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Abstract. The present paper deals with analyzing nonlinear forced vibrational behaviors of nonlocal multi-phase piezo-magnetic
beam rested on elastic substrate and subjected to an excitation of elliptic type. The applied elliptic force may be presented as a
Fourier series expansion of Jacobi elliptic functions. The considered multi-phase smart material is based on a composition of
piezoelectric and magnetic constituents with desirable percentages. Additionally, the equilibrium equations of nanobeam with piezo-
magnetic properties are derived utilizing Hamilton’s principle and von-Karman geometric nonlinearity. Then, an exact solution
based on Jacobi elliptic functions has been provided to obtain nonlinear vibrational frequencies. It is found that nonlinear vibrational
behaviors of the nanobeam are dependent on the magnitudes of induced electrical voltages, magnetic field intensity, elliptic

modulus, force magnitude and elastic substrate parameters.
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1. Introduction

Recently, the development in the field of engineering
materials has disclosed the advantages associated with the
smart/intelligent materials. Incorporation of these smart
materials in various multifunctional structures has paved
way for tremendous changes in different engineering fields
(Mahesh et al. 2018, 2019, Mirjavadi et al. 2017, 2018a, b,
2019a, b, ¢, Azimi et al. 2017, 2018). Among them,
magneto-electro-elastic (MEE) materials are unique as a
matter of fact that it exhibits triple energy conversion
between elastic, electrical and magnetic fields (Pan and Han
2005, Mahesh and Kattimani 2019). Therefore, it has
become a potential candidate for sophisticated applications
such as vibration control (Li and Shi 2009, Guo et al. 2016),
energy harvesting, sensors and actuators etc (Vinyas and
Kattimani 2017a, b, c, d, 2018, Vinyas ef al. 2019, 2020,
Vinyas 2020a, b, c). More recently, attempts were made to
synthesize MEE structures through composite materials and
improvise the structural functionalities. For example, the
mechanical characteristics of multi-phase MEE materials
may be controlled via the variation of material composition
and portion of each phase (Nan 1994). Having realized that
the smart structures made of magneto-electro-elastic
materials with different material composition play a
significant role in industrial fields many pioneers have
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devoted their research to access the mechanical response in
various working environments (Kumaravel et al. 2007,
Annigeri et al. 2007, Chaudhary ef al. 2017, Semmah et al.
2019).

At nano range, significant influence of size effects is
noticed on both physical as well as the mechanical
properties. This phenomenon has motivated few researchers
to divert their focus towards assessing the mechanical
response of the nanostructures. The major limitation of the
classical continuum mechanics is its inefficiency to model
small size structures which paved way for the establishment
of higher order continuum theories which incorporates the
size dependency of structure with ease (Barati 2017,
Aydogdu et al. 2018, Benmansour et al. 2019, Yazid ef al.
2018, Mokhtar et al. 2018, Ahmed et al. 2019, Al-Maliki et
al. 2019, Fenjan et al. 2019). The Eringen’s nonlocal
elasticity theory (Eringen 1972) proved to be handy in
employing the size-effects. Due to the reason that
performing experiment on a nano-size structure is still hard,
many articles have been published to make the best
utilization of this theory in evaluating the size-dependent
structural response (Thai and Vo 2012, Eltaher et al. 2012,
Zemri et al. 2015, Bounouara et al. 2016, Akbas 2016,
Besseghier et al. 2015, Mouffoki et al. 2017, Berghouti et
al. 2019). The major outcome these researches indicate that
with the higher value of nonlocal parameter, that nonlocal
elastic models are efficient enough only to yield stiffness-
softening effect. Incorporating the Eringen’s nonlocal
elasticity theory few researchers attempted to analyze the
MEE or piezo-magnetic nanostructures. Ke et al. (2014)
examined linear free vibrations of MEE cylindrical
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nanoshells via a numerical approach. Ebrahimi and Barati
(2016) explored nonlocal small-amplitude vibrations of
MEE nanobeams having viscoelastic properties. Farajpour
et al. (2016) studied nonlinear vibrational behavior of a
MEE nano-dimension plate via an analytical solution. Liu et
al. (2018) researched vibration behavior of MEE
nanobeams with functionally graded properties resting on
visco-elastic foundation. Dehghan and Ebrahimi (2018)
studied wave propagation in nanoshells taking into account
nonlocal effects. In above works on MEE nanostructures,
the authors did not consider the effect of different
piezoelectric phase percentages (material composition).

