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1. Introduction 
 

It is difficult to accurately evaluate the fire-resisting 

performance of RC column members exposed to fire due to 

complica ted tempera ture distr ibutions,  mater ia l 

nonlinearities, slenderness effect, and loss of cross-section 

caused by fire damage including spalling (Han et al. 2009, 

Rodrigues et al. 2010, Raut and Kodur 2011, Kodur et al. 

2013, Tan and Tang 2004). In the authors’ previous study 

(Kang et al. 2017), a detailed fire performance evaluation 

method of RC columns exposed to the standard fire 

(ISO834 1999) was proposed based on the axial force-

flexural moment (P-M) interaction curve approach, in 

which the effect of the secondary moment (P-δ effect) 

exposed to fire was considered in a reasonable manner. In 

the proposed detailed P-M interaction, the axial strengths of 

the RC columns were limited by Rankine load to consider 

the uncertainties in their strength degradation due to 

unexpected loads, construction errors, etc (Rankine 1908). 

The detailed P-M interaction curve model, however, 

requires quite a complex computational procedure and 

iterative calculations, and thus, it is difficult to be used for  
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practical design purpose. In this study, a simplified P-M 

interaction curve model was proposed for an easy 

application in the practical design of RC columns against 

fire, and its accuracy was also verified in detail by 

comparing analysis results with test results collected from 

literature (Wang et al. 2012, Yeo 2012, Tan and Yao 2003, 

Lie and Woolerton 1988). 

 

 

2. Simplified model 
 

As shown in Fig. 1, Choi et al. (2006) simplified the P-

M interaction curve of a concrete-filled tube (CFT) column 

at an ambient temperature using a bilinear curve with a 

balanced failure point. To apply this approach to slender RC 

columns, the secondary moment effect needs to be 

considered in the analysis. In particular, for RC columns 

exposed to fire, the slenderness effect (so-called P-δ effect) 

is more significant than that at a room temperature because 

of the cross-section loss caused by the fire damage. Thus, 

the secondary moment effect should be considered in the 

fire resistance design of RC columns (Kang et al. 2017, Yeo 

2012). This study, therefore, aimed at deriving a simplified 

P-M interaction curve model considering the effects of 

secondary moment as well as the fire damage so that it can 

be utilized in the practical fire resistance design of RC 

columns. 

 

2.1 Proposed simplified method 
 

In the simplified P-M interaction curve model of a  
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Fig. 1 Normalized P-M interaction curve of column 

(Choi et al. 2006) 

 

 

Fig. 2 Concept of proposed simplified approach 

 

 

concrete-filled tube (CFT) column at an ambient 

temperature shown in Fig. 1 (Choi et al. 2006), the balanced 

failure point was expressed by two coefficients, α and β. By 

utilizing these coefficients, the simplified P-M interaction 

curve of a RC column exposed to fire can be also 

mathematically expressed, as follows 
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where α and β are the maximum flexural strength at the 

balanced failure (Mb) normalized by the flexural strength of 

the column without axial forces (M0) and the axial 

compressive strength at the balanced failure (Pb) 

normalized by the axial capacity of a concentrically-loaded 

column (P0), respectively, and Pu and Mu 
are applied axial 

loads and moments, respectively. The coefficients α and β in 

Eq. (1) can be obtained from parametric analyses 

considering the major influential factors (Choi et al. 2006, 

Choi et al. 2008). 

As explained in the previous study (Kang et al. 2017), 

the shape of the P-M interaction curve of an RC column 

significantly varies depending on the effective slenderness 

ratio and the fire exposure time, i.e., the fire damage. Fig. 

