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1. Introduction 
 

Concrete is one of the most widely used construction 

material. It has good compressive strength, durability, fire 

resistance and can be cast to fit any structural shape. Shear 

failure of concrete is a common mode of failure in civil 

engineering infrastructure. Therefore, the shear fracturing 

behavior of concrete under mixed mode loading needs to be 

studied in structural members made of concrete. Shear 

failure in concrete has been studied extensively due to the 

complexity of shear fracturing behavior. Similar to other 

types of brittle materials like rocks, failure of concrete 

specimens subjected to compression typically involves 

initiation of tensile (wing) cracks. Because shear fractures 

are primarily observed in brittle materials, better 

understanding of the shear behavior of concrete and limiting 

the occurrence of shear cracks may result in development of 

more ductile concrete (ACI 2008a). There are different 

types of specimen geometries and testing procedures which 

can be used to study shear behavior under different loading 

conditions (Mirsayah and Banthia 2002, ASTM 2002, 

Fortino and Bilotta 2004, Barragán et al. 2006, Deokar and 

Wakchaure 2011,  Sarfarazi et al. 2016, Haeri 2015, Haeri 

and Sarfarazi 2016a, 2016b, 2016c, Haeri et al. 2016d). The 

tests of Brazilian discs and four bending beam specimens 

are mostly used to determine the shear strength of concrete 

(Ayatollahi and Aliha 2008, Wang 2010, Dai et al. 2010, Dai 

et al. 2011, Ayatollahi and Sistaninia 2011, Yang et al. 2011, 

Zhang and Wong 2012, Zhang and Wong 2013, Ning et al.  
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2015, Weihua et al. 2015, Yang 2015, Gerges et al. 2015, 

Panaghi et al. 2015, Zhao 2015, Xiang et al. 2015, Tang 

2015, Haeri and Sarfarazi 2016a, Sarfarazi et al. 2016b, 

Sardemir 2016).  

Kaplan (1961) investigated notched concrete beams 

using linear elastic fracture mechanics (LEFM) under three- 

and four-point bending configuration in both concrete and 

rock materials. Based on non-linear fracture mechanics 

theory, different models for predicting the fracture behavior 

of concrete are proposed. Examples of such modes are: (a) 

the Fictitious Crack Model (FC-Model) (Hillerborg 1980); 

(b) the Crack Band Model (Bazant and Oh 1983, Chuang 

and Mai 1998); and (c) the Two Parameter Model (Jenq and 

Shah 1985). 

Ozcebe et al. (2011) developed a methodological 

approach to study the breakage of T-shape beams and 

similarly Ruiz and Carmona (2006) studied the effect of the 

shape of the crack propagation on rectangular and T-shape 

beams. Ruiz et al. (2006b) theoretically analyzed the crack 

initiation and propagation in the head of the beam. Savilahti 

et al. (1990) carried out direct shear tests on specimens of 

jointed plaster material containing non-overlapped and 

overlapped joints. Wong et al. (2001) conducted direct 

shear tests on specimens made of plaster and natural rocks 

containing open non-persistent joints to investigate the 

shear strength and breakage. According to their findings, 

breakage patterns of the specimens are mainly occurred due 

to joint separation and affected the shear strength of the 

specimen. Also, Gehle and Kutter (2003) studied the 

breakage and shear behavior of intermittent rock joints 

under direct shear loading conditions. The shear resistance 

of pre-cracked rock specimens was found to be controlled 

by the crack inclination.  

Many experimental and theoretical studies have also  
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Table 1 Mix design and mechanical properties of the concrete 

specimens 

Ingredients ratio (%) Mechanical properties 

PPC Fine sand water UCS (MPa) 
Fracture toughness 

(MPa m1/2) 

Modulus of 

elasticity (GPa) 
Poisson’s ratio 

44.5 22.5 33 28 0.3 17 0.21 

 

 
(a) 

 
(b) 

Fig. 1 The process of specimen preparation and laboratory 

test: (a) A typical mold for concrete-like specimens (b) 

Experimental set up for concrete specimens simulating the 

shear action using uniaxial compression 

 

 

been devoted to study the shear behavior in concrete 

specimens under mixed mode loading (Wu et al. 2006, Sun 

and Kuchma 2007, Munikrishna 2008, Yang et al. 2011). 

