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Abstract. This paper describes a deformation-based strut-and-tie model for the flexural members at post-yield state.
Boundary deformation conditions by flexural post-yield response are chosen in terms of the flexural bar strains as the
main factor influenced on the shear strength. The main purpose of the proposed model is to predict the shear
capacities of the flexural members associated with the given flexural deformation conditions. To verify the proposed
strut-and-tie model, the estimated shear strengths depending on the flexural deformation are compared with the
experimental results. The experimental data are in good agreement with the values obtained by the proposed model.
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1. Introduction

The flexural and shear capacities of the line components of structures including beams
subjected to transverse loading are a primary concern when they are designed. The procedure of
the structural analysis of an entire structure is as follows: The flexural design is first conducted so
that their flexural capacities satisfy applied bending moments and then the shear strength is
checked to be stronger than the shear forces associated with the flexural strength. Flexural design
of the members is simply achieved by sectional analysis under the assumption of the plane section.
However, despite the tremendous empirical or analytical studies (Bresler and Scordelis 1963; Kani
et al. 1979; Anderson and Ramirez 1989; Reineck 1991; Collins et al. 1996; Choi et al. 2012;
Kassem 2015; Lee et al. 2016), there are no shear strength models which were generally consented,
and the conservative shear strength obtained from empirical works is used in current design. The
shear strength of reinforced concrete members is known to be influenced by a number of factors,
which include the concrete strength, the quantity of the shear reinforcement, the ratio of shear
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| a
(a) Arch action (b) Truss action
Fig. 1 Shear transfer mechanisms of deep beams: (a) arch action; (b) truss action

reinforcement to flexural reinforcement, and the ratio of shear span relative to section depth. In
addition to these geometrical factors, however, deformation condition of the members can be also
an important factor determining the shear strength because of the softening characteristics of
concrete with the increase of the strain in transverse direction and the bond loss with yield
penetration (Hong et al. 2011, 2016).

In this paper, a deformation-based strut-and-tie model for flexural members at the post-yield
state is proposed. The deformation states of general beams are classified into five states. To
validate the developed strut-and-tie model, the estimated shear strengths are compared with the
experimental results. The experimental data show good agreement with the values estimated by the
proposed model.

2. Deformation-based Strut-and-Tie model for deep beams
2.1 Shear transfer mechanism of deep beams

Fig. 1 shows a load path of shear forces in deep beams. Arch action signifies the shear transfer
by direction of diagonal strut connecting from the loading to the support, while truss action
denotes the shear transfer via the transverse tie. In general, the portions of arch and truss actions
are known to be dependent upon the ratio of shear span to section depth a/d and the transverse
reinforcement.

2.2 Strut-and-Tie modeling of deep beams

To present the deformation-based strut-and-tie models, the deformation states of the deep
beams are categorized into four states with the model taken as a function of the strain of flexural
bars at the loading section. First, the flexural bars remain elastic or embark yielding in the model
for State-I. In State-I1, the flexural bars yield and yield penetration begins to propagate. In State-111,
flexural deformation is developed so that the length of yielding bars is over half the span length.
The yield penetration of flexural bars is fully developed and then the bond stress disappears in
State-1V. The states, as a general guide to construct the strut-and-tie models, are selected from the
following equations. These equations are demonstrated in terms of the range of the strain value of
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£ <€, for State-l
2f,,
£y <& S, + a for State-l
b*=sh
2f 4f 1
& +—a<g, <& +———a for State-lll @)
b™=sh b™=sh
4f,
&, +———a<g,, forState-IV
b™=sh

the flexural bars at the loading section. where &.q denotes the required strain of flexural bars at the
loading section; & is yield strain of steel; Eq, is the post-yield modulus of steel (=1/20 Es); and fy,
is the fictitious bond stress along the yielded bar (=1/5 f,). The length of yielding bars is
determined as
d,E,
1y =(£rg — &) ‘:fbyh >0 )

where d, is the diameter of a flexural bar.
The guide for dividing the deformation states can be replaced in terms of the length of yield
penetration |, as follow

Iy =0 for State-I

0< Iy < a for State-11
2

@)

E<Iy <a for State-11l
2

Iy =a for State-IV

(@)
i — ; | |
© = '
V+ X
A el
@ s g
CrCrTnode” ?v
() State-1 State-11 State-111 State-1V

