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Abstract.

In this paper, a modified rigid body spring model (RBSM) is proposed and used to analyze the damage and failure

process of reinforced concrete (RC) structures. In the proposed model, the concrete is represented by an assembly of rigid blocks
connected with a uniform distribution of normal and tangential springs to simulate the macroscopic mechanical behavior of
concrete. Steel bars are evenly dispersed into rigid blocks as a kind of homogeneous axial material, and an additional uniform
distribution of axial and dowel springs is defined to consider the axial stiffness and dowel action of steel bars. Perfect bond
between the concrete and steel bars is assumed, and tension stiffening effect of steel bars is modeled by adjusting the constitutive
relationship for the tensile reinforcement. Adjacent blocks are allowed to separate at the contact interface, which makes it
convenient and easy to simulate the cracking process of concrete. The failure of the springs is determined by the Mohr-Coulomb
type criterion with the tension and compression caps. The effectiveness of the proposed method is confirmed by elastic analyses
of a cantilever beam under different loading conditions and failure analyses of a RC beam under two-point loading.
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1. Introduction

Numerical simulation is an effective method to study the
failure mechanism of RC structures. The failure process of a
RC structure is often accompanied with the generation and
propagation of cracks. Cracks not only induce discontinuity
in the medium, but also cause stress redistribution and
stiffness degradation in regions around cracks, which makes
the failure process analysis of RC structures a complicated
and difficult task (Long and Lee 2015, Long et al. 2013).

Finite Element Method (FEM) is the major numerical
tool for the study of RC structures, and there have been
many researches concerning the modeling of failure in the
finite element method, which can be roughly divided into
two categories: discrete and continuum approaches. In
discrete approaches, cracks are modeled as strong
discontinuities. Examples are the virtual crack closure
technique (Carter et al. 2000) and the extended finite
element method (Belytschko et al. 1996, Belytschko and
Black 1999). A drawback of the first method is the need to
specify the crack path a-priori. While the crack path may be
arbitrary, calculation of the extended finite element method
is time consuming. In continuum approaches, the
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discontinuity of the displacement field caused by the crack
is spread across the element by changing the material
constitutive equation. And the accuracy of numerical results
greatly depends on the material constitutive models,
especially for concrete. As for material models, the concrete
damage plasticity models (Long and Lee 2015, Long et al.
2014) and other smeared crack models (Bernardi et al.
2015, Sirico et al. 2017, Vecchio and Shim 2004, Vecchio et
al. 2004, Jin et al. 2005, Barzegar and Maddipudi 1997) are
usually employed in continuum approaches to predict the
concrete compression and tension behaviors.

As an alternative way, various discrete element methods
have been intensively developed and widely applied to rock
and concrete structures during last decades (Shi 1988, Shi
1994, Li et al. 2015, Guo and Zhao 2014, Burns and Hanley
2017). Discrete methods do not rely on the continuum
assumption, which makes them efficient and convenient
numerical tools to simulate the cracking process of
structures. The rigid body spring method (RSBM) is one of
such methods which was firstly proposed by Kawai (1977).
In RBSM, a structure is considered as a series of rigid
blocks connected with interface springs, as shown in Fig.
1(a). The displacements of an arbitrary point are completely
determined by the centroidal displacements of blocks.
Adjacent blocks are allowed to separate at the contact
interface, which makes it convenient and easy to simulate
the cracking process of structures, as shown in Fig. 1(b).
Recently, theoretical research and project applications of
RBSM mainly focus on brittle materials, such as rocks and
plain concrete (Yao et al. 2016, Wang and Zhang 2009,
Zhang et al. 2012), and very little, if any, published
literatures describe the use of RBSM to analyze the failure
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Fig. 1 The original RBSM: (a) contact model for the
original RBSM; (b) crack modeling
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Fig. 2 The discrete model of the RC structure in the
modified RBSM

process of RC structures.