In this study, the shear fracturing behavior of concrete 

specimens is investigated experimentally using specially 

made specimens (using a proper mixture of PPC, fine sands 

and water). All specimens are tested to failure by subjecting 

the specimen to uniaxial compression to study the shear 

behavior of specially made concrete specimens. Using a 

modified high order displacement discontinuity code, 

numerical simulations of concrete specimens and fracturing 

patterns are conducted as well. This modified code uses a 

cubic variation of displacement discontinuities along each 

boundary element containing four equal sub-elements. The 

Linear Elastic Fracture Mechanics (LEFM) theory (by 

computing the Mode I and Mode II stress intensity factors 

(SIFs)) and -criterion have been implemented in the 

modified code to predict the crack initiation and 

propagation paths. Results of the numerical analysis are 

then compared with experiments, indicating a great 

agreement between the two methods. Using the 

experimental results, the numerical simulations are 

validated and the accuracy and effectiveness of the 

proposed study of the concrete breaking process under 

different loading conditions is confirmed.  

 

 

2. Experimental studies 
 

In this study, concrete specimens with different  

  
(a) model A (b) model B 

  
(c) model C (d) model D 

Fig. 2 concrete specimens showing different model 

geometries for numerical simulation of shearing failure in 

concrete 

 

 

Fig. 3 Load-strain curve for concrete specimens with 

different geometric models (a) model A (b) model B; (c) 

model C; (d) model D 

 

 

geometries are subjected to compression to investigate the 

mechanisms resulting in initiation and propagation of shear 

fractures in the specimens. Such tests provide mixed mode 

I/II conditions resulting in the shear failure of specimens. 

The following section describes the specimen preparation 

procedure and the experimental setup. 

 

2.1 Concrete specimen preparation and its 
mechanical properties 
 

The specimens of quasi-brittle materials (like concrete) 

with different geometries A mixture of Portland Pozzolana 

cement (PPC), fine sands and water is commonly used as a 

quasi-brittle material and a good synthetic material with 

similar behavior to concrete.  Table 1 gives the ingredient 

ratios (%) and mechanical properties of the prepared intact 

concrete like specimens tested in the laboratory. The 

materials tested at this stage were intact with no 

cracks/fractures.  
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Table 2 Wing crack initiation loads and the final breakage 

load for four models, A, B, C, D 

 

 

In the laboratory, various types of the specially prepared 

specimens were tested to study the shear behavior and crack 

propagation mechanisms. A mold made of wood as shown in 

Fig. 1(a) was used to make the concrete like specimens. A 

mixture of PPC, fine sand and water was poured in the mold 

as shown in Fig. 1(a). The mold is then removed and the 

specimen is cured for testing after 28 days. Similar specimens 

but different geometries were prepared and tested using the 

uniaxial compression machine shown in Fig. 1(b) to subject 

the specimens into shear failure. The compressive load was 

applied at a constant loading rate of 0.5 MPa/s during the 

tests. 
 

 

3. load-strain analysis of concrete specimens 
 

The load-strain analysis of the specimens with different 

geometries is of paramount important to study of the shear 

behavior. 

Fig. 3 shows the load-strain curves for four specimen 

models, A, B, C, and D. The wing cracks were observed at 

the load levels of 800-2500 N and continued to grow until 

the failure point in the specimens. The final failure loads of 

the four models are tabulated in Table 2. As shown in the 

Table 3, the loads of the specimens at different stages of 

crack propagation process are increasing for models A to D, 

respectively. The lowest value of load is for the case A. 

Four specimen geometries were studied and are shown 

in Fig. 2.   
 

 

4. Shear fracturing behavior of concrete specimens  
 

Shear experiments were carried out on the concrete 

specimens with the application of the compression load to 

study the crack initiation, propagation, and fracturing 

behavior of concrete specimens. 

In these experimental shear tests, the tensile cracks are 

immediately initiated (Fig. 4). The development of wing 

cracks may be the main cause of the breakage paths in these 

concrete specimens.  

In the model A (Fig. 4(a)), the tensile cracks initiate at 

the tip of the edges (T1, T2, T3 and T4) and propagate in a 

straight path and then the specimen failed due to two 

breakage paths of the propagating cracks from the tips of 

upper/and lower edges in two specimen sides.  
In both models B and C (Fig. 4(b) and 4(c)), the tensile 

cracks were initiated at the four edges and propagated in a 
curved path and then the specimen failed due to two 
breakage paths of the propagating cracks from the 
upper/and lower edges in two specimen sides.  