Fig. 2 Model for State-1 to IV: (a) stress field; (b) strain distribution of flexural bar; (c) bond stress
distribution; (d) strut-and-tie model
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2.2.1 State-I: Before yielding or initial yielding

Fig. 2 exhibits the stress field for the deep beam. The distributions of flexural bar strain, bond
stress, and the strut-and-tie model representing the load flows of the stress field are illustrated in
Figs. 2(b), 2(c), and 2(d), respectively. In the stress field in Fig. 2(a), the maximum bond stress is
determined to be at the support region. The maximum bond stress is calculated by the capacity of
transverse tie and diagonal strut as follows

A%v fyv 1
stana nzd,

f bsinacosa
nzd,

u_ = min

max

4)
f,

where n is the number of flexural bars; A, is the area of transverse reinforcement between a space
s; f,v is the yield stress of transverse reinforcement; f.. is the effective strength of the diagonal strut;
b is the beam width; f, is the bond strength (= 2fsin26 (0°<6<45°) for T-T-C node or 4f, for C-C-T
node); and the inclined angle « is determined as

tang =39 ®)
a
From the maximum bond stress in Eq. (5), the stress of transverse reinforcement is reversely
found as

nzdyu, .. Stana
f,= —omx——— (6)
A,

The stress of transverse reinforcement fy, generally takes yield stress f,,. However, Eq. (6)
shows that in case where the bond stress u near the support reaches the strength f,, the stress of
transverse reinforcement f, is governed by bond strength.

Deformation of flexural tension reinforcement determines the flexural deformation of a deep
beam. The average strain of the flexural reinforcement is a factor to determine the effective
strength f.. of a diagonal strut. With maximum bond stress unax in Eq. (4), the bond stress and the
strain increment of flexural bars at the distance of x from the loading section are as follows

X

U=Up— (7)

a
de, _ AU « g
dx d,E.a ®)

The strain of the flexural bars at the distance of x from the loading point is calculated as in the

following
Es = Epeq — 2umax x* (9)
d,E.a

Integrating the strain of the flexural bars over the span a, the entire tensile deformation of the
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flexural bars & are given by
2u 2au
55 = J.a greq _ﬂxz dx = ‘9req - A (10)
0 d,E.a 3d,E,

From Eq. (10), the average strain of the flexural bars can be calculated by the dividing the
deformation by the span length a as

s,ave

E e = % (11)
a

2.2.2 State-lI: After yielding (small flexural deformation)

If the strain of the reinforcement at loading section exceeds the yield strain, yield penetration to
the deep beam region is developed and the bond stress is diminished in the yielding zone (see Fig.
2). To carry the bond stress lost in the yielding zone, the fan-shaped region near the yielding zone
changes into uniform stress field. The bond stress between the end of yielding zone and the twice
of the yielding zone length from the loading section is uniformly distributed. In the other regions
out of the twice of the yielding length from the loading section, the bond stress distribution is the
same as that of the State-l. The maximum bond stress and stress of transverse reinforcement of
State-I1 are not different from those of State-I. Egs. (4), (5), and (6) are employed for State-II.

The bond stress and the strain increment of flexural bars at the distance of x from the loading
section are as follows

o — (I, <x<2l) 12)

ys><<2|y) (13)

The strain distribution of the flexural bars in the State-11 can be determined by integrating the
strain increment. Along the x-axis, the strain of the flexural bar is given by

4f
Ereq — dbEbZh X (x<I,)

8U, 5
& = gy_db?say(x_ly) (IySX<ZIY) (14)

—Zuﬂx2 (2Iy sx<a)
d,E.a

&y
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The deformation of the flexural bars of the deep beam is calculated by integrating the strain
over the span length as

4f 8u_ |
8, =[] g = fa [ ] £y~ (x-1,) ok
o\ “™ 4, v (YT g Ea Y

a U 2
+J2|y [é‘y —mx ]dx (15)
2f 2u

= &, +gy(a—|y)—ﬁlj -ﬁ(aﬁ -21)

The average strain of the flexural bars is calculated by dividing & by span a.