2(a) shows the P-M interaction curves of typical RC 

columns according to the effective slenderness ratios and 

the fire exposure time. As shown in Fig. 2(b) and (c), the 

interaction curves can be divided into two types depending 

on the shapes of the curves. For a column member with a 

low slenderness ratio and a short fire exposure time, as 

shown in Fig. 2(b), its P-M curve shape remains basically 

similar to that at an ambient temperature condition, but its 

area inside the curve (or curve size) reduces. In addition, the 

ultimate axial capacity of a concentrically-loaded column 

limited by Rankine load (PR) is still larger than the axial 

compressive strength at the balanced failure (Pb), i.e., 

PR>Pb. In contrast, for a column member with a high 

slenderness ratio and a long fire exposure time, as shown in 

Fig. 2(c), its flexural strength drastically decreases, and its 

curve shape almost turns into a trapezoid, at which 
RP  is 

typically lower than Pb, i.e., PR<Pb. In short, the shape of 

the P-M interaction curve can be classified into two types 

depending on the relative magnitude of Pb and PR. The 

ultimate axial capacity of a concentrically-loaded column 

limited by Rankine load (PR) can be calculated (Kang et al. 

2017, Yao and Tan 2009, Hu et al. 2015, Tan and Tang 

2004, Yao et al. 2008), as follows 
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where Pε is Euler’s buckling load, kL is the effective length 

of the column, and (EI)eff is the effective flexural stiffness of 

the column.  
As shown in Fig. 2(b) and (c), the simplified bilinear P-

M interaction curve can be fully defined by three points: A, 
B, and C. The points A and C are the axial capacity of a 
concentrically-loaded column (P0) without moments and the 
flexural moment capacity of an RC column without axial 
loads (M0), respectively. These values can be easily 
estimated based on the 500°C isotherm method as explained 
in the authors’ previous study (Kang et al. 2017) and the 
Appendix A of this study as well. Point B is the balanced 
point, and the simplified P-M interaction curve can be 
drawn by connecting the points A, B, and C. The shape of 
the P-M interaction curve thus depends on the position of 
the point B. Any combinations of an axial load (P) and a 
moment (M) included in the area inside the original P-M 
interaction curve can be resisted by the RC column without 
failure and thus can be selected for the fire resistance 
design. Thus, as the simplified P-M interaction curve 
includes more of the area inside the original P-M curve, the 
accuracy of the simplified P-M interaction curve can be 
increased. In this study, the point B is determined 
depending on the relative magnitude of the axial strength 
limited by Rankine load (PR) and that at a balanced failure 
point (Pb). As shown in Fig. 2(b), when the axial strength 
limited by Rankine load (PR) is greater than the axial 
strength at a balanced failure point (Pb), i.e., PR>Pb, the 
flexural moment capacity of the RC column exposed to fire  
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(a) PR>Pb(=βP0) 

 
(b) PR≤Pb(=βP0) 

Fig. 3 Proposed simplified approach considering 

secondary moment effect 
 
 

at a balanced failure point (Mb) is taken as the point B. Also, 
as shown in Fig. 2(c), when PR≤Pb, the maximum flexural 
capacity of the column section at Rankine load (MR) is 
defined as the point B. 

Fig. 3 shows the P-M interaction curve normalized by 

the axial strength limited by Rankine load (PR) and the 

flexural strength of the column without axial forces (M0), in 

which the idealized balanced failure point (i.e., point B) was 

expressed using coefficients α2 and β2. Thus, when Pr>Pb 

(=βP0), the normalized P-M interaction curve can be 

expressed, as follows 
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(3b) 

Also, when PR≤Pb(=βP0), the normalized P-M 

interaction curve can also be expressed, as follows 
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where α2 and β2 are the coefficients for the balanced failure 

point in the normalized P-M interaction curve. The 

coefficients α2 and β2 as well as α and β can be determined  

 

(a) Wind speed profile 

 
(b) Effect of longitudinal reinforcement ratio 

 
(c) Effect of compressive strength of concrete 

 
(d) Effect of yield strength of steel 

Fig. 4 Parametric study of detailed analysis model with 

various influential factors 

 

 

from regression analysis based on parametric study results 

as explained in the following section. 