In the present work, a modified RBSM is proposed and
used to analyze the failure process of RC structures. In the
proposed model, the concrete is represented by an assembly
of rigid blocks, and the reinforcement is evenly dispersed
into rigid blocks as a homogeneous axial material, as shown
in Fig. 2. The blocks are connected with a uniform
distribution of normal and tangential springs to simulate the
macroscopic mechanical behavior of concrete, and another
uniform distribution of axial and dowel springs is defined to
consider the axial stiffness and dowel action of the
reinforcement, as shown in Fig. 3. The failure of springs
referred to the concrete is determined by the low tensile
Mohr-Coulomb criterion, and the material nonlinearity and
aggregate interlock are taken into consideration. The
reinforcement is assumed to be an elastic-perfectly plastic
material and identical in tension and compression, and
perfect bond between the concrete and steel bars is
assumed. The effectiveness of the proposed method is
firstly verified by elastic analyses on a cantilever beam
under different loading conditions, and then the method is
applied to analyze the failure process of a RC beam under
two-point loading.

2. Basic principles of the modified RBSM
2.1 Basic displacements of blocks

Each block has three degrees of freedom defined at its

steel bar direction
o i

n %VW‘—
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Fig. 3 lllustration of contact models for the modified RBSM
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Fig. 4 Displacements of blocks

centroid, as shown in Fig. 4, and the displacements of an
arbitrary point of a block are given by the following
equation

u=[u V]T:Noug (1)
Nt O v =) ug=lu, v, 6, 2
“lo 1 (x—xg) ] 9 Yo g (2)

where U, V are the translation displacements of a point
of the block, respectively; N, ug are the shape function
matrix and the centroidal displacements array of the block,
respectively; ug, vy and 6, are the translational
displacements and the rotational displacement of the
centroid of the block, respectively; x, y are the global
coordinates of an arbitrary point of the block; xg, yg are the
global coordinates of the centroid of the block.

2.2 The concrete model

The concrete is represented by an assembly of rigid
blocks, which are connected with a uniform distribution of
normal and tangential springs to simulate the macroscopic
mechanical behavior of concrete. When adjacent blocks are
separated or intruded at the interface, the deformation of the
concrete springs at point A can be determined by the
relative displacements between points A; and A,, as shown
in Fig. 5, and the mathematical expressions are as follows

o, :[5n 55]T :_Lc(ul _uz) @)
_[cos(i,x) cos(A,y)
L _Los(§,>"<) cos(§,)7)} @

where J,, J; are the deformations of the normal and
tangential springs at point A, respectively; u, and u, are the
displacements of points A; and A,, respectively; L. is the
coordinate-transformation matrix; n, S are the normal
and tangential vectors of the surface of the local system in
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Fig. 6 The micro-strip of point A

Fig. 5. X, y are the two unit vectors of the global

coordinate system.

The equivalent concrete strains at point A are
determined by the average deformations of the micro-strip
shown in Fig. 6

8c:[‘("n 7S]T:6c/(hl+h2) ®)

where ¢, and ys denote the normal and tangential strains of
concrete, respectively; hy, h, are the vertical distances from
the centroids of adjacent blocks to the interface, as shown in
Fig. 6.

For plane stress problems, the local spring forces of one
point on the interface are determined by the following
equation

Tc = [Gn Ts ]T = Dsc = Dcﬁc (6)

where ¢, and z; denote the normal and tangential spring
forces of concrete, respectively; D is the constitutive matrix
of plane stress problems, and D, is the matrix of concrete
springs

[E, 0
D= E. @)
2L+ 1)
[ E
¢ 0
_ d, 0 _|h+h,
Dr{o dj_ 0o = “
i (2+24)h, +h,)

A, E¢ are Poisson’s ratio and the elastic modulus of concrete,
respectively; d, and ds are the stiffness of the normal and
tangential springs in Fig. 3, respectively.

2.3 The reinforcement model

The forces in the steel bars due to the axial stiffness and

The local bar system

(b)
Fig. 7 The adopted model for steel bars: (a) the local system
for steel bars; (b) the static equivalent stresses

Fig. 8 The micro-strip for steel bars

dowel action are modeled in the local system of steel bars,
as shown in Fig. 7(a), and then smeared so as to obtain the
static equivalent stresses shown in Fig. 7(b).