2.2.3 State-lll: Large flexural deformation

If the strain of main bars increases such that the yielding zone length |, exceeds half the span
length a/2, bond forces transferred in the smeared T-T-C nodal zone are gradually shifted to the C-
C-T node at the support, as demonstrated in Fig. 2. In State-111, the maximum bond stress and the
stress of transverse reinforcement should be changed to satisfy the change of the inclined strut
angle near the support. The maximum bond stress is taken as

Ay 1
stana’ nzd,
f bsina'cosa’
nzd,

u_. = min

(16)

max

f,

where ¢ is the changed angle of the inclined strut connected with the non-yielding ties, which is
defined as

,_ Jd
tana' = ZJT a7

y

Note that if the inclined strut angle is changed in Eq. (17), the fan region must extend over the
support point to carry the bond force lost in the yielding zone. Thus, another component to transfer
the bond force, which cannot be carried by the T-T-C node, is required. That will be addressed with
the condition of C-C-T nodal zone. From the maximum bond stress in Eq. (16), the stress of
transverse reinforcement is reversely determined as

£ nzdyu,. stana’ 18)
N A,

In the same manner as the State-l or Il, bond stress u and strain increment of distance x from

the loading section is calculated as

0 (x<l))
u= (19)
u (Iysx<a)

max
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41,

(x<1,)

d d E

df(S Tl 4 ) (20)
_TE: (I, <x<a)

The strain distribution of the flexural bars in the State-I1l can be determined by integrating the
strain increment. Along the x-axis, the strain of the flexural bar is determined as

4f
N greq—ﬁx (x<1,) o
S gy—4um""(x—ly) (Iy£x<a)

b™=s

The deformation of the flexural bars of the deep beam is calculated by integrating the strain

over the span length as
X [dx + _ Pl x—=1) |dx
oo -gaen)

51(

2f 2umax
req|y+5 ( _Iy) d Eb:h Iy - d,E, (a_ly)z

(22)

The average strain of the flexural bars is calculated by dividing & by span a.

2.2.4 State-1V: Ultimate Flexural Deformation

In State-1V, the main bars over the span are fully yielded. The smeared T-T-C node having been
in the flexural tie disappears and then only arch action resists the shear force. The State-1V
represents the ultimate state in carrying the shear force of the deep beam. The transverse
reinforcement just plays a part as confining of arch strut. The stress of transverse reinforcement is
determined by only the capacity of the diagonal strut as

- f bssin® 23)
A,
In State-1V, the bond stress along the flexural bars is fully diminished.
u=0 (24)
The strain increment of the flexural bar is given by
de,  4f,
dx  d,E, Esh (25)

The strain distribution of the flexural bars in the State-I11 can be determined by integrating the
strain increment. Along the x-axis, the strain of the flexural bar is given by
af,,

E = Epgg ———X 26
q dbEsh ( )
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The deformation of the flexural bars of the deep beam is calculated by integrating the strain
over the span length as

2f
S, = &gl ——2-0° 27)

S re
o db Esh

The average strain of the flexural bars is calculated by dividing & by span a.
2.3 Shear strength of deep beams

2.3.1 State-1 and-II
In the State-1 and Il, shear strength of deep beams are determined by the summation of arch
action V, and truss action V; as

V, =V, +V, (28)
The shear forces transferred by arch action V, and truss action V, are defined as follows
V, =a,4bf,.sina (29)
f
Vt — &V sva (30)
S

where the strut width a,.;, is determined from the capacity of C-C-T nodal zone at the support; and
the effective strength f.. is calculated in Eq. (31) with the following deformation conditions.

fce =V fC’ (31)
where f.' is the concrete compressive strength;
v=0.85  for longitudinal strut (32)
V= 1 <0.85 for diagonal strut 33
0.8+170s, J (33)
g=¢6+¢&,—& (34)

To make easier, it is assumed that the direction of principal compression strain coincides with
the direction of diagonal concrete strut. Since the model represents the ultimate state of shear
transferring mechanism, the principal compression strain is taken as the strain at the ultimate stress.

&, = &, (=-0.002) (35)

The average horizontal strain &, is taken as the half of the average strain of the flexural bars in
Eq. (11) as below on the assumption that the horizontal compression strain of top chord is ignored.

gS ave
E =— 36
= (36)
The vertical strain is simply taken by dividing the transverse tie stress by elastic modulus of
steel.
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g =—" (37)
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on anchored bars
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(a) Forces acting on C-C-T node (b) Geometries of the node

