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Abstract. Geometrically nonlinear buckling of functionally graded magneto-electro-elastic (FG-MEE) nanoshells with the use of
classical shell theory and nonlocal strain gradient theory (NSGT) has been analyzed in present research. Mathematical formulation
based on NSGT gives two scale coefficients for simultaneous description of structural stiffness reduction and increment. Functional
gradation of material properties is described based on power-law formulation. The nanoshell is under a multi-physical field related
to applied voltage, magnetic potential, and mechanical load. Exerting a strong electric voltage, magnetic potential or mechanical
load may lead to buckling of nanoshell. Taking into account geometric nonlinearity effects after buckling, the behavior of nanoshell
in post-buckling regime can be analyzed. Nonlinear governing equations are reduced to ordinary equations utilizing Galerkin’s
approach and post-buckling curves are obtained based on an analytical procedure. It will be shown that post-buckling curves are
dependent on nonlocal/strain gradient parameters, electric voltage magnitude and sign, magnetic potential magnitude and sign and
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material gradation exponent.
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1. Introduction

Presenting supreme mechanical performance under
electrical and magnetic fields, magneto-electro-elastic
(MEE) materials can be introduced as a sort of smart
materials with excellent applications in sensing devices,
intelligent systems and structures (Pan 2001). Subjecting to
an external mechanical force, such smart materials are able
to represent electro-magnetic field sensing (Ebrahimi and
Barati 2018). Also, subjecting to an electro-magnetic field,
these materials experience mechanical deformation
(Ramirez et al. 2006). As an instance, BaTiO3 and CoFe;O4
may be combined to each other in order to produce
composites of MEE material. Based on the percentages of
this two materials, it is possible to describe material
properties of the composite such as elastic moduli and
piezo-magnetic constants. However, the particles of these
materials are not directly combined and it is possible to
provide a graded distribution of materials. Actually,
functionally graded (FG) materials can be produced with
the gradation the two materials (Ebrahimi and Barati 2016,
Park et al. 2016). Mathematical description of FG materials
can be done using a power-law function. In fact, a FG-MEE
material may be created and described with specific
properties which are varying from BaTiO; to CoFe;O4 or
contrariwise (Barati and Zenkour 2018).
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Mathematical description of nano-sized structural
components such as shells can be performed by utilizing
several new elasticity theories which differ from classical
elasticity theory. Some of these theories are known as
nonlocal theory and strain gradient theory which have
small-scale parameters in order to explain size-dependent
behavior of nano-sized structures (Eltaher et al. 2016,
Barretta et al. 2016, Heydarpour and Malekzadeh 2019).
Based on previous researches, a structural stiffness
increment has been provided by strain gradient influence.
Also, a structural stiffness reduction has been reported
based on nonlocal elasticity theory of Eringen (1983). This
stiffness reduction is observed for nanoshells leading to
lower vibration frequencies and buckling loads compared to
macro-size shells (Zeighampour et al. 2018). Taking into
account the effect of nonlocal elasticity, static/dynamic
properties of nano-sized magneto-electro-elastic structures
have been investigated by various authors (Ke and Wang
2014, Farajpour et al. 2016, Ke et al. 2014, Waksmanski
and Pan 2017).

Simultaneous effects of nonlocal and strain gradient
theory can be captured via a unified theory named nonlocal
strain gradient theory (NSGT). As proved by molecular
dynamic simulations, the two parameters play an important
role in mechanical behaviors of nanostructures (Mehralian
et al. 2017). In recent years, many authors tried to examine
static and dynamical responses of nano-structural
components in the framework of NSGT. For example,
investigating the propagation of elastic waves in a FG
nanoplate in thermal environments has been done by
Ebrahimi et al. (2016) based on NSGT and a higher order

ISSN: 2287-237X (Print), 2287-2388 (Online)