Axial ¢, and transversal J,, components in Fig. 7(a), with
respect to the local bar system, of the steel bar displacement

vector 6: can be determined by the relative displacements
between points A; and A,,

6: :[52 é‘W]T :_Ls(ul _UZ) (9)

[l o)

where d,, J,, are the axial and dowel displacements of steel
bars; L is the coordinate-transformation matrix between the
local bar system and the global system; Z, W are the
axial and transversal vectors of the local bar system.

The micro-strip in Fig. 8 is adopted, and the static
equivalent stresses of steel bars at point A are expressed by

the following equation
Ts = [O_z O-w]T (11)

where o, and o, denote the axial and dowel equivalent
stresses of a steel bar, respectively.

The axial equivalent stress o, is determined by the
following equation

(10)

UZ = EZgZ (12)

where ¢, is the average axial strain of the micro-strip; E; is
the elastic modulus of the reinforcement equivalent
material, which can be obtained by the following equations

lcosa]

2251 hz: 51 13
‘ / (h,+h,) 3

E, ==Y _E_plcosal (14)
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a steel bar

Fig. 9 The elastic foundation beam model

h, is the calculation length of the micro-strip in Fig. 8; Es is
the secant elastic modulus of reinforcement; p is the
average reinforcement ratio on a single rigid block; Aw is
the width of the micro-strip, and Al is the interface length
covered by the micro-strip « is the included angle of the
vector Z and vector A, asshown in Fig. 8.

As shown in Fig. 9, the dowel spring force oy is
calculated by the elastic foundation beam theory (Tang and
Xiang 2015, Long et al. 2014)

o, =n'K,d, (15)

where n’ is the equivalent amount of steel bars in each
micro-strip, determined by the following equation

_PAW _ p

AAL A
A is the sectional area of a single steel bar; Ky is the
stiffness associated to dowel action

Ky = 2El

n cosa| (16)

0.25
d, -k 4
A=< I =7d, /64 17
{4ESI} 5/ (17

d, is the diameter of steel bar; k. is the concrete stiffness
(foundation modulus), as shown in Fig. 9, which can be
determined by the empirical formula proposed by
Soroushian et al. (1987)

- 127012/3| fl 18)
dp

f. is the cylindrical compressive strength of concrete; ¢,
is a coefficient ranging from 0.6 for a clear bar spacing of
0.025m to 1.0 for a larger bar spacing. (if f. in MPa and
dy in mm, k. in MPa/mm).

Substituting Egs. (12)-(15) into Eq. (11), the following
equations are obtained

T.=[0, o,] =D, (19)
Esp\cosa\2 0
d, 0 (h,+h,)
D = = 1 T
° {O dw} 0 K4 plcosal (20)
A

where d, and d,, are the axial and normal spring stiffness of
steel bars, respectively.

2.4 Virtual work equation of the modified RBSM

In the modified RBSM, the external work is stored in
the springs between adjacent blocks. The overall energy
balance equation of the modified RBSM is given as follows

Z”%Tc(i>6g>ds+z”%Tsmﬁg)ds
" s ros
:Zjﬂfiuid9+”%ﬂuids

5

e °

(1)

where Q° is the domain of definition; S° is the force

boundary; S; is an interface in the domain; f;, P; are the

gravity density of the material and the imposed loads,
respectively. (Note: throughout the article, superscript (i)
means the number of interfaces and subscript i means the
number of blocks.)