Up to now, many solution methods are introduced in the
literature in order to solve nonlinear vibration problem of
structures, especially nano-dimension structures. Most of
these methods provide an approximate solution for the
problem leading to a closed-form of vibration frequency
(She et al. 2018, Alasadi et al. 2019). Most of these
methods consider only the first harmonic in the solution
procedure and this means that the solution is not exact. For
improving the accuracy of solution, higher order harmonics
must be added which makes the solution procedure
difficult. Exact solution of the nonlinear equations of a
vibrating structure can be found based on Jacobi elliptic
functions (Liu et al. 2001). Such functions represent a more
general class of periodic functions, which include
trigonometric functions as a specific case. Further
discussions on these functions are available in following
sections.

In view of the above, the aim of the present article is to
develop a multi-phase MEE nanobeam resting on nonlinear
elastic substrate under an excitation of elliptic type for
forced vibration analysis within the framework of nonlocal
elasticity theory. It is supposed that the MEE composite has
two phases with piezoelectric and magnetic constituents.
Eringen’s elasticity theory is served to study the nano-scale
effect. Additionally, the equilibrium equations of nanobeam
with MEE properties are derived utilizing Hamilton’s
principle and von-Kérmén geometric nonlinearity. Then, an
exact solution based on Jacobi elliptic functions has been
provided with high accuracy. A parametrical study is carried
out to examine the influence of nonlocality, various
piezoelectric volume, electro-magnetic field, elastic
substrate coefficients, elliptic modulus and force magnitude
on the structural performance of such nano-scale systems.
The results of this paper can be a good reference for
designing and optimizing the smart structures under
dynamic loads.

2. Two-phase composite of magneto-electro-
elastic type

Fig. 1 indicates a nano-scale beam made of magneto-
electro-elastic composite with two phases. Material
properties of multi-phase MEE composite rely on the
percentage and volume of piezoelectric phase (). This
article studies a nanobeam constructed by a composite of
BaTiOs3-CoFe,04 for which Table 1 is devoted to represent
the material properties. For such materials, BaTiOs denotes
the piezo-electrical ingredient and also CoFe,04 denotes the

Ia

Elliptic-type force

v  Shear Layer

]e—
% $ % $ ? ? Linear/nonlinear springs
—
L

Fig. 1 A piezo-magnetic composite nanobeam rested on
elastic substrate

Table 1 Material constants for BaTiO3s-CoFe,O4 composite

Property Vi=0 Vi=02 Vi=04 Vi=06 Vi=08
C11(GPa) 286 250 225 200 175
Cis 170 145 125 110 100
Cas 2695 240 220 190 170
es1 (C/m?) 0 -2 -3 -35 -4
€33 0 4 7 11 14
gar (N/Am) 580 410 300 200 100
Qa3 700 550 380 260 120
(10_'31\1/m) 0.08 0.33 0.8 0.9 1
kas 0093 25 5 75 10
(10_12",;15 NC) 0 2.8 48 6 6.8
das 0 2000 2750 2500 1500
(10 ’,‘fllsz i B9 B39 25 A5 08
X33 1.57 1.33 1 0.75 0.5

p(kg/m®) 5300 5400 5500 5600 5700

piezo-magnetic ingredient. Based on Table 1, elastic (Cj),
piezo-electrical (e;) and magneto-electric (q;) parameters
have been presented. Furthermore, &, d;; and x;; indicate the
dielectric, magneto-electrical and magnetic permeability
coefficients, respectively.