 
2.2 Parametric study to determine the balanced point 

factors 
 

As afore-mentioned, the coefficient α is the maximum 

flexural strength at the balanced failure normalized by the 

flexural strength of the column without axial forces 

(Mb/M0), and β is the axial compressive strength at the 

balanced failure normalized by the axial capacity of a 

concentrically-loaded column (Pb/P0). In this study, 

parametric studies were performed to determine the factors 

α and β, where the key variables were the area of gross  
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(a) Distribution of α 

 
(b) Distribution of β 

Fig. 5 Parametric study results for determination of α and β 

 

 

Fig. 6 Reinforcement arrangement factor (γ) for various 

reinforcement details 

 

 
section (Ag), the longitudinal tension reinforcement ratio 

(ρs=As/bd), the compressive strength of concrete at an 

ambient temperature (fck), and the yield strength of the 

reinforcement (fy). The parametric study conducted in this 

study included most of the column cross-sectional details 

that have been frequently used in practice. The range of the 

cross-sectional height (h) considered in the parametric 

analyses were from 300 mm to 1000 mm, the reinforcement 

ratio (ρs) ranged from 1.0% to 4.0%, the compressive 

strength of concrete (fck) ranged from 20 MPa to 50 MPa, 

and the yield strength of reinforcement at an ambient 

temperature (fy) ranged from 300 MPa to 500 MPa. 

Fig. 4 shows the analysis results of the parametric study 

using the detailed P-M interaction model proposed in the 

authors’ previous study (Kang et al. 2017) against the 

aforementioned key influential factors. As the tension 

reinforcement ratio (ρs) and the yield strength of the 

reinforcement (fy) increase, α values show a decreasing 

trend. This is because, as the reinforcement ratio (ρs) and 

the yield strength of the reinforcement (fy) increase, the 

flexural strengths of RC sections are typically governed by 

the compression-controlled behavior, and thus the balanced 

points move downwards and inwards. In addition, the β 

values also tend to decrease as the reinforcement ratio (ρs)  

 
(a) Approximation of α with detail analysis results 

 
(b) Approximation of β with detail analysis results 

Fig. 7 Determination of α and β as linear functions based on 

parametric analysis results 

 

 

and the yield strength of the reinforcement (fy) increase. 

This means that, as the reinforcement ratio (ρs) and the yield 

strength of the reinforcement (fy) increase, the axial capacity 

of a concentrically-loaded column (P0) increases 

significantly, and thus the difference between Pb and 
0P  

increases. Based on the analysis results, the axial strength 

ratio of the reinforcement to the concrete in a RC section, 

ks(=Asfy/Agfck), was introduced. This strength ratio (ks) is 

identical to the tension reinforcement index, ωs(ωz=ρsfy/fck), 

which is one of the indicators of the reinforcing degree in 

flexure. As shown in Fig. 5, the strength ratio (κs) shows a 

strong correlation with the coefficients α and β. In 

particular, α values showed a linearly proportional relation 

with the inverse of κs, and β values showed a linear 

inversely proportional relationship with κs. In addition to 

the tension reinforcement ratio (ρs), the flexural strength of 

RC section and the shape of the P-M interaction curve are 

significantly affected by the details of reinforcement 

arrangement (Johnson 2008). Thus, the reinforcement 

arrangement factor (γ) was introduced in this study, which is 

the ratio between the sectional area of the extreme tension 

reinforcement to that of the total reinforcement provided in 

the RC section. Fig. 6 shows how the values of the 

coefficient γ can be determined on the RC sections with 

various reinforcement details. 