After applying the principle of stationary potential
energy, the following equilibrium equation is obtained

(K. +K,)-U, =R (22)

where Uy is the global displacement array expressed as
follows:

Ug:[ugl’ - ugi' .- ugn (23)

Subscript n in Eq. (23) represents the total number of rigid
blocks; R is the equivalent load array defined by the
following formula

R-ycjq a=[[[NTtdox[[NTRes gy

C; is the selection matrix of block i, and ug=C;iU,

0 0a, 0 0 0 - 0]
C,=[0 - 0 0 ag,; 0 0 - 0
0 -0 0 0 a; O i
g, =54 =a5 =1 (25)

N; is the shape function of block i; K, and K are the
stiffness matrixes of the concrete and reinforcement,
respectively

K, = Zc(i)T” N(i)TL(Ci)TD(Ci)L(g)N(i)dsc(i)

(26)
s
_ N O [ NOTLOTDOLON D gsc)
K, => O [[NOITLITDOLIN gsc @
r SOF
N(i):[Nil Ni2] C(i):[cil _Ci2] (28)

Subscript i1, i2 in Eq. (28) represents the number of the
two rigid blocks relevant to the interface i.

3. Material models for concrete and reinforcement

3.1 Material model for concrete under compression



A modified RBSM for simulating the failure process of RC structures 223

G/fc /
o/
1/ 7
/:

E('()J7/ /

7/ Ee &=1.0
//1 £=0.5
y &=0

1.0 ‘c'%'f

Fig. 10 Stress-strain curve for concrete

The material model for concrete under compression
adopted herein is a modified uniaxial form of the 2D non-
linear elastic model proposed by Bernardi, Cerioni,
Michelini and Sirico (2015). The stress-strain curves shown
in Fig. 10 are adopted in this paper. The mathematical
expression is as follows

o _ §<g/gf)+(‘§_1)(5/‘9f)2 (
f, 1+(§—2)(g/5f)+(§(€/5f)2

where ¢ and ¢ are positive when the concrete is in the
compressive state; f. is the uniaxial compressive strength of
concrete; E is the initial elastic modulus of concrete;
e=2fJE is the concrete strain corresponding to the stress
f.; E=fle; is the secant modulus corresponding to the stress
f; & is a coefficient used to adjust the descending branch of
the stress-strain curve, which is set to 1.0 in this paper.

The concrete secant elastic modulus E. can be calculated
as a function of the non-linearity index g through the the
following equation

EcO
¢= E—j (29)

f

1 1
EczzEco_ﬂ(zEco_Efj"'

(30)

\/(1E°0 —ﬂ(lEcO —E, DZ +pEL (- 5)-1)

2 2

The non-linearity index g depends on the proximity of
the current stress point to its value at failure and can be
evaluated through the expression

p=7 o=yo+z (31)

c

where g, 7, are the normal and tangential spring forces of
concrete determined by Eq. (6), respectively.

Crushing occur when the non-linearity index g is equal
to or slightly greater than 1.0. The post-peak behaviour is
then governed by the following equation

E. :%Eco _ﬁ(%Eco - Ef)_
1 1 2 (32)
\/[EEw—/{EEco—EfD + T (EL-)-Y)

which is formally identical to Eq. (30), but has a negative
sign before the term under square root.
It has been experimentally observed that, in presence of

compressive stresses, concrete tends firstly to compact and
subsequently to expand after the appearance of micro
cracks. To reproduce this behaviour, Poisson’s ratio A is
expressed as a function of the non-linearity index and
properly adjusted during the analysis, according to Ottosen
(1980). In more detail, 1 is kept fixed until S reaches a limit
value B, equal to 0.8, and afterwards it is updated by
applying the following relation, representing a quarter of an
ellipse

G V(B8
A=A =4 =21 (1—ﬂaj (33)

where 4, indicates the initial value of Poisson coefficient
(assumed equal to 0.2), while A; represents its secant value
at peak (approximately equal to 0.36).