3. Mathematical formulation

So far, different beam and plate theories are available in
the literature (Abualnour et al. 2019, Bedia et al. 2019,
Addou et al. 2019, Alimirzaei et al. 2019, Balubaid et al.
2019, Batou et al. 2019, Belbachir et al. 2019, Chaabane et
al. 2019, Draiche ef al. 2019, Draoui et al. 2019, Hussain et
al. 2019, Hellal et al. 2019, Boutaleb ef al. 2019, Bourada
et al. 2019, Boulefrakh et al. 2019, Mahmoudi et al. 2019,
Meksi et al. 2019, Medani et al. 2019, Tlidji et al. 2019,
Zarga et al. 2019, Zaoui et al. 2019, Sahla et al. 2019,
Boukhlif ef al. 2019, Kaddari et al. 2020). In this section,
the procedure of obtaining governing equations for a piezo-
magnetic nanobeam will be presented in the context of
nonlocal and classic beam theories. For achieving this goal,
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the displacement field of nano-scale beam based on axial
(u) and transverse (w) displacements at the mid-axis may be
written as

w
ul(x,y. Z, t) = u(x,y, t) - za (1)

u3(x,y, Z, t) = W(x'y! t) (2)

For considering geometric nonlinearity, the axial strain
of the beam should be written as (Alasadi et al. 2019).

du; ou 9°w 1 ow,,
= — O e— — _— -\ 3
Ex T 5y Tox Cox? + 2 “0x )

In this research, it is supposed that electric voltage (V)
and magnetic field intensity (Q) due to magnetic Y(x, z, t)
and electrical @(x,z,t) field potentials are applied to the
nano-size beam. The potentials can be expressed in the form
(Ebrahimi and Barati 2016)

2z
®(x,v,z,t) = —cos(Bz)p(x,y,t) + " Vg 4

2z
Y(x,y,2,t) = = cos(B2)y (x,y,) + <=0 (5)

where [ = m/h. Above potentials lead to induction of
electrical field (E,, E,) and magnetic field (H,, H,) in x
and z directions which can be derived via Egs. (4) and (5) as

a9
Exy=-0,= COS(ﬁz)a

. 2, (6)
Ez = _(p,z = _ﬁ Sln(ﬁz) ¢ - T
Hy = Y, = cos(B2) o7

_ 20 (7)
H, = =Y, = —f sin(2)y ——

There are four coupled governing equations for a multi-
phase piezo-magnetic nano-size beam embedded on elastic
substrate which can be derived via Hamilton’s principle as
(Fenjan et al. 2019).

oN, 0%u 23w

_, 9w 0w 8
ax o e ®

?M, @ _ (ow 2*w 3

ax | ox x(&)"“w””ﬁ‘kmw
o o2/ e €))

= 10 W + Il(m) — IZVZ(W) + Qelliptic

h/2 aD
j (cos(ﬁz) x|, g sin(Bz) Dz) dz=0  (10)
_h/z ax

[ (coston 2+ psinggrr ) az=0 )
cos(pz) —— Sin(pZz) b, zZ =
—n)2 ox

The elliptic force can be defined in the form qeyipric =
Fen(yt, k]?) which has the magnitude of F, excitation

frequency ¥ and the modulus of elliptic function 4.

Also, D; and B; display the displacement components of
electrical and magnetic fields; kz, kp, kaz display linear,
shear and non-linear coefficients of elastic layer.