Based on the parametric analysis results, the coefficients 

α and β were derived as simple forms of linear equations, in 

which the reinforcement arrangement factor (γ) was  
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Fig. 8 Determination of α2 as linear functions based on 

parametric analysis results 

 

 

included only in the coefficient α because the γ factor 

affects the flexural strength only. As shown in Fig. 7(a) and 

(b), α was determined in a conservative manner while β was 

obtained in an average sense. The coefficients α and β 

derived from the regression analysis are, as follows 
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(5b) 

The coefficients α2 and β2 define the intermediate point 

of the simplified P-M interaction curve for the RC column 

exposed to fire considering the secondary moment proposed 

in this study. Since β is Pb/P0 and β2 is Pb/PR, β2 can be 

estimated by multiplying β with P0/PR. In addition, since α2 

indicates the flexural moment strength of the P-M 

interaction curve considering the secondary moment, the 

slenderness ratio (λs=kL/r) also needs to be considered 

additionally in determining the coefficient α2 with the 

variables used in determining the coefficient α. The flexural 

moment strength decreases with an increase in the 

slenderness ratio (λs), and thus, λs was placed to the 

denominator of γAgfck/Asfy in Eq. (5a). As shown in Fig. 8, α2 

showed a proportional relationship with γAgfck/Asfyλs. For a 

conservative estimation, in this study, α2 was determined, as 

follows 
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and, as afore-mentioned, β2 can be calculated, as follows 
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Fig. 9 shows the computational procedures for drawing 

the simplified P-M interaction curve of an RC column 

exposed to fire. In addition, Appendix shows the step-by-

step calculation process of the P-M interaction curve of an 

RC column member exposed to fire using the simplified  

 

Fig. 9 Computational procedures for estimation of 

simplified P-M interaction curve 

 

 

method. By plotting the simplified P-M interaction curve 

for different fire exposure times (t) according to the 

procedure proposed in Fig. 9, all the maximum load 

combinations (P and M) at a required fire-resisting time can 

be estimated or the fire-resisting time of an RC member 

subjected to a specific load combination (P and M) can be 

also estimated without complex fire behavior analysis. In 

other words, if an engineer estimates the axial load ratio at 

an ambient temperature (Pu/P0), which is commonly 

determined in the structural design process of a column at 

an ambient temperature, the fire-resisting performance of 

the column can be easily evaluated without any complex 

calculation. 

 

2.3 Limitations 
 

This study focused on the fire-resisting performance of 

RC columns with a rectangular cross-section exposed to fire 

on four sides of the member. As afore-mentioned, a wide 

range of the key variables, which may cover most cases 

used in practice, were considered in the parametric analyses 

that was performed to determine the important values for 

the simplified P-M interaction curve of RC columns 

exposed to fire. However, it should be noted that only the 

columns with a cover thickness greater than 40 mm were 

considered in this study according to the requirement on the 

minimum cover thickness of RC columns specified in the 

current design code (ACI318-11 2011). 

 
 
3. Verification 
 

To verify the simplified P-M interaction curve proposed  
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Table 1 Summary of dimensions and material properties of 

collected specimens 

Investigator(s) 
Number of 

specimen 

b or h 

(mm) 

ρs 

(%) 

L 

(m) 

fck

 

(MPa) 
fy

 

(MPa) 

cc

 

(mm) 

e
 

(mm) 

Pu

 

(MPa) 

t
 

(min) 

Yeo (2012) 3 
250 to 

350 

2.5 to 

4.95 
3 24 400 61 0 

1225 to 

1837 

170 to 

210 

Tan and Yao (2003) 39 
200 to 

300 

2.1 to 

3.1 

3.8 to 

5.8 

24.1 to 

42.3 

418 to 

544 

30 to 

38 

0 to 

150 

122 to 

1695 

31 to 

160 

Lie and Woolerton 

(1988) 
24 

203 to 

406 

2.2 to 

4.4 
3.8 

34.2 to 

52.9 

414 to 

444 

48 to 

64 
0 to 44 

169 to 

2978 

146 to 

285 

 

 

(a) Lie and Woolerton’s Specimens 1 

 
(b) Tan and Yao’s Specimen 1 

 
(c) Tan and Yao’s Specimen 2 

Fig. 10 Verification of simplified P-M interaction model for 

RC columns with PR>Pb  

 