34 Reza Asrari, Farzad Ebrahimi and Mohammad Mahdi Kheirikhah

plate theory. NSGT modeling and buckling analysis of a
nanobeam based on classic beam theory is carried out by Li
and Hu (2015). Utilizing a shear deformation beam theory
and NSGT, Lu et al. (2017) researched vibrational
frequencies of a beam with nano-dimension. Based on
NSGT formulation, examination of nonlinear bending/
vibration characteristics of FG nanobeams have been
accomplished by Li and Hu (2016). Investigating the
propagation of elastic waves in FG magneto-electro-elastic
nano-sized plates utilizing NSGT has been carried out by
Ebrahimi and Dabbagh (2017). In another study, closed-
forms of bending solution and vibration solution for NAGT-
modeled FG nanobeams have been introduces by Simsek
(2019). Moreover, wave propagation characteristics of
nanoshells possessing magneto-electro-elastic material of
functionally graded type are researched by Ma et al. (2018).
In another work, She et al. (2018) researched geometrically
nonlinear deflections and frequency curves of a cylindrical
nanoshell possessing FG properties in the context of NSGT.
In the context of NSGT, Arefi et al. (2019) examined
bending properties of nano-sized plate structures with
bottom and top layers of magneto-electro-elastic material.
By searching in the literature, it can be deduced that post-
buckling behavior of FG-METE cylindrical nanoshell in the
context of NSGT and taking into account geometric
nonlinear effects is not explored yet.

Post-buckling analysis of a geometrically nonlinear FG-
MEE nanoshell has been performed in the present article
taking into account nonlocal and strain gradient effects.
Mathematical formulation based on NSGT gives two scale
coefficients for simultaneous description of structural
stiffness reduction and increment. Functional gradation of
material properties is described based on power-law
formulation. The nanoshell is exposed to multi-physical
fields related to applied voltage, magnetic potential, and
mechanical load. The governing equations are presented in
the framework of Galerkin’s method and then post-buckling
curves are analytically derived. The dependency of post-
buckling curves to nonlocal/strain gradient parameters,
electric voltage magnitude and sign, magnetic potential
magnitude and sign and material gradation exponent will be
explored and discussed.

2. Nonlocal strain gradient shell modeling

Two scale parameters are embedded in NSGT which are
nonlocal parameter (ea) and strain gradient parameter (/).
So, stress-strain relationship for NSGT dependents on this
two parameters. By knowing that 72 is Laplacian operator,
the stress-strain relationship based on NSGT may be written
by Lim et al. (2015)

[1— (ea)?V?]o;j = Cijia[1 — 1*V?]ey (D

Here, Cju defines the material properties; o; and ey are
the stress and strain components. By assuming / = 0, the
stress-strain relation based on nonlocal elasticity theory of
Eringen will be achieved.

[1 - (ea)?*V?]oij = Cijratn 2

3. Shells made of FG-MEE materials

Power-law function is known as an effectual model for
characterizing a functionally graded material. This function
is able to describe material distribution in transverse
direction. So, it is possible to express each material property
(P¢) such as piezo-magnetic and elastic properties in such a
way that they vary from top surface (Py) to bottom surface
(Py) based on following relation (Faleh ef al. 2018)

P = (P = P+ ) + Py 3

Material gradient index (p) is able to characterize
material distribution in thickness direction of the nanoshell.
Here, /4 is nanoshell thickness.

Up to now there are many theories related to plate/shell
structures. In order to develop nonlinear formulation for
post-buckling of the nanoshell, well-known classical shell
theory has been used in the present paper. Thus, the
displacements of nanoshell (u, u2, u3) may be written based
on axial (u), circumferential (v) and transverse (w) field
variables as

ad
1 (6y,2) = u(®,y) — 25-(6,) (4)
z ow
u2(6y,2) = v(xy) ~ 5 (6) )
u3(x'y' Z) = W(X,y) (6)

The strain field for nanoshells taking into account the
nonlinear terms is

_du 9w 1(aw>2
f T T Pk T2\ ox

v w w1 0w\
=51 5y 2 (3y) @

ou ov 0w Owow
yxy:@+a—22m+aa

Considering the fact that MEE nanoshell is under
electro-magnetic field with electrical potential (@) and
magnetic potential (Y), one can define the potentials in
following forms as functions of electrical voltage (V) and
magnetic potential intensity (£2)

2z
P(x,y,z) = —cos(§2)p(x,y) + -V (®)

2z
Y(x,y,z) = —cos(éz)y(x,y) + 7.(2 )

with & = w/h. Calculating the three-dimensional gradient of
electro-magnetic potentials gives the electrical field
components (Ex, Eo, E;) and magnet field components (Hy,
Ho, H,) as follows

E,=—-®, =cos($z) %, (10)



On post-buckling characteristics of functionally graded smart magneto-electro-elastic nanoscale shells 35

E, = —®, = cos(§z) % (11)
E,=—®, = —Esin(§z)¢ — va (12)
H,=-Y, = cos(&z) Z_Z' (13)
H, =Y, = cos(¢z) Z—’;, (14)
H, = -7, = ~Esin(§)y — (1)