Furthermore, N, and M are corresponding to in-plane
forces and bending moments which can be defined by

(N, My) = j (1,2)0, dA (12)
A
/2

(o, 11, 1) =f (1,z,z*)pdz (13)
—h/2

Knowing the fact that considered material is isotropic,
one can reach to /;= 0. Next, derived boundary conditions
may be denoted by

N,=0 or u=0 (14)
oM, ow
= = 15
9% +Nx[8x] 0 or w=0 (15)
h/2
J- cos(Bz)Dy,dz=0 or ¢=0 (16)
~h/2
h/2
f cos(Bz)B,dz=0 or y=0 17)
~h/2

Introducing nonlocal parameter ea’, the constitutive

relations for a nano-size piezo-magnetic beam should be
written in the following forms.
(1= (ea)*V?)0yx = C118xx — €31E, — G351 H, (18)
(1 — (ea)*V?)Dy = &,5Yxy + k11 Ex + dyyHy  (19)
(1= (ea)?V?)D, = &5165y + kg3E, + ds3H, (20)
(1= (ea)?’V?)By = GisVxz + d11Ex + F11Hx 21)

1- (ea)ZVZ)Bz = J31&xx T d~33EZ + ¥33H, (22)

where  C;j, €, 4;j, dij, kij and ¥;; illustrate modified
properties for plane stress state
2 2
.~ C13 . _ C13 __—
C1=C1—7— C2=C2—7, Ce6 = Cé6)
C33 C33
~ _ C13€33
€15 = €15, €31 = €31 — )
C33
~ _ €13933
415 = 415/ 431 = 431 con
33
~ ~ 5 ~ q33€33 (23)
dy; =diq, d3z =d3z3 +——,
2533
- ess
ki1 = kqs, k3s = k33 +—,
S S q33
X11 = X110 X33 = X33t .

33
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Integrating the constitutive equations represented in Egs.
(18)-(22) according to the thickness, the below expressions
can be derived for a nano-size piezo-magnetic beam.

- du 1 /0w\*
(1= (ea)?VO)N, —An(a 4 (a;;))

S 24)
B”a >+ AS1¢ + AZhy — N — Ny
ou own 2
(1 - (ea)?V?>)M, = B4 P += (6 )
52 x (25)
w
=Dy Ix? + ES1¢ + Ety — M7 — M{!
n
f * (1 = (ea)2V?)D, cos(Bz) dz
- o ; (26)
%
- Fll a + Fll a
n
(1 — (ea)?7?) fthzﬁ sin(Bz) dz
- 27)
o (Ou 1w\ 9*w .
= A3 P + E(a) - E31W — F53¢ — F33y
n
f * (1 = (e)?V?)B, cos(8z))dz
- y ) (28)
%
- +F11 Ix + X11 dx
n
fi(l — (ea)?V?)B,f sin(Bz))dz
- (29)
m ou 1/0w\> mo2 m m
= Az &‘FE(a) —E31Vew — F33¢ — X33y
so that
h/2
B = | etz dz (30)
—h/2
h/2
U B = [ enpsnnOAds (D
—h/2
h/2
e = | aupsm@nad @)
—h/2
h/2 - N
PP = [ (Ruscos?(52), Rt sin® (520} dz (39
—h/2
h/2
{F1, F33} = {dy1; cos?(Bz),d33p? sin?(Bz)} dz (34)
—h/2

h/2
XL XD = f a1 cos2(B2) , 1asB? sin(B2)} dz (35)

—h/2

Applied electro-magnetic force and moments provided
in Egs. (24)-(25) can be defined as follows.

h
z_ 2V
Ng = _fhe317d2.
2 (36)
h/2 _ 20
Nf = _j Q317dz
~h/2
h
2 2V
ME = —fhenTZdZ,
z (37)

I?L/Z 20
My =- f 431 ——zdz

—h/2 h
Four governing equations presented as Egs. (8)-(11) can

be represented in terms of displacements by placing Egs.
(24)-(29) in them as

A 0%u Lo ow 9%w
1 9x2 " 9x 0x2
23w Gil0) ay
_B11W+A§1 a +A31 ax 0

(3%)

0*w . 62(]5 0%y S
_D11W+Es1 x2 +Ez1 (1 — (ea)*V*#)

<_, ’w_, (L)H <L>
09tz t\oxat? 2\ 0x20t2
ou w2 ’w .
(An (6 +5 (ax) >311W+A31¢+A31V (39)
2

xvzv] + (1= (ea)?V?)