Fig. 3 C-C-T node: (a) forces acting on C-C-T node; (b) geometries of the node

‘anchor

Fig. 4 Dimensions of C-C-T node

Fig. 3 shows (a) forces acting on the C-C-T node at support and (b) the geometries of the node.
In the figure, the force C, represents the compression force of fan region carrying the shear via the
transverse ties and the force C, denotes the compression force of arch strut. To ensure the
transferring between the tensile force T in the flexural tie and compression forces in diagonal strut
C, and C,, the load transferring capacity of the C-C-T node should be sufficiently achieved. In
Figure 3(b), fictitious anchor plate is employed so as to determine the dimension and strength of
the C-C-T nodal zone. In order to avoid the anchorage failure, sufficient anchorage length should
be provided in the left side of the support. The anchorage length I, is defined as the length between
the support point and end of the bars. The nodal depth of C-C-T node w, can be determined by
assuming the anchorage zone as smeared C-C-T node where bond stress along the bars is f,. (=4f,).

nzd, f..l, Af,
W = <
" b(0.85fc’)( b(0.851) (38)
In the State-l1 or Il, the dimensions of C-C-T node is defined as shown in Fig. 4. The
compression forces C; and C, are determined as

(:t — Asv.fsva (39)
ssin g
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Ca = aarcthfc, (40)
where £ is the angle of the mean angle of fan-shaped strut composing truss action C; as
2jd
tan g = )4 (41)
a

At the C-C-T node, equilibrium among the horizontal components of the anchorage force, the
compression force C; and the compression force C, should be satisfied as

(0.85f,)w,b=C, cos 5 +C, cosa (42)
Thus, the depth of arch strut a,n can be determined as
W, C,cos s

a . ,=—"—-
" cosa h(0.85f))cosa (43)

If the depth of diagonal strut a, has a negative value, the failure of a deep beam is governed
by anchorage failure. In that case, the contribution of arch action becomes nullified and the truss
action is also limited by anchorage capacity. Therefore, the shear strength governed by anchorage
failure is given by

V, =bw, (0.85f/)tan g (44)

2.3.2 State-lll and IV

In the State-111 and State-IV, shear resistance by truss action is gradually diminished and the
role of transverse reinforcement is changed from truss action to the confining effect of the arch
strut. From the strut-and-tie models in Fig. 2(d), the shear strength of deep beams in the State-llI
and 1V is presented in the same form of those of the State-1 or State-11 as

V, =V, +V, (45)

The shear force transferred by arch action V, is defined in the same manner with in State-1 or II,
as follows

V,=a

arch

bf,sina (46)

The strut width a. is determined from the C-C-T nodal condition at the support and the arch
strut mid-depth as below
W, C,cos 8

n

- at C-C-T nodal face
— | cosa b(0.85f)cosa 47)

a

arch

(a-2l,)sina’  at mid-strut
where the compression force composing the truss action C; is determined as

_ &v fsv _
C, ——Ssinﬂ(Za 21, ) (48)
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The effective strength f, follows the effective strength of nodal face f;, at the C-C-T node and
Eq. (33) at the mid-strut with deformation conditions in the same manner with those in State | and
State 1. The shear resistance of arch action is determined as

- la
V, = min

arch

bf,sina= W, __Ccosp
cosa  b(0.85f)cosa

(a— 2Iy)b f.sina’sina

jb f,sina
(49)

The shear resistance by truss action V; should be reduced to satisfy the equilibrium condition in
the updating stress field as

_ A%v fsv _
V== (2a-21)) (50)

At the C-C-T node, equilibrium among the horizontal components of the anchorage force, the
compression force C, and the compression force C, should be satisfied as

(0.85f,)w,b=C, cos f+C, coscx (51)

In case of the State-111 and 1V, anchorage failure is apt to occur because the more tension force
in reinforcement should be anchored. However, since the depth of arch strut is calculated from the
anchorage capacity of C-C-T node in this proposed model, the anchorage failure is presented as
the failure of arch strut. Note that the anchorage failure in the State-111 and IV is associated with
the compression failure of arch strut.

3. Deformation-based Strut-and-Tie model for general beams

In case that shear span to depth ratio a/d increases, uniform compression field between the two
opposite fans should take place instead of direct arch strut. Fig. 5 shows the stress field of a typical
simple supported beam, where fan region is near the loading point and the support, and
uniform compression field is between the fan regions.