All ingredients of stress field, electrical field
displacement (Dy, Dy, D,) and magnetic induction (B, By,
B,) for a size-dependent shell relevant to NSGT may be
written as

1- (ea)zvz)axx
= (1 = 2V [C116xx + Ciz6yy) (16)
—é31EZ - QSle - é"116‘21A7"

(1 - (ea)*’V¥ay,
= (1= BV)[Crotrx + Cratyy) a7
—631E, — 31 H, — €11 @ AT

(1 — (ea)?*V?*)oyg = (1 — 12V?)Cos¥xe (18)
(1 — (ea)?V?)D, = +51,E, + dy1H, (19)
(1 - (ea)?V*)D, = +5,,Eg + dy1Hp (20)

(1 - (ea)?v*)D,

< ~ ~ 5 21
= (1= 12V?)[E3165x + €318y ] + §33E, + d33H, @
(1= (ea)*V?*)B, = +dy,E, + 711 Hy (22)
a- (ea)ZVZ)By = +‘111E6 + ¥11He (23)
(1= (ea)’P?)B, o
= (1= PV?)[Gs18xx + G318yy] + d33E, + FazH,
Elastic, piezoelectric ~and  magnetic  material

characteristics have been respectively marked by Cj;, e;; and
gij. For considering plane stress conditions, all material
properties are expressed in a new form a follows (Ke et al.
2014)

< Ch « Ch
Ciy =Ciy — =, Cip = Cyp — C_'

33 C33

13€33
Ce6 = Coe» €31 = €31 — “on
33 (25)

~ C13933 5
q31 = (431 Con diy = dqs,

o
~ 5 33€33 o
ds3 =ds3 + $11 = S11,

€33 T
S33 = S33 + T X1 = X11r
33 25
P (25)
Faz = Yz + 433 G = C1303
33 = X33 T~ 1= Qa; —
C33 C33

If U is strain energy of the nanoshell and ¥ is the work
done by applied loadings, one can express
Hamilton’s rule using the following relation

t
j S(U—-1)dt=0 (26)
0
where

SU = f (Oxx Oy + 05 8V ery + 0y BE,,

v
+a§§,)6 Ve, + axyé‘yxy + 0,531,)5 V¥xy (27)
—-D,86E, — D, 6E,, — D,6E,

—B,6H, — B,6H, — B,6H,)dV

02w 0w
6V=J;/ NXO W +Ny0 a—yz owdlV (28)

There are applied loads along axial and circumferential
axes which are showed by N,jand N,, and

Nyo = Nyg = N + NH 4+ NM (29)
Applied forces along axial and circumferential axes are

a summation of mechanical load (NM), electrical load (NF),
and magnetic load (NY) for which

NS

2V hz 20
NE = —f é;,—dz, N" = —f Gs1—dz (30)
a7 h —h/2 h
2
By utilizing Eq. (26), gathering the variable coefficients
of displacements (Ju, ov, ow) results in the below governing
equations of NSGT shells

ON,, N ONyy 0 31)
dx dy
Ny, ON,,
Yy _ 2
Ep + 3y 0 (32)
0*My, _0°M,, 0°M,, LNy
dx? dxdy dy? R
0w 02w
+(Nyo + N | 55 + (Nyo + Nyy) 7 (33)
2
2Ny, —— =
+Ny 0xdy 0
fh/2< (e )an+ (¢ )aDy
cos(&z cos(éz)—=
~h/2 0x dy

(34)
+¢& sin(fz)DZ> dz=0
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h/2 G): 9B,
f (cos( EZ)E-}- cos(fz)g

—h/2

+ & sin( EZ)BZ> dz=20

(35)

It must be noted that N, and My, (s = xx, xy, yy) define

in-plane forces and bending moments

h/2
Ny = f (0 —VaP)dz = N — VNS
h/2
h/2
Nyy = f 09 —veDydz = NO - PNY
—h/2
h2
Ny, = j o —vo())dz = N — VNS
—h/2
h/2
My = f 2(0y) — Vaiydz = M@ — vmp)
—h/2
h/2
My:f 209 ~ VoDydz = MP@ — put®
—h/2

xy
In above relations
(0) "2 (0)
N;; =f (0;;7)dz,
—h/2

) _ " (0) ® _
M;; f z(0;;°)dz, M
—h/2

h/2
My, = f 2(0