0
g -3

0%w 5 202
—k,w+ kpﬁ —kyw? | = (1 — (ea)*V*)qeuiptic

. (6u+1(aw>2+awaw*> g (02W)
31|\ 5\ 5 syl Bk Sy
ox ox Ox Ox 0x (40)

92 52
¢ %y
+ Ff (6 + Fi1 a2 —F3¢ —F3y =0

. (Ou N 1 (6w>2 N ow 6W*> g <62W>
31|\ 3o T 5\5s S-S5 | "B\ 37
ox ox Ox 0x ox @1

52 2
¢ da%y
+ F{1 (6 + X1t I —F5¢— X5y =0

It is also possible to reduce the number of above
governing equations to three equation by deriving du/dx
from Eq. (38) and then substituting it in Egs. (39)-(41).
Thus, knowing this fact that axial inertia has negligible
impact on transversal vibrations, Eq. (38) becomes

ou 4 1 (GW)Z
1\ ox ax (42)
AS ¢ + ATy — NE — NH =,

Then
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ou 1 /0w\? AT NE NH
Lo M MR NN G
ox ox A1q A1q A Ap A11

Next, integrating Eq. (43) yields

1 owy’ S (" AT (%
u=—= ( )dx—— pdx —=—>| ydx
j ax All All 0 (44)
+NE e+ Cae s Snie
— — x+—x
Aindy 7 Ay T AT T

Then, by satisfying edge conditions u(0) = 0, u(L) =0
one can derive

C,=0
A11 ow\?
€= (ax) dx +T ‘l’d (45)
A’eﬁ
+T 0ydx—(N,f+N§’)

As the next step, finded constant must be situated in Eq.
(44). Accordingly, the governing equations take the
following forms.

84W 2¢ 62
—Di1—— EPY + ES; Ers +E31 Ix?
0w 03%u
— 22y —] . —— — -
+(1 - (ea)?V )( Iy 32 I (8x6t2)
(<2 ) 4 (a 1f <6W) d
Z\ ax20t2 1 ax) (46)
0*w 2*w
Bz NE — N,ﬁ)) [6x2]

’w
+(1 - (ea)zvz) _kLW+kPW_kNLW3

=(1- (ea)ZVZ)Qelliptic

e ( 45, AT NS (GW)Z 4 )

S\ A Ay 0x

%w 2(/) 0%y 47)
- (5 ) + (ax (%)
—F3¢ - F3y =0
<_ A_§1 ¢ — ﬁy f aW )
B\ 4,7 ALl 2L

92w ¢\ a2 (48)
E31 ax Fll axz +X11 ﬁ

—F5¢ — X35y =0

4. Method of solution

In this part, by employing Galerkin’s approach, the
governing equations of motion for free vibrations of simply-
supported MEE nano-size beam have been solved. The
displacement functions are provided as product of non-
unknown coefficients and known trigonometric functions to

assure the boundary conditions at x = 0 and x = L as (Fenjan
etal.2019).

Z 1 (6)X,n () (49)
b= PuOXn(®) (50)
= Z ()Xo () (51)

where (W, @, Vi) display the field largest values and
the function X,, = sin(mrx/L) displays the shape
2

function of simply supported beam (w = ZTV: =y=¢=
0). Applying the functions X,, to the mentioned conditions
shows the reliability of the functions in satisfying boundary
conditions.

Placing Eqs. (49)-(51) in Eqgs. (46)-(48) yields below
equations.