To determine the shear strength of the beam, the geometry of stress field should be defined. The
region of fan and the arch strut angle is predefined by the dimensions of the deep beam that are
shear span a and lever arm length jd, the diagonal strut angle o of general beam depends on the
transverse reinforcement, bond capacity of main bars, compressive strength of diagonal strut as
well as the dimensions of beam. The diagonal strut angle should be determined according to the
failure mode of a beam. In this section, possible shear failure modes of general simple supported
beams are classified and the strut-and-tie models for estimating the shear strengths of the beams
are provided. Stress fields vary due to the governing failure modes and flexural deformation
conditions.

—
a—d

=S

=

Tv ?v

Fig. 3 Stress field of simple supported beam
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.

(a) combining failure of shear tension-bond

[ 1]

(b) shear compression failure

\

/

%///

(c) anchorage failure

Fig. 4 Shear failure modes of general beams: (a) combining failure of shear tension-bond; (b) shear

compression failure; and (c) anchorage failure

3.1 Classification of shear failure modes for beams

Relatively short beams with shear span to depth ratio a/d from 1 to 6 develop inclined cracks.
The shear forces are carried by the concrete between the inclined cracks and transverse bars
crossing the cracks. Due to redistribution of the internal forces, inclined crack angles are changed
according to the loading stages. After forming the inclined cracks joining the support and the
loading point, a part of shear force can be carried by arch action. In such a beam, shear failure
modes are divided into four types: combining failure of shear tension and bond, shear compression

failure and anchorage failure, which are illustrated in Fig. 6.

If the strut angle is defined and the strength reduction by flexural deformation is ignored, the
shear strengths according to each failure mode can be determined by equilibrium condition and

strengths of the component, as follows
(1) Shear tension failure at inclined crack

_A,d

T stana

(2) Bond failure along the main bars
V, = jdnzd, f,
(3) Shear compression failure at the uniform stress field
V. =bjd fsinacosa
(4) Anchorage failure at the support
V,, =bw, (0.85f))(2tan )

(52)

(53)

(54)

(55)
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3.2 Shear strength of general beam

In the same manner as deep beams, stress fields for general beams are presented and
categorized into five states according to the strain state of flexural bars at the loading section. First,
in the model for the State-1, flexural bars remain elastic or embark yielding. In the State-11, flexural
bars yield and yield penetration begins to propagate. In the State-lIll, flexural deformation has
developed such that the length of yielding bars I, exceeds half the initial fan shaped region. In the
State-1V, the length of yielding bars |, exceeds half the span a/2. In the State-V, the main bars yield
over the span and the bond stress is fully deteriorated. The states, as a general guide to construct
models, may be selected from the following equation

£ <€, forState |
2f, jd
£y <Epq <&, +—2 % for state 11
d,E, tane
2f, jd 2f
g I o <o+ 2 for Statelll (56)
d,E tana d,Eq,
21, 4f,,
& +———a<g,, <& +———a for State IV
b™=sh b™=sh
foy
£, + a<ég,, forStateV
b =sh

It also can be presented in terms of the yielding zone length 1, as follows

Iy =0 for State |

0<l <L for State Il

YT 2tana

jd a
<l <= for State Il 57
2tana 7 2 (57)

%<Iy <a for State IV

Iy =a for State IV

3.2.1 State-I: Before yielding

Fig. 7(a) shows the stress field for beams in the State-1, where shear tension failure would occur
with bond failure or shear compression failure; shear tension-bond failure and shear tension-
compression failure. Fig. 7(b) and (c) display the stress field and bond stress distribution along the
main bars in the State-I, respectively, where the angle of uniformly distributed stress field « can be
calculated by the condition of simultaneous failure of two components.

If the transverse reinforcement yields and the bond stress along the main bars reaches the
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(@)

State-| State-ll

Fig. 7 Model for State-l and State-1l: (a) stress field; (b) strain distribution of flexural bars; and (c)
bond stress distribution along the flexural bars

strength, shear tension-bond failure occurs. From the condition of simultaneous yielding of
transverse tie and bond failure at T-T-C node, the following equation is given

A, f,id

stana

If the transverse reinforcement is yielded and the compression stress of the uniformly
distributed field reaches the effective strength, shear tension-compression failure occurs. From the

condition of simultaneous yielding of transverse tie and crushing of diagonal strut, the following
equation is given

= nzd, f, jd (58)

Aty d

=bjd f,cosasina (59)
stana

If the inclined strut angle « obtained from Egs. (58) and (59) is smaller than the angle from
horizontal axis to the line joining load and support, uniformly distributed stress field does not form
and the strength of a beam is determined from the stress field for deep beams, when the angle of
inclined strut is given by

tana = Jd (60)
a

The inclined strut angle in the State-I is determined as the minimum of the angles in Egs. (58), (59)
and (60). The governing failure mode of beam is determined by the inclined strut angle.