3.2 Material model for concrete under tension

The concrete under tension behaves linearly elastic up to
the tensile strength, then the stress-strain relationship
exhibits strain softening until cracking, as shown in Fig. 11.
The fracture energy can be introduced to define the
softening branch. Introducing the damage parameter w, the
tension softening curve is defined by (Saito and Hikosaka
1999)

o, =(1-w)E,s, (34)
where
0 (e<e,)
@= 1—“?‘exp{—’((gn —& )} (6>¢,) (35)
&n Ew

where &, is the normal strain of concrete determined by Eqg.
(5); e=f/Ey, and f; is the tensile strength. The damage
parameter « represents the degree of damage and varies
from 0 (no damage) up to 1 (complete damage). The
constant parameter x is set to 5. The ultimate strain &y,
where the stress is assumed to be zero, is approximately
calculated by the following equation

N .
Yo ft(h1+h2) 2E, (36)

where Gy is the fracture energy which represents the amount
of energy consumed to create a crack of one unit area. h;
and h, are the vertical distances from the centroids of
adjacent blocks to the interface.

w

& 85

Fig. 11 Stress-strain curve for concrete
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(b)

Fig. 12 Shear transferring model for concrete: (a) Mohr-
Coulomb criterion for shear spring; (b) shear softening
model for cracked interfaces

Poisson’s ratio A of concrete under tension is equal to Aq
until the tensile stress reaches the tensile strength, then it
turns to .

3.3 Shear transferring model for concrete after
cracking

Tangential spring ds represents the shear transferring
mechanism of concrete. The shear strength is assumed to
follow the Mohr-Coulomb type criterion with the tension
and compression caps, as shown in Fig. 12(a) (Saito and
Hikosaka 1999). That is

o, < f,
o, 2 f; (37)
‘TS‘ 2T
Where
_ C_O-ntan¢ (O'nZl//f;:)
e {C ~yfitang (o, <yf,) (38)

f. is the uniaxial compressive strength of concrete; f; is the
uniaxial tensile strength of concrete; ¢ and ¢ are the
cohesion and internal friction angle, respectively; y is a
constant parameter and equal to 0.5.

After the shear stress reaches the vyield strength, a
softening branch with the same softening rate as that of the
tension softening model is assumed (Saito and Hikosaka
1999), as shown in Fig. 12(b). That is

r.=1-o — E
c=L-0)Gr, G 20 7) (39)

where
0 (ys S7/0)

@= l—i"eXp{—K(n —70)}

(7 >70) (40)

-

& & &y

Fig. 13 Stress-strain relation for reinforcing steel

in which y; is the tangential strain of concrete determined by
Eq. (5), and yo=7:/G; o' represents the degree of damage as
the parameter ' of the tension softening model; y, is the
ultimate tangential strain of concrete, which is set to 4000u
in this paper.

The parameter y is introduced to take account of the
effect of concrete aggregate interlock, which is set to 1-w
and varies from 1 (no damage) down to O (complete
damage), but the constant parameter « is adjusted to 0.3 in
order to provide an approximation to the shear stiffness
reduction proposed by Aoyagi and Yamada (1983).

Finally, when cracks arise in concrete, the original
concrete stiffness matrix Eq. (8) is replaced by

o [ 0
C{O (l-a)’);(dj (41)

3.4 Material model for steel reinforcing bars

Steel bars are assumed to be an elastic-perfectly plastic
material model which is identical in tension and
compression. In the failure process of RC structures, the
intact concrete between the primary cracks carries part of
the resultant tensile force, resulting in the phenomenon
known as tension stiffening. Tension stiffening is
particularly significant in relatively lightly reinforced
members, where the actual stiffness may be several times
larger than the stiffness calculated on the basis of fully-
cracked cross-sections, where the tensile concrete is ignored
and only the embedded tensile reinforcement is taken into
consideration. In this paper, a 1-D constitutive model
proposed by Long, Zhou and Zhang (2007) is adopted to
account for the tension stiffening effect of RC members,
where tension stiffening is modeled by adjusting the
constitutive relationship for the tensile reinforcement. The
stress-strain curve for reinforcing steel is shown in Fig. 13,
and the secant modulus of reinforcement E; is represented
as a function of reinforcement strain

1E50 . ) (O <&, < st)
" E(Eso+,IE§0+4a12ffcr/522)——'0¥ (e <, <&y)
E,=—%= : P& &~ &y
& E(ESO +4E% +4a’ fszcr/gf) (gw <g, < gy)
fy/e, (‘Sy <gz)

n= ESU/ECO

a=.@0-d,)/@-d, +nd,) (42)

fscr :(1/p71+n)f1
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(a) Trianglar mesh n=24