KW, + G,W,2 + QW2 + MW,
+K{ @, + K{'Yy, = Fen(yt, kf)

52
KSW,, + Gy W2 + KB, + KHY, = 0 (52)
KiW,, + GsW,2 + KEd,, + K'Y, =0
in which
K{ = —Dy;(A40) — kyAgo + kpAzg (53)
—(Ny + NN Ay + (ea)®(Ng + Ny Ay
Gy = @An/lzo (ea) /111/140
2L (54)
—kni (Agooo — (ea)? (/11100 + A3000))
K1E = E5145 (55)
K{' = EJi Ay (56)
K3 = —E$; A5 (57)
K3 = —Efi Ay (58)
Gy = =] A /™ (59)
Am
Gy = %A Ay (60)
A 2
Ky = (A 51) Ago + Ff1 Az — Fi3400 (61)
1
H 1A m
Ky =— /100 + F{1A30 — F3540 (62)
11
AS, AT
KE = — =222 g0 + Flt Az — Ff3Agg (63)

11
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_(ap?
All

K§ = Ago + X{1 50 — X33400 (64)

M = —IyAgo + (ea)®IgAzo + I A50 — (ea)? A4 (65)

where

L
Ayo =f Xy Xmdx
o
Ay = | XLXLdx
o (66)
1 =f R, X/, dx
0
L

L= | RYR,dx
0

L
Ago =f X Xmdx,
0

L
Ago = f XX, dx,
0

[1]

L

/Ioo :f (Xm)4dx:
%

I3 = f RnmRndx,
0

By using last two relations in Eq. (52), components @,
and Y3, can be calculated as

d’m = lem + Zng,zl,
(K3'K$ — KI'K3)
1= T SFo8 oEoa > 42
KiK' — K7 Ky
(K§K; — K7 K3)

Zy=—— 2t 232 7 —
* RIS - KERY

Y, = ZsW,, + Z,W2
(G3K;5' — G,K3)
~ T KFKF —KEKF  (67)
+(G,K§ — G3K3)
 KFKJ — KFKY

Placing gained relations of Eq. (67) in 1% equation of
Eq. (52) leads to

Mw+lws 2w v
MM M 68)

Felliptic
= t k?
M cn(y f)

where

K*=KS+KEZ, + Kl Z,

+ _ KF H (69)

"= K1 Zz + Kl Z4

For solving the non-linear governing equation, the

maximum deflection (W) can be approximated via Jacobi
elliptic function (cn) as (Liu ef al. 2001).

W = Wen(t, k?) (70)

Here, k* denotes the modulus of the elliptic function; W
denotes vibrational amplitude. The Jacobi elliptic function
(cn) can be written in series of trigonometric form as a
function of complete elliptic integral of the first kind K(k)
as

21 qg 2 Tt
2\ _r 71
cn(wt, k?) = K _EO T3 g7 cos ((Zr +1) 2K> (71)

Here, q = exp(—nK'/K) and K = K(l) denotes the
associated complete elliptic integral of the first kind and

/2 de
K=| ——— (72)
0 1—k?sin%0

Then, inserting Eq. (71) into Eq. (68) and with the use
of series expansion for cn|cn| = agen + a;cn® one can

obtain that
K
- CZ_ - 1 - 2k2 Czlpz - 2k2¢2C4 -
oy G (o2 2y
Cavy (73)
— =0
.  \Wlay + W
=— (74)
KL Z0 G1y772
2(+ZWi(ao + a;) + 2W?)
where
4K (k)
C, :f cn? dy (75)
0

4K (k)
Coryz = f cn®*2 dip
0

_2r(2k? = 1)Cyp + 2r — 1A — k?)Cpr_p,  (76)
B 2r + Dk2 ’

r=123,.

Also, dimensionless quantities are selected as

L* L? L*
KL = kL D_ll, Kp = kp _1, KNL = kNLA_ll
5 = L2 pA _ea 77
G=YL =7 k=T

5. Obtained results and discussion

Throughout the present section, several graphical
examples have been presented and also obtained results
have been discussed to survey the correctness of the
presented theory in evaluating the free vibrational
properties of multi-phase MEE nano-size beams. Obtained
results have been provided from the geometrically perfect
assumption for the nanobeam. The magnitude of length for
nano-scale beam has been chosen to be L = 10 nm. For
corroborating the reliability of the presented approach, the
obtained findings have been compared with the work of Li
et al. (2018) for the non-linear vibration frequencies of
imperfect nanobeam based on a variety of maximum
vibration amplitude (W) presented in Table 2. One can
observe that the results are in accordance with those
provided by Li et al. (2018) which demonstrate the efficient
of the present model. A comparison between approximate
and exact solutions for non-linear vibration frequency at