 

in this study, the fire test results of 66 RC column 

specimens were collected from previous studies (Lie and 

Woolerton 1988, Tan and Yao 2003, Yeo 2012). The 

dimensional details and material properties of the collected 

test specimens are summarized in Table 1. Figs. 10 and 11 

show the analysis results of the collected RC column 

specimens with PR greater than Pb, i.e., PR>Pb, and those 

with PR smaller than Pb, i.e., PR≤Pb, respectively. For the 

test specimens with different slenderness ratios (λs), 

eccentricities, load ratios at an ambient temperature  

 

(a) Tan and Yao’s Specimen 3 

 
(b) Tan and Yao’s Specimen 4 

 
(c) Tan and Yao’s Specimen 5 

Fig. 11 Verification of simplified P-M interaction model for 

RC columns with PR≤Pb 

 

 

Fig. 12 Comparison of simplified and detailed models 

with test results 

 

 

condition (Pu/P0), and fire exposure times (t), the simplified 

P-M interaction curve had very similar curve shapes with 

those drawn by the detailed analysis model, and the 

proposed method provided a high level of analysis accuracy 
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for the fire resistance capacities of test specimens. Fig. 12 

shows the axial strength ratios of test results to the results 

estimated by the proposed method (Pcal/Ptest) according to 

the fire exposure time, while the analysis results calculated 

by the detailed model are also included in the figure for 

comparison purposes. The analysis results provided by the 

simplified method showed almost the same level of 

accuracy as those by the detailed analysis model. The 

simplified model also provided adequately accurate analysis 

results for the concentrically-loaded specimens as well as 

the eccentrically-loaded specimens. 

 

 

4. Conclusions 
 

This study proposed a simplified P-M interaction model, 

which can be easily applied to fire resistance design of RC 

columns, modified from the detailed analysis model 

presented in the authors’ previous study. In order to verify 

the proposed model, the RC column specimens exposed to 

fire reported in literature were collected, and the test results 

were compared to those estimated by the proposed method. 

Based on this study, the following conclusions can be 

drawn. 

• By using the P-M interaction curve model for RC 

columns exposed to fire, all the maximum load 

combinations (P and M) at a target fire exposure time 

required in the performance-based fire design can be 

estimated, or the maximum fire-resisting time of the RC 

columns under a specific load combination can be 

determined without complex iterative calculations. 

• The simplified P-M interaction curve approach 

provided very close curve to that drawn by the detailed 

analysis model, and the proposed method provided good 

estimation on the fire resistance capacities of test 

specimens. 

• The simplified model provided adequately accurate 

analysis results for the concentrically-loaded specimens as 

well as the eccentrically-loaded specimens. 

• By applying the simplified method proposed in this 

study, RC members can be easily designed to satisfy the 

fire-resisting performances required by national design 

provisions. 
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Appendix: Application example 

 

The step-by-step calculation procedures for an 

application of the simplified P-M interaction curve model to 

a fire-exposed RC column are presented in detail here in 

this Appendix. This example shows detailed calculations to 

derive the P-M interaction curve for the No. 1 column 

specimen reported by Lie and Irwin (1993). The 

dimensional details and material properties of the specimen 

are shown in Fig. A1. 

 

 

 

Fig. A1 Dimensions and material properties of the sample 

RC column 

 

 

Step 1: Target fire-resisting time  

For an example, the target fire-resisting time (t) was 

selected as three hours (180 minutes). 

Step 2: Calculation of the temperatures in the column 

section 

The temperature in the reinforcement (Ts) can be 

calculated, as follows:  

20 0.481 0.977 1090 20 496s x w fT n n T        ℃ 

where the increase in the temperature of the fire (ΔTf) is 

calculated based on the ISO 834 standard (1999) fire curve, 

as follows:  

   345log 8 1 345log 8 180 1 1090 CfT t         

In addition, the constants nx and nw can be estimated, as 

follows:  

0.88 0.881 0.0616 1 0.0616 (180/ 60) 0.977wn t        

2 2

180/ 60
0.18ln 0.81 0.18ln 0.81 0.447

(0.04 0.01275)
x

t
n

x
    



 