Condition 2: P=60kN

Condition 1: q=10kN/m
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Elatstic modulus: 2.6x10* MPa

Poisson's ratio: 0.333 Omax 7°

Fig. 14 The adopted cantilever beam

where g, and ¢, are the axial stress and axial strain of the
steel bars, respectively; Eq is the initial elastic modulus of
reinforcement; ¢=f; /Ey is the crack initiation strain of
concrete, and &, is the ultimate strain of concrete, f, and ¢,
are the yield tensile strength and the corresponding strain of
the reinforcement, respectively; p is the average
reinforcement ratio on a single rigid block; d, is the
diameter of a steel bar.

3.5 Convergence procedure

In a nonlinear analysis carried out with a rigid body
spring model, the total load applied to the model is divided
into a series of load increments. At the completion of each
incremental solution, the stiffness matrix of the model is
adjusted to reflect nonlinear changes in structural stiffness
before proceeding to the next load increment.

The Newton-Raphson approach (Ozcan et al. 2009) is
adopted in this paper to update the model stiffness. Prior to
each solution, the Newton-Raphson approach accesses the
out-of-balance load vector, which is the difference between
the restoring forces (the loads corresponding to the element
stresses) and the applied loads. Subsequently, the program
carries out a linear solution using the out-of-balance loads
and checks for convergence. If convergence criteria are not
satisfied, the out-of-balance load vector is re-evaluated, the
stiffness matrix is updated, and a new solution is carried
out. The iterative procedure continues until the results
converge.

For all numerical models in this paper, the initial load
step Finitiar 1S chosen as 500 N, while the minimum load step
is Finitia/16. Convergence criterion is based on the out-of-
balance loads. The convergence is checked for each load
step against the following tolerance condition

Zinzl (ARik )2

3n

tolerance= <n (43)

ARK is the out-of-balance load vector of rigid blocks i in

the k th step, and n is the total number of blocks. The
tolerance limit # is set as 0.5% of the applied loads. To
make a compromise between efficiency and accuracy, a
maximum iteration number is usually set. This number is
here fixed as 200 iterations.

4. Presentation of studied cases

(b) Trianglar mesh n=500

(¢) Trianglar mesh n=1000

(d) Square mesh n=500

(e) Rectanglar mesh n=500

Fig. 15 Numerical models for the cantilever beam with
different mesh sizes and shapes: (a) triangular mesh (n=24);
(b) triangular mesh (n=500); (c) triangular mesh (n=1000);
(d) square mesh (n=500); (e)rectangular mesh (n=500)

Table 1 Results comparison between numerical models with
the same mesh shape (Triangular) and different block
numbers

Load condition 1 Load condition 2

Element
Number Vmax Omax Vinax Omax

(mm) Error (MPa) Error (mm) Error (MPa) Error
Analytic ) o6 o 1080 0 1992 0 1.080 0
solution
'\?ﬁfgk)a 1.446 3.30% 1.081 0.09% 1.900 4.60% 1.081 0.09%
'\(’r']ozd;o'o;’ 1519 1.54% 1.081 0.09% 2.008 0.77% 1.081 0.09%
Model. ¢ ; 575 1 8006 1.081 0.09% 2.015 1.16% 1.081 0.09%
(n=1000)

*Vimax » Omax are the maximum displacement at the cantilever
end and the maximum tensile stress at the anchorage end, as
shown in Fig. 14.

