis 2009). Fig. 14 demonstrates the geometrical data and 
boundary conditions of the beam. The four meshes (I, II, III, 
and IV) are generated (Fig. 15). For each mesh, linear and 
quadratic basis functions are considered, thus leading to eight 
numerical models (I-1, II-1, III-1, IV-1 and I-2, II-2, III-2, IV-
2). 

Table 6 Material parameters for the three-point bending single-notched beam 

𝐸 (GPa) 𝑣 𝜀 𝑡 𝜀 𝑡 𝑓 𝑡(MPa) 𝜀 𝑐 𝜀 𝑐 𝑓 𝑐(MPa) 𝑑   2𝑡 𝐵3𝑡  2𝑐 𝐵3𝑐  

21.7 0.2 0.000105 0.00012 2.4 0.00085 0.002 -29 0 0 1𝑓 𝑡
2  2.1 0.75 2.0 

  
(a) Linear NURBS basis functions (b) Quadratic NURBS basis functions 

Fig. 10 Load-vertical displacement curves of Point A obtained from different meshes of the three-point bending single-

notched beam 

  
Load step 22（uA,y=0.15243mm） Load step 26（uA,y=0.19641mm） 

  
Load step 34（uA,y=0.29864mm） Load step 44（uA,y=0.49536mm） 

 

Fig. 11 Evolution pattern of the nonlocal tensile internal variable for the three-point bending single-notched beam 

 

  
Load step 22（uA,y=0.15243mm） Load step 26（uA,y=0.19641mm） 

  
Load step 34（uA,y=0.29864mm） Load step 44（uA,y=0.49536mm） 

 

Fig. 12 Evolution pattern of nonlocal tensile damage for the three-point bending single-notched beam 
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(a) model II-1 

 
(b) model II-2 

Fig. 13 Influence of the characteristic length on the load-

displacement curves of Point A for the three-point bending 

single-notched beam 
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Fig. 14 Geometry of the four-point bending single-notched 

beam (unit: mm) 

 

 
(a) Mesh I (614 elements) 

 
(b) Mesh II (614 elements) 

 
(c) Mesh III (2032 elements) 

 
(d) Mesh IV (2032 elements) 

Fig. 15 Isogeometric discretization of the four-point 

bending single-notched beam 
 

 
(a) Linear NURBS basis functions 

 
(b) Quadratic NURBS basis 

Fig. 16 Load-crack mouth sliding displacement (CMSD) 

curves of the four-point bending single-notched beam 

 

 

The material parameters used in the simulation lists in 

Table 8, the solution parameters are the same as those of three-

point bending single-notched beam, and the characteristic 

length 𝑙𝑐ℎ =     , which are also consistent with the 

experimental data. In the initial stage of loading, the vertical 

downward concentrated forces are applied at Points A and B 

with the increment of 0.13P and P (P=10 kN) per step, 

respectively. If the number of iterations of the global solution is 

more than 5 and the convergence solution is still not obtained, 

the arc length method based on energy dissipation rate is used 

to control the load of each step. 

Fig. 16 exhibits the comparison between the calculated 

load-CMSD curves and the experimental data. CMSD is 

defined as the relative vertical displacement between Points C 

and D, which are located at the two sides of the notch mouth. 

Figs. 17 and Fig. 18 display the evolution patterns of the 

nonlocal tensile internal variable 𝜅̅𝑡  and nonlocal tensile 

damage variable 𝑑̅𝑡 , correspondingly. With continuous 

loading, 𝜅̅𝑡 and 𝑑̅𝑡 induce a crack propagation path, which 

tends to curve away from the original notch tip and move 

toward the direction of Point B, thereby indicating a typical 

behavior for a crack subjected to a mixed-mode loading. The 

distribution contours of 𝜅̅𝑡 and 𝑑̅𝑡 are not localized into a 

narrow band when the mesh is refined and are insensitive to 

mesh alignment, thus showing a mesh objectivity. Considering 

the previous example, the quadratic NURBS formulation is 

only slightly sensitive with respect to mesh refinement (Fig. 

15). Fig. 19 presents the influence of the characteristic length 

on the load-CMSD curves. Therefore, the level of peak load 

increases when the large characteristic length is selected. 
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6.5 Four-point bending double-notched beam 
 

The third example investigated here illustrates the use of 

the proposed approach for analyzing a double-notched 

concrete beam subjected to four-point bending that causes a 

mixed-mode cracking (Modes I and II cracking). This problem 

is more complicated than the second one and has been 

proposed by Bocca et al. (1990). It is also a classical 

benchmark problem for fracture, which has been studied by 

several authors (e.g., Rabczuk and Belytschko 2004, Rabczuk 

and Zi 2007). Fig. 20 depicts the geometrical data and 

 

 

 

 

boundary conditions of the beam. Two meshes (I and II) are 

generated (Fig. 21). For each mesh, linear and quadratic basis 

functions are considered; thus, four numerical models (I-1, II-1 

and I-2, II-2) are studied. 