  

(a) model A (b) model B 

  
(c) model C (d) model D 

Fig. 4 fracture patterns in concrete specimens with different 

geometry models 

 

 

In contrast to above cases, in model D (Fig. 4(d)), the 

tensile cracks were not propagated from the edges but 

propagated in a direction (approximately) vertical to the 

direction of compressive line load. The specimen failed due 

to the indirect tensile effect (axial splitting) like the cubic 

specimen in a conventional uniaxial compression test.  

 

 

5. Numerical simulation of fracturing patterns in 
concrete specimens 
 

The displacement discontinuity method (DDM) as a 

boundary element method (BEM) is used for numerical 

simulation of fractures in the concrete specimens. The code 

employs a higher order displacement discontinuities variation 

along each boundary elements in a two dimensional 

elastostatic body (Crouch 1976a, Crouch and Starfield 1983, 

Marji et al. 2006). It has been shown that the higher order 

displacement discontinuity method gives an accurate solution 

of normal displacement discontinuity (crack opening 

displacement) and shear displacement discontinuity (crack 

sliding displacement) near the crack ends (Marji et al. 2006, 

2009). 
The Mode I and Mode II stress intensity factors (SIFs) 

can be formulated based on these discontinuities using the 
Linear Elastic Fracture Mechanics (LEFM) principles (Irwin 
1957). In this method, special crack tip elements can be used 
to account for the singularities in the stress and displacement 
fields near the crack tips. This method also eliminates the 
need for boundary meshes (elements) as the two sides of the 
line cracks are simultaneously discretized with similar 
boundary conditions. 
 

5.1 Higher order displacement discontinuity method 

(HODDM)  
 

The displacement discontinuities along the boundary of 

the problem can be achieved more accurately by using higher  

Specimen type Wing crack initiation load (N) Failure load (N) 

Model A 800 1500 

Model B 1010 1650 

Model C 1600 2140 

Model D 2500 4780 
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Fig. 5(a) Cubic collocations for the DD variation, (b) the 

widespread displacement discontinuity variable u𝜺 and 

Constant element displacement discontinuity 

 

 

order displacement discontinuity (HODD) elements (e.g., 

quadratic or cubic HODD elements) in the solution of 

cracked elastostatic bodies. This method is basically a 

special version of the dual BEM originally proposed by 

Hong and Chen (1998a), (1998b), and Chen and Hong 

(1999). 

In the present method, a cubic (DD) element (Dk(ε)) is 

divided into four equal sub-elements and each sub-element 

contains a central node for which the nodal displacement 

discontinuity (DD) is evaluated numerically (the opening 

displacement discontinuity Dy and sliding displacement 

discontinuity Dx) (Fig. 5(a)). 
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Where )..( 111

yxk DandDeiD , )..( 222

yxk DandDeiD , 

)..( 333

yxk DandDeiD  and )..( 444

yxk DandDeiD  are the cubic 

nodal displacement discontinuities.  

Dx and Dy can be calculated by taking the ux and uy 

components of the widespread displacement discontinuity 

u𝜺, in the interval (-a, +a) as shown in Fig. 5(b), two DD 

element surfaces can be recognized, one on the positive side 

of y (y=0+) and the other on the negative side (y=0-). 

Therefore the fundamental variables Dx and Dy can be 

written as (Marji et al. 2007) 
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are the cubic collocation shape functions using a1=a2=a3=a4. 

A cubic element has 4 nodes, which are the centers of its four  

 

Fig. 6 A special crack tip element with three equal sub-

elements 

 

 

sub-elements as shown in Fig.  

Since stress and displacement singularities at the crack 

ends may reduce the computational accuracy, special crack 

tip elements are used to increase the accuracy of the DDs 

near the crack tips (Marji et al. 2006). As shown in Fig. 6, 

the DD variation for three nodes can be formulated using a 

special crack tip element containing three nodes (or having 

three special crack tip sub-elements). 

yxkaD

aDaDD

kC

kCkCk

,),()]([

)()]([)()]([)(

3

3

2

2

1

1








 (4) 

where, the crack tip element has a length a1=a2=a3.  