Accordingly, the penetration depth to the 500°C 

isotherm determined using Wickstrom’s equation (x500) is 

calculated as follows:  

0.5 0.5

500

180 / 60
52.2mm

480480 exp 4.5exp 4.5
0.18 0.977 10900.18 w f

t
x

n T

   
        

              

 

where x500=52.2<(cc+db)=40+12.75=52.75 mm, and the 

effective cross-section area of concrete is thus calculated 

based on the 500°C isotherm method, as follows:  

2 2

500 500( 2 )( 2 ) (305 2 52.2) 2042.8 38,197mmreduced sA b x h x A          

The reduction factors of the yield strength of reinforcing 

steel and the yield strength of steel at temperature Ts can be 

calculated, respectively, as follows:  

( ) (496 ) 0.57 0.13( 500) /100 0.57 0.13(496 500) /100 0.575s s sK T K T       ℃  

( ) ( ) 0.575 414 238MPay s s s yf T K T f      

Step 3: Calculation of the axial capacity of a 

concentrically-loaded column (P0), flexural strength without 

an axial force (M0), and Rankine load (PR). 

The axial capacity of a concentrically-loaded column 

and flexural moment strength of the column without axial 

forces can be estimated, respectively, as follows:  

3

0 0.85 ( ) (0.85 35 38197 2042.8 238) /10 1622.5kNck reduced s y sP f A A f T         

6

0 1 2 1( )( ) 1021.4 238 (252.25 52.75) /10 48.5kN ms y s s sM A f T d d         

In addition, Rankine load (PR) is calculated from 

1/PR=1/P0+1/Pe, as follows:  

1622.5 2732.1
1017.97kN

1622.5 2732.1

c e
R

c e

P P
P

P P


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 

 

where 

4
23 200.6

( ) 0.25 0.25 8500 35 8 1,004,594,713,123N mm
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eff c gEI E I      
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 Step 4: Determination of the P-M interaction curve 

without the secondary effect  

The coefficients α and β for the simplified P-M 

interaction curve without considering the secondary effect 

can be estimated as follows:  

2305 35
0.25 0.65 0.25 0.65 1.61

2042.8 414

g ck

s y

A f

A f



    


 

2

2042.8 414
0.4 0.45 0.4 0.45 0.35

305 35

s y

g ck

A f

A f



      



 On this basis, the P-M interaction curve without the 

consideration of the secondary effect can be calculated, as 

follows:  

0 0 0

for 0.35   0.4 1u u uP P M

P P M
    

0 0 0

for 0.35   -1.74 1u u uP P M

P P M
  

 The normalized and simplified P-M interaction curves 

of the RC column section are shown in Figs. A2(a) and 

A2(b), respectively. 
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Step 5: Determination of the P-M interaction curve 

considering the secondary effect 

The coefficients α2 and β2 considering the secondary 

effect can be calculated as follows:  

2

2

305 35
3 0.7 3 1 0.7 1.25

0.5 3810
2042.8 414

0.3 305
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s y

A f

kL
A f
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0
2

1622.5
0.35 0.56
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P

P
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 and the normalized P-M interaction curve considering the 

secondary effect is calculated as follows:  

0

1
for 1   1

1.25

u u

R

P M

P M
   

0

for 1   0.44 1u u u

R R

P P M

P P M
   

 This is because PR=1017.97 kN>Pb(=βP0)=567.88 kN, 

and the normalized and simplified P-M interaction curves 

considering the secondary moment are shown in Figs. A3(a) 

and A3(b), respectively. 

 

 

 

(a) Normalized P-M interaction curve 

 
(b) Simplified P-M interaction curve 

Fig. A2 Estimated P-M interaction curves without 

secondary moment effect 
 

 

(a) Normalized P-M interaction curve 

 
(b) Simplified P-M interaction curve 

Fig. A3 Normalized and simplified P-M interaction 

curves with the secondary moment effect 
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