-1 A%v fyv

4snrd, f,

f
a = min. of | sin”? /% shear tension-compression failure (61)

S

ce

sin shear tension-bond failure

tan™ (ﬂj deep beam
a
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3.2.2 State-lI: After yielding (small deformation)

In the stress field in the State-Il, inclined strut angle does not change but the effective strength
of concrete strut decreased due to the flexural deformation, as demonstrated in Fig. 7. The shear
strength in the State-I1 is the same as that in the State-1, and is expressed as

V = &v fstd (62)
stano

where the stress of transverse reinforcement fy, is limited by the equilibrium with diagonal strut
forces as

bf,sin?
Jme s, (63)

The effective strength f. is calculated in Egs. (31), (32), (33), and (34).

f

3.2.3 State-lll: When yielding zone exceeds half of fan region

If flexural deformation increases so that the yielding zone length |, exceeds half the fan length,
the fan region extends with reduced inclined angle «'to carry the bond forces lost in previous fan
region and stress field is then modified in Figure 8. Thus, the shear strength in the State-1Il is
determined as

f, jd
V — &V SVJ, (64)
stana
Since the inclined strut angle decreases with the extension of yielding zone, the tensile stress of
transverse reinforcement becomes under the yield stress which is calculated by equilibrium
condition with inclined strut force and bond force as

sbf_sin’a’ ) )
—®———  compression failure

f,, = min. of dAS:‘ ' (65)
w bond failure

The effective strength f.. is calculated using Egs. (31), (32), (33), and (34).

(@)

(b)
(©

Fig. 8 Model for State-111: (a) stress field; (b) strain distribution of flexural bars; and (c) bond stress
distribution along the flexural bars
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'y
(@ .
t | LT
(b) X I y i
© X [T | I
State-1V State-V

Fig. 9 Model for State-1V and State-V: (a) stress field; (b) strain distribution of flexural bars; and (c)
bond stress distribution along the flexural bars

3.2.4 State-1V and V: When yielding zone exceeds half of span

If the inclined strut angle «' decreases so that the fan region length reaches the span length, an
arch strut forms connecting the support and the loading point like the stress field of deep beams.
Figure 9 shows the stress fields in the State-1V and V. The shear strength in the State-1V and V can
be calculated by the procedures of deep beams in the State-111 and 1V, respectively.

3.2.5 Anchorage failure

Regardless of flexural deformation, anchorage failure may occur if sufficient development
length over the support is not achieved. This anchorage failure should be checked for the stress
fields at all states illustrated in the previous sections. The strength of anchorage failure is given by

V, =bw, (0.85f/)tan 8 (66)

where the strut angle gis as follows

2tana for State I, I
tan g =| 2tana’ for State IlI (67)

% for State IV, V

3.3 Summary of shear failure modes

Table 1 summarizes shear failure modes and guide for appropriate selection of the stress field
according to the geometries and loading states of the beams. In elastic state (State-1), shear failures
are accompanied with the yielding of shear reinforcement; (1) yielding of shear reinforcement and
bond failure or (2) yielding of shear reinforcement and crushing of web concrete. Since the shear
capacity associated with bond strength does not depend on the flexural deformation, bond failure
could occur only before flexural yielding. At post-yield state, only the failure of compression strut
causes the shear failure of the beam.
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Table 1 Guide for appropriate selection of the model according to loading states

Bond failure mode

Compression failure mode  Deep beam (arch strut failure)

. o : Eq. (60) o : Eq. (5)
State-| \0/‘,' EEq' ((gg)) V,: Eq. (54) V,: Eq. (28)
I, = u- Q. . Shear tension-compression Shear tension and arch strut
Shear tension-bond failure failure failure
State-I1
I, :
o<l < > ;
be--eee- > _
State-111 E  :Eq. (69)
| a 5 V. Eq. (54)
Ef <l, < 5 ; Shear compression failure by
pmmmmm-- > concrete softening
State-1V ! i a : Eq. (17)
2, <a ' V,: Eq. (45)
2 : : Arch strut failure
State-V =00 mmmmmmmmmmmmmm————-—-----—- >
l,=a

4. Verification

4.1 Relationship between flexural deformation of beam and required strain of flexural
bars at loading section

The stress fields and strut-and-tie models for beam shear strength proposed in this paper were
based on the boundary deformation condition in terms of required strain of the flexural bars at the
loading section. Because the boundary deformation is affected by the deformation of beam or the
plastic hinge rotation, the strain of flexural bars is expressed in terms of flexural deformation of
the beam.