Table 2 Validation of nonlinear vibration frequency for

nanobeams
— Li et al. (2018) 9.9065
W =02
Present 9.9065
— Li et al. (2018) 10.0166
W =04
Present 10.0166
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Table 3 Comparison between approximate and exact
solutions for non-linear vibration frequency at
different values of normalized amplitude (L/h = 20)

05 w w w
T h h

=09
n 0

==
==

Approximate

. 26.2198 27.2925 28.6134 29.8191 31.2421
solution

Exact

N 26.1998 27.2571 28.4420 29.7388 31.1334
solution

10 20 30 40 50
Excitation frequency

Fig. 2 Effect of the modulus of the Jacobi elliptic function
on vibration frequency curves of the nanobeam
(L/h =20, V;=20%, F =0.01, Ve=0,Q=0)

different values of normalized amplitude has been presented
in Table 3. In this table the dimensionless nonlocal
parameter is set to 4 = 0.2. As can be seen, approximate
solution gives larger frequencies than exact solution due to
ignoring higher harmonics. In the following, exact solution
will be used for presenting obtained results.

1ID Eh 35 dID 50
Excitation frequency
Fig. 3 Effect of force magnitude on vibration frequency

curves of the nanobeam (L/h = 20, V;y=20%,
Ve=0,Q=0,k,=0.5)

In Fig. 2, the effect of the modulus of elliptic function
(k) on frequency-amplitude curves of a MEE nanobeam is
presented assuming that the force magnitude is F = 0.01
and nonlocal factors is set to p = 0.2. It is well known that
the nonlinear vibrational frequencies of a beam are
independent of the normalized amplitude of their
corresponding mode shapes in the cases of linear vibration
behavior, while they are dependent upon the normalized
amplitude of their corresponding mode shapes in the cases
of geometrical nonlinear behavior, which often occurs when
the vibrational amplitude of the mode shape approaches the
total thickness of the beam. However, the frequency-
amplitude curve has a jump when the excitation frequencies
reaches the natural frequency. It is shown that natural
frequency and magnitude of beam deflection are dependent
on the modulus of elliptic force function. It is clear that the
higher the modulus k; the lower the amplitude for certain
frequencies. Moreover, the jump is shifted to higher
frequencies for the higher values of the modulus. It must be
stated that when kr= 0, the elliptic force reduces to a simple
trigonometric force with single excitation.

Showed in Fig. 3 is the efficacy of exerted load
magnitude on deflection-frequency curve of multi-phase
MEE nano-scale beams under an excitation of elliptic type
with k7 = 0.5. Based on this figure, one may understand that
the shift frequencies are un-varied by the increasing in force
magnitude. It can be explained that the frequency is only
dependent on effective linear stiffness and mass density of
the nano-scale beam. Therefore, the shift frequency is not
influenced by exerted dynamic load. Yet, non-dimension
deflection of the nano-scale beam goes larger via applying a
greater load.

Fig. 4 indicates the efficacy of the small scales on the
non-linear vibrational frequency of two-phase MEE nano-
size beam versus normalized vibrational amplitudes (W /h).
It may be seen that as the dimensionless nonlocal parameter
(u) enhances, the normalized shift frequency declines.
Afterwards, it may be deduced that the classical elastic (i.c.,
the local) theory, which does not incorporate the small size

I Ty o

1 I[] ZID 30 40 50
Excitation frequency

0.0
0

Fig. 4 Effect of dimensionless nonlocal factor on
vibration frequency curves of the nanobeam
(L/h =20, V;=20%, Ve=0, K=0.5, Q=0)
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Fig. 5 Effect of piezoelectric percentage and electric voltage
on vibration frequency curves of the nanobeam
(u=02,Q=0,kr=0.5 K, =100, Kp =20, Ky,=0)

impacts, will provide the higher approximations for the
normalized vibrational frequency. However, the nonlocal
continuum mechanics will give more precise and
dependable results.