Considering a crack tip element with the three equal sub-

elements (a1=a2=a3), the shape functions ΓC1(ε), ΓC2(ε), and 

ΓC3(ε) can be written as 
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Considering a body of arbitrary shape with a crack of 

arbitrary size, subjected to arbitrary tensile and shear 

loadings (i.e., the mixed mode loading I and II), the details 

of the derivation of stresses and displacements near the 

crack tip can find in the related text books (Crouch and 

Starfield 1983, Aliabadi 1998). For the displacement 

discontinuity method used here, the following formulations 

are suitable 
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Where, KI and KII are the stress intensity factors in mode  
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(a) model A (b) model B 

  
(c) model C (d) model D 

Fig. 7 Numerical simulation of crack propagation paths for 

the concrete specimens with different geometry models (a) 

model A (b) model B; (c) model C; (d) model D 

 

 

I mode II respectively; )]1(2/[   E  is the shear 

modulus; E is young’s modulus; ν is Poisson’s ratio of the 

brittle material; λ=(3-4ν) for plane strain condition; and λ=(3-

ν)/(1+ν) for plane stress condition and r and θ are defined in 

Fig. 6.  
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Based on the linear elastic fracture mechanics (LEFM) 

principles, the Mode I and Mode II stress intensity factors KI 

and KII, (expressed in MPa m
1/2

) can be written in terms of 

the normal and shear displacement discontinuities obtained 

for the last special crack tip element as (Shou and Crouch 

1995) 
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where μ is the shear modulus and ν is Poisson’s ratio of the 

brittle material. 

5.2 Numerical simulations  
 

Because of the symmetry in the specimens, loading, and 

the observed fracture pattern, the numerical simulations were 

done in 2D using a two-dimensional higher order 

displacement discontinuity method explained above. This 

numerical analysis is based on the two dimensional plain 

strain conditions, commonly used for numerical simulations.  

Cubic elements formulation of displacement 

discontinuities along with three special crack tip elements is 

used. A cubic distribution of displacement discontinuities is 

assumed along each boundary element with only two 

degrees of freedom. Although using three special elements 

for the treatment of each crack tip is somewhat complicated 

but it will highly increase the accuracy of the displacement 

discontinuity variations near these singular ends. 

The Linear Elastic Fracture Mechanics (LEFM) theory 

is used to calculate the stress intensity factors (SIFs) and -

criterion is also implemented in the computer code to 

predict the possibility of shear crack propagation path. 

The crack propagation paths are estimated by using a 

standard iterative. In the present analyses, to investigate the 

crack propagation and shear phenomenon, the concrete 

specimens are studied under compression loading. The 

crack propagation path has been estimated by the proposed 

method. In this iterative method, the cubic displacement 

discontinuity elements give accurate results for the Mode I 

and Mode II stress intensity factors. 

The same concrete specimens (studied experimentally in 

section 4) are also numerically modeled by the modified 

HODDM code. The HODDM code has the potential of 

predicting the shear cracks and specimen breakage due to 

crack propagation. 

The concrete specimens (shown in Figs. 4(a)-(d)) were 

modeled by the indirect boundary element method and the 

crack propagation paths are graphically shown in Figs. 7(a)-

(d). In the present numerical simulations, the Mode I and 

Mode II stress intensity factors (SIFs) proposed by Irwin 

(1957) are estimated based on LEFM approach. A boundary 

element code is provided using the maximum tangential 

stress criterion given by Erdogan and Sih (1963) in a 

stepwise procedure to predict the propagation paths for the 

wing cracks. As shown in Figs. 7(a)-(d), the simulated 

fracture paths are in good agreements with the corresponding 

experimental results. 

 

 

6. Conclusions 
 

The mechanism of crack propagation in concrete 

specimens under shear loading has been studied by a 

coupled experimental and numerical approach.  

Shear tests were conducted on concrete specimens with 

four different geometries. These specimens were subjected 

to compressional load and failed under indirect shear 

loading condition. The experimental results were analyzed 

to evaluate the shear behavior of concrete specimens with 

different geometries. It has been shown that the shear 

fracturing of specimens occur mainly by the propagation of 

wing cracks emanating from the edges of the specimen. 
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The modified higher order displacement discontinuity 

code (HDDM code) was employed to simulate the 

experimental results and specially the fracturing pattern in 

the specimens. The numerical models captured well the 

shear behavior of the specimen and the cracks propagation 

paths. The proposed method can be used in a vast variety of 

geomechanical projects in various engineering and 

bioengineering fields dealing with fracturing of solids and 

porous materials in continuum and discontinuous 

mechanics. 

It can be concluded that in models A, B and C, the 

cracks are initiated from the edges of specimens, but for 

model D, the cracks are not initiated from the edges and the 

specimen is failed due to the appearance of a single 

fracturing surface. 

In this study, it has been shown that there is a good 

agreement between the corresponding numerical and 

experimental results which enables one to clearly 

understand the fracturing mechanism of concrete 

specimens. The experiments and numerical simulations 

carried out in this study can contribute to a safer design of 

concrete structures. 
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