®p_2(d—c)|y P 2(d-c) " 3"

Fig. 5 Calculation of plastic flexural deformation of beam
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For the relationship between vertical displacement of a beam at the mid-span and the strain of
the flexural bars, the flexural deformation of a beam is subdivided into elastic deformation and
plastic deformation. The vertical displacement of the mid-span A is expressed as

A=A+ Ap (68)
where A, is vertical displacement by the elastic flexural deformation of beam, which is calculated
by following the ACI 318-14, as

3

A, = Va

3Ec Ieff

(69)

where V is the shear force applied on the beam; I is the effective moment of inertia, which is
selected as the equation proposed by ACI code. Note that the shear force V is not the shear strength
of the strut-and-tie model but the shear force associated with flexural strain at the loading section.
ﬂ &Esgreq ‘greq < gy

a

V= (70)

req =

jd
J;Agfy Ereg 2 &y

where A, is the vertical displacement of beam by plastic strain of main bars within the yielding
zone. As shown in Figure 10, plastic deformation is calculated as

P T P
"_Z(d——c) y(a—g yj (71)

4.2 Comparison of the model prediction with test data

The proposed deformation-based strut-and-tie model for beams is used to calculate the shear
strengths depending on the flexural deformation of total nine test specimens in the literature (Shin
et al. 1999; Vecchio and Shim 2004). All tested beams were simply supported beams subjected to
one point monotonic loading. In selecting the test data, the specimens that exhibited shear failure
mode were considered. To consider the bond in T-T-C node composing the truss action, the beams
without

(3) Shear strength V,

V. 1/\ Ultimate

A

deformation

A A

u

(2) Flexural response

Beam flexural analysis

Strut-and-tie model

(1) Increasing &,

Fig. 6 Procedures determining ultimate deformation
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Table 2 Dimensions and sectional properties of test specimens (Shin et al. 1996; Vecchio and Shim 2004)

Specimen b (mm) d (mm) h (mm) a (mm) a/d
HB1.5-25 125 215 250 323 1.5
HB2.0-25 125 215 250 430 2
HB2.5-25 125 215 250 538 2.5
Al 305 457 552 1830 4
A2 305 457 552 2285 5
A3 305 457 552 3200 7
B1 229 457 552 1830 4
B2 229 457 552 2285 5
B3 229 457 552 3200 7
C1 152 457 552 1830 4
c2 152 457 552 2285 5
C3 152 457 552 3200 7
Notes: b is the beam width; d is the effective depth; h is the beam depth; a is the shear span length.
Table 3 Material properties and reinforcement information (Shin et al. 1996; Vecchio and Shim 2004)

) Concrete Flexural Reinforcement Vertical Reinforcement
Specimen . (\ipa) A (mm?) f,(MPa) A (mm) f,(MPa)  s(mm)
HB1.5-25 73 982 414 56.5 414 101
HB2.0-25 73 982 414 56.5 414 141
HB2.5-25 73 982 414 56.5 414 188

Al 22.6 2400 440 64.4 600 210
A2 25.9 3100 440 64.4 600 210
A3 435 3800 440 514 600 168
B1 22.6 2400 440 64.4 600 190
B2 25.9 2400 440 64.4 600 190
B3 61.5 3100 440 51.4 600 152
C1 22.6 1400 440 64.4 600 210
c2 25.9 2400 440 64.4 600 210
C3 435 2400 440 514 600 168

Notes: f'cis the concrete compressive strength; As is the area of reinforcement; f, is the yield strength of reinforcing steel; Ay is the area
of vertical reinforcement; fy, is the yield strength of vertical reinforcing steel; s is the spacing of shear reinforcement.

stirrup were not used for predition. The geometries of the tested beams, the material properties,
and the reinforcement information are summarized in Table 2 and 3. The tested beams cover a
wide range of span conditions exhibiting the shear failure mode. The ratio of shear span to
sectional effective depth a/d varies from 1.5 to 7. Using the proposed strut-and-tie model, the shear
capacity of the beam is calculated with incrementally increasing flexural deformation. The
ultimate deformation is obtained when the shear capacity decreases to the applied shear force
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associated with flexural moment. The procedures determining the ultimate flexural deformation
are summarized as below and conceptually illustrated in Fig. 11.