4.1Casel

In order to investigate the effects of mesh size and shape
on the numerical results in elastic analyses, a cantilever
beam as shown in Fig. 14 is studied. The elastic modulus E
is equal to 2.6x10* MPa and Poisson ratio 4 is 0.333. Two
loading conditions are chosen, namely uniform loading
(9=10 kN/m) and point loading (P=60 kN). The adopted
numerical models are shown in Fig. 15. Three comparative
numerical models with the same mesh shape (triangular
mesh) and different block numbers (respectively being
n=24, 500, 1000) are conducted to investigate the effect of
mesh size on the numerical results, then two additional
numerical models with the same block numbers (being
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Table 2 Results comparison between numerical models with
the same block number (n=500) and different mesh shapes

Load condition 1 Load condition 2

Element
shape Vimax Omax Vimax Omax
p (mm) Error (MPa) Error (mm) Error (MPa) Error
Analytic
solution 1496 0 1080 0 1992 0 1080 O
Model_ b 1.519 1.54% 1.081 0.09% 2.008 0.77% 1.081 0.09%
(Triangular)
Model. d 1.507 0.77% 1.081 0.09% 2.015 1.16% 1.081 0.09%
(square)
Model. e

0 0 0 0
(rectangular) 1.5121.03% 1.081 0.09% 2.015 1.16% 1.081 0.09%

P

| strain gauges for concrete

500 |50
strain gauges for the bottom steel bars

(@)

30 30

200

06X

200

o

L 06X21@100
-

—

‘a.

_'_Af>¢12><4

120

(b)
Fig. 16 (a) Details of beam geometry; (b) arrangement of
reinforcements (mm)

n=500) but different mesh shapes (respectively being square
and rectangular mesh) are conducted to investigate the
effect of mesh shape on numerical results. The numerical
results obtained are shown in Table 1 and Table 2. The
comparison result indicates that mesh size and shape have a
very limited influence on the maximum displacement at the
free end when the block number n is higher than 500, while
the calculation accuracy of maximum tensile stress at the
anchorage end is not affected by mesh size even when the
mesh size is larger.

4.2 Case 2

To further check the performance of the proposed
method in failure process analyses, a simply-supported RC
beam under two-point loading is adopted herein and
corresponding experiment is conducted. The tested beam
has a cross section of 200 mm by 120 mm with a clear span
of 2000 mm, and the arrangement of steel bars is shown in
Fig. 16(b). Loading and supporting arrangements are shown
in Fig. 16(a). The test equipment and the loading device are
shown in Fig. 17. The stepped loading mode is adopted, and
when the experimental load P reaches 10 kN, vertical cracks
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Fig. 18 Crack pattern obtained by experiment
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Fig. 19 Comparison between numerical and experimental
results

appear at the bottom of the beam. After that, vertical cracks
continue developing. When the load P reaches 45 kN,
obvious diagonal cracks are seen in the bending shear
regions. When the load P exceeds 90.4 kN, the beam fails
and the crack pattern is shown in Fig. 18. During the
loading process, the mid-section deflection are precisely
measured at every load increment of 5 kN by the dial gauge
at the mid-span until the load P reached its maximum, then
the load P is recorded at every displacement increment of
1.5 mm. The load-deflection curve is shown in Fig. 19. The
compressive strain of concrete and the tensile strain of the
bottom steel bars of mid-span cross-section are measured by
strain gauges in Fig. 16(a), and the load-strain responses are
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Fig. 20 Load-strain responses at mid-span cross-section
predicted by different methods

plotted in Figs. 20(a), (b), respectively.

Three rigid body spring models with different block
numbers (respectively being n=4000, 1470, 624) are
developed for the tested beam to investigate the effect of
mesh size on the numerical results in failure analyses, as
shown in Fig. 21. The material properties of the concrete
and reinforcement adopted in the model are listed in Table
3. The proposed convergence procedure is adopted to
approach the ultimate bearing capacity of the beam. The
final crack patterns and load-deflection responses from rigid
body spring models with different element numbers are

i i i

Table 3 Material properties adopted in rigid body spring
models
ft fc EcO c f EsO Gf
(MPa) (MPa) (GPa) (MPa) ¢ (MPa) (GPa) (N/m)
22 234 315 45 625° 420 195 100

*c, ¢ are determined according to the experiment conducted
by Cong et al. (2015).