Table 9 and Table 10 lists the material and solution 

parameters used in the simulation, with the characteristic 

length 𝑙𝑐ℎ = 3   . In the initial stage of loading, the vertical 

downward concentrated forces are applied at Points A and B 

with the increment of 0.2P and P (P=2/1.2 kN) per step, 

respectively. If the number of iterations of the global solution is 

more than 5 and the convergence solution is still not obtained,  

Table 8 Material parameters for the four-point bending single-notched beam 

𝐸 (GPa) 𝑣 𝜀 𝑡 𝜀 𝑡 𝑓 𝑡(MPa) 𝜀 𝑐  𝜀 𝑐 𝑓 𝑐(MPa) 𝑑   2𝑡 𝐵3𝑡  2𝑐 𝐵3𝑐  

24.8 0.18 0.000105 0.00012 2.8 0.00085 0.002 -29 0 0 0 𝑓 𝑡
2  2.2 0.75 2.0 

  
Load step 10（CMSD=0.0261 mm） Load step 15（CMSD=0.0511 mm） 

  
Load step 20（CMSD=0.0698 mm） Load step 30（CMSD=0.1099 mm） 

 

Fig. 17 Evolution pattern of tensile internal variables for the four-point bending single-notched beam 

 

  
Load step 10（CMSD=0.0261 mm） Load step 15（CMSD=0.0511 mm） 

  
Load step 20（CMSD=0.0698 mm） Load step 30（CMSD=0.1099 mm） 

 

Fig. 18 Evolution pattern of tensile damage for the four-point bending single-notched beam 

 

  
(a) model II-1 (b) model II-2 

Fig. 19 Influence of characteristic length on the load-CMSD curves for the four-point bending single-notched beam 

Table 9 Material parameters for the four-point bending double-notched beam 

𝐸 (GPa) 𝑣 𝜀 𝑡 𝜀 𝑡 𝑓 𝑡(MPa) 𝜀 𝑐  𝜀 𝑐 𝑓 𝑐(MPa) 𝑑   2𝑡 𝐵3𝑡  2𝑐 𝐵3𝑐 

27.0 0.18 0.00007 0.00009 2.0 0.00085 0.002 -33.4 0 0 1𝑓 𝑡
2  1.9 0.75 2.0 

184



 

Isogeometric analysis of gradient-enhanced damaged plasticity model for concrete 

 

320 80 80 320

0.2P P

I

I

4
0

1
6

0
4

0

I-I section

2
0

0

100

A B

P
C

 

Fig. 20 The geometry of the four-point bending double-

notched beam (unit: mm) 

 

 
(a) Mesh I (904 elements) 

 
(b) Mesh II (2152 elements) 

Fig. 21 Isogeometric discretization of the four-point 

bending double-notched beam 

 

 
(a) Linear NURBS basis functions 

 
(b) Quadratic NURBS basis functions 

Fig. 22 Load-vertical displacement curves of Point C 

obtained from the different meshes of the four-point 

bending double-notched beam 

 

 

the arc length method based on energy dissipation rate is used 

to control the load of each step. 

Table 10 Solution parameters for the four-point bending 

double-notched beam 

∆𝜆  𝑛𝑑 Δ𝜏𝑚𝑖𝑛(𝑁 ∙ 𝑚) Δ𝜏𝑚 𝑥(𝑁 ∙ 𝑚) 

1.0 5 0.001 0.09 

 
 
Fig. 22 presents the comparison between the calculated 

load-vertical displacement curves of Point C and the 

experimental data. Fig. 19(a) demonstrates the results obtained 

by Areias et al. (2015) and Rabczuk and Belytschko (2004) for 

the purpose of comparison. The rigid loading beam is not 

simulated in the test; thus, the vertical displacement of Point C 

can only be estimated by averaging the vertical displacements 

of Points A and B. Fig. 23 and Fig. 24 exhibits the evolution 

patterns of nonlocal tensile internal variable 𝜅̅𝑡 and nonlocal 

tensile damage variable 𝑑̅𝑡 . Internal variables 𝜅̅𝑡  and 𝑑̅𝑡 
induce a crack path, which curves away from the original 

notch tip that agrees with the experimental observation. Fig. 25 

displays the influence of characteristic length on the load-

displacement curves. Consistent with the results in previous 

subsections, the peak load increases with the characteristic 

length. 

 
 
7. Conclusions 
 

Isogeometric analysis method can provide the 

possibility of integrated computer-aided design and 

computer-aided engineering into a uniform process. But the 

use of this technology on the advanced analysis of 

engineering structures is still rare. This study presents a 

damage-plasticity model for concrete in the context of the 

IGA. Since the traditional local models usually suffer from 

ill-posed problems like mesh dependency, an implicit 

gradient formulation is introduced to the plastic-damage 

model as the regularization remedy. The proposed method is 

validated on material level and component level by the 

plain concrete benchmark problems. The results are 

presented as follows:  

• By comparing the numerical results with the 

experimental data at the same condition, the feasibility 

of the proposed model and the mixed-mode fracture of 

concrete is proofed; 

• The global load-displacement (or CMSD) curves and 

damage evolution patterns exhibit no evident mesh 

dependence, thereby indicating that the gradient-

enhanced formulation can regularize ill-posed problems. 

Moreover, the “scatter” in the load-deflection curves for 

coarse meshes is less pronounced in the quadratic IGA 

formulation than in the linear formulation. 

• The level of peak load increases once a large 

characteristic length is selected. 

• The gradient formulation for the internal variables only 

leads to the nonlocal damage of concrete, and the 

plasticity part remains local. Therefore, the presented 

approach may serve only as a partial localization limiter. 

The „„over-nonlocal” formulation (e.g., Vermeer and 

Brinkgreve 1994; Grassl and Jirasek 2006b; Poh and 

Swaddiwudhipong 2009) can be used to remedy this 

situation.  
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Considering the advantages of IGA in modeling 

geometries accurately, this approach can be extended to the 

reinforced concrete with complex curved shapes of the 

reinforcement. This aspect can be investigated in future 

research. 
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