Table 4 Comparisons of strength and deformation with test results (Shin et al. 1996; Vecchio and Shim
2004)

. Test Result Proposed Model Comparison(cal/test)
Spemmen Vu,test (kN) 5u,test (mm) Vu,cal (kN) §u,cal (mm) Vu,cal /Vu,test 5u,cal /é‘u,test
HB1.5-25 211.6 2.68 192.8 1.17 0.911 0.438
HB2.0-25 145.1 3.07 151.6 1.78 1.045 0.581
HB2.5-25 120.4 3.33 123.1 2.79 1.022 0.838

Al 2295 18.80 211.7 16.30 0.922 0.867
A2 2195 29.10 212.1 31.33 0.966 1.077
A3 210.0 51.00 200.1 69.74 0.953 1.367
B1 217.0 22.00 194.5 17.37 0.896 0.789
B2 182.5 31.60 162.8 32.35 0.892 1.024
B3 171.0 59.60 170.5 76.87 0.997 1.290
C1 141.0 21.00 118.3 15.03 0.839 0.716
c2 145.0 25.70 138.3 33.71 0.954 1.312
C3 132.5 44.30 119.8 60.32 0.904 1.362

Notes: V,, st IS the shear strength of specimen; dys iS the deformation at failure; Vi is the calculated shear strength; dyca is the
calculated deformation at failure.

m 0 =
HB1525 — Shear Capacity HBO0, e e cca i cacc e, 4y HB25.25
— a0 i - avior |4 80

Shear Farco (k)

& i ] ] Eil a0 100

= o e il
T " Vet ipacement tMipan o) T N T e
Wentlcal Displacement at Midspan (mm) Al AR Vertical Displacement at Midspan mm)

Fig. 12 Comparison of test results with predicted results
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Fig. 12 Continued

(1) Determine the governing failure mode in elastic state from Egs. (58), (59), and (60). This
enables to determine the initial shear capacity and inclined strut angle .

(2) Increase the required strain &4 of flexural bars at the loading section.

(3) Calculate the applied shear force V and the flexural deformation A associated with the
flexural bar strain &., from Egs. (68), (69), (70), and (71). These shear force and flexural
deformation govern the flexural response of the beam.

(4) Determine shear strength using the proposed strut-and-tie model according to the required
strain &eq. It is required to select the loading state from Eq. (56). The shear capacity can be
calculated from the stress field corresponding to the selected loading state. In design, since the
deformation requirement is given, shear reinforcement can be detailed in this step.

(5) Compare the applied shear force in step (3) and the shear strength in step (4). If the shear
strength decreases to the applied shear force, shear failure occurs, and the flexural deformation is
the ultimate flexural deformation of the beam. Repeat from step (2) to step (5) until the shear
failure occurs.

Comparison of the predicted results with test data is illustrated in Fig. 12. The x-axis denotes
the vertical displacement of beams and y-axis signifies the shear forces. The normal solid line
illustrates the load-deformation relationship of the tested beam, the dashed line denotes the
flexural response calculated from the deformation condition, and the bold solid line is the
predicted shear strengths according to the flexural deformations using the proposed model. The
intersection point of the shear strength (bold solid line) and flexural response (dashed line)
indicates the flexural deformation capacity of the beam limited by shear failure.

5. Conclusions

In this paper, the procedure to determine the shear strength of beams at post-yield state
depending on the flexural deformation is presented. Using strut-and-tie models capable of
considering the change of stress field due to the redistribution of internal forces by the effect of
flexural deformation at post yield state, flexural deformation capacity limited by shear failure can
be predicted. The conceptual relationship between the shear capacity and the flexural behavior of
beams is shown. As flexural deformation increases, shear strength of beams decreases. The point
where the curve of flexural behavior meets the curve of shear capacity means shear failure limiting
the flexural behavior. If requirement of flexural deformation is determined from the system
analysis, the shear design can be carried out with the proposed deformation-based strut-and-tie
model so that shear strength at required deformation state is larger than the shear force associated
with flexural strength.
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