Table 4 Constitutive parameters adopted in the concrete
damage plastic model

0 e oo/ fe Ke
38° 0.1 112 0.666

%a%4"4"!
A7 A WY NN A DA

*0 is the dilation angle; e is the flow potential eccentricity
of the plastic potential surface; fyo/ f. is the ratio of the
initial equibiaxial compressive yield stress to the initial
uniaxial compressive yield stress; K. is the ratio of the
second stress invariant on the tensile meridian to that on the
compressive meridian.

plotted in Fig. 22 and Fig. 23, respectively. The load-
deflection responses from the rigid body spring model
(n=1470) are compared with the experimental result in Fig.
19. The concrete compressive strain ¢, of the interface 1939
in Fig. 21(a) is presented in Fig. 20(a), and the reinforcement
tensile strain &, of the interface 626 in Fig. 21(a)
presented in Fig. 20(b).

For comparison, a finite element model (FEM) is
developed for the tested beam using the ABAQUS program.
ABAQUS has been widely used in both engineering and
academic areas to predict complicated behavior of RC
structures with high credibility (Jankowiak and Lodygowski
2005). In the present work, eight-node solid elements
(C3D8R) are used to model the concrete, and internal
reinforcement is modeled by 3D truss elements (T3D2).
The FEM model consists of 2115 nodes, 1986 concrete
elements and 546 reinforcement elements, as shown in Fig.
24. The concrete damage plasticity model is adopted to
simulate the complete inelastic behavior of concrete in
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Fig. 21 Rigid body spring models with different block numbers: (a) block number n=1470; (b) block
number n=4000; (c) block number n=624
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compression and tension, and the constitutive parameters
are determined according to Jankowiak and Lodygowski
(2005), and are summarized in Table 4. Steel bars are
assumed to be an elastic-perfectly plastic material model
which is identical in tension and compression, and perfect
bond between the concrete and internal reinforcement is
assumed. Basic material properties for the concrete and
steel reinforcement are listed in Table 3. The load-deflection
response of the tested beam predicted by FEM is plotted
with the RBSM and experimental results in Fig. 19. The
concrete compressive strain ¢, of element 1470 in Fig. 24 is
presented in Fig. 19(a), and the reinforcement tensile strain
&, of element 120 in Fig. 24 is presented in Fig. 19(b).

The ultimate loads and load-deflection curves of the
tested beam predicted by the proposed method, experiment
and FEM are close to each other as shown in Fig. 19. The
mesh size of rigid body spring models has slight influence
on the numerical results when the block number is larger
than 1470, as shown in Fig. 23.

Figs. 18 and 22 show that the crack characteristics of the
tested beam, such as the location, height, dip angle and
development trend, predicted by the proposed method are in
good agreement with the experimental results, but the mesh

numerical crack spacing. Numerical crack spacing reported
in Fig. 22 is indeed much narrower than that of
experimental results. One possible cause is that perfect
bond between the concrete and steel reinforcing is assumed
in numerical simulations, but the assumption would not be
true for the tested beam.

Figs. 20(a)-(b) show that the reinforcement strains and
concrete compressive strains obtained from three different
methods are in good agreement.

5. Conclusions

This paper presents a modified rigid body spring method
for simulating the failure process of reinforced concrete
structures. The mesh sensitivity and effectiveness of the
proposed method are firstly verified by elastic analyses on a
cantilever beam under different loading conditions, then the
method is applied to analyze the failure process of a RC
beam under two-point loading. As confirmed by
comparisons with the experimental data and FEM results, it
can be concluded that:

* Mesh size and mesh shape have limited influence on

numerical results in both elastic and nonlinear analyses

when the block number of rigid body spring models is
higher than 1470, and the proposed method has high
accuracy for the calculation of element stress even when
the mesh size is larger. Mesh sizes of rigid body spring
models have some impact on numerical crack spacing,
and one possible cause is that perfect bond between the
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concrete and steel bars is assumed in numerical
simulations, but the assumption would not be true for
the tested beam.

» The proposed method can successfully predict the
load-deflection response, ultimate strengths, cracking
patterns of reinforced concrete components, and is able
to provide some physical characteristics of cracks, such
as the location, height, dip angle and development trend,
which makes it a feasible and competitive method in
simulating the failure process of RC structures.
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