Combined influences of exerted electrical voltage and
piezoelectric volume on forced vibrational curves of the
nanobeam is shown in Fig. 5 considering F = 0.01. The
volume of piezoelectric ingredient has been selected to be
Vi = 0%, 40% and 80%. From the figure, it may be
understood that enhancing the volume of piezoelectric
ingredient yields lower shift frequencies. This is associated
with the decrement in the elastic stiffness of nano-scale
beams by increasing in piezoelectric portion. Afterwards,
the elastic modulus of composites decreases by increasing
in piezoelectric ingredient as presented in Table 1. Also, as
the magnitude of electric voltage is lower, the curves are
closer to each other. Accordingly, a MEE nano-scale beam
with higher percentages of piezoelectric ingredient is more
susceptible to the induced electrical fields.

Non-dimension deflection of MEE nano-scale beam

25
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051

00 . . . :
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Excitation frequency

(a) K. =100, Kp=0

15 Zb SID db 50
Excitation frequency

(b) K, = 100, Kp = 20

Fig. 6 Effect of elastic foundation parameters on
vibration frequency curves of the nanobeam
(Vr=20%, u = 0.2, k%=0.5, Vg=0, Q= 0)

against non-dimension excitation frequency has been
displayed in Fig. 6 based on diverse substrate coefficients
(K1, Kp, Kni). The amplitude of exerted force is chosen as
F =0.01 and the piezoelectric ingredient volume is chosen
as Vy = 20%. One may observe that growth of linear (K})
and shear (Kp) substrate coefficients makes the MEE nano-
size beam more rigid leading to greater natural frequencies.
As regards, nonlinear substrate coefficient has no influence
on the measure of natural frequencies. However, enlarging
the values of Kz yields more tendency of frequency-
deflection curves to the right. This means that the hardening
influences of geometrical nonlinearity become more
announced with increase of Kjy;.

Changes of non-linear vibration frequency versus
normalized amplitude in various electric voltage (Vx) and
magnetic field intensity (Q) are respectively presented in
Figs. 7 and 8. One can observe that the non-linear shift
frequency reduces via changing of applied field from
negative to positive voltages. As seen, if magnetic field
intensity is increased from negative to positive, non-linear
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Fig. 8 Effect of magnetic field intensity on vibration
frequency curves of the nanobeam (V= 20%,
u = 0.2, VE = 0, KL = 100, KP = 20, KNL = 0)

vibration frequency is increased. The reason of this
behavior is that MEE material has the ability to absorb
magnetism and keep it and by rising magnetic field
intensity, this ability shows own more. Such materials are
capable to convert force of magnetic potential to
mechanical force. Thus, via the growth of field intensity,
non-linear vibration frequency enlarges because magnetic
field creates tensile forces in nanobeam.

6. Conclusions

The presented research examined nonlocal non-linear
forced vibration frequency of two-phase MEE nanobeams
under elliptic-type excitation by presenting an exact
solution using Jacobi elliptic functions. The nanobeam was
assumed to be rested on elastic foundation with three
parameters including linear, shear and nonlinear. It was seen
that as the dimensionless nonlocal parameter increases, the
normalized shift frequency decreases. Thus, it can be
deduced that the classical elastic (i.e., the local) model,
which does not consider the small-scale impacts, will give

higher approximations for the non-dimension vibrational
frequency. However, impact of non-linear foundation
parameter on vibration frequency curves has an increasing
trend with increasing in vibration amplitude. Also, magnetic
field effect on vibration characteristics of MEE nanobeams
relies on the value of piezoelectric volume. But, the rate of
frequency increment versus magnetic field intensity
becomes lower by increase of piezoelectric volume. It was
found that the higher the modulus ks the lower the
amplitude for certain frequencies. Moreover, the jump is
shifted to higher frequencies for the higher values of the
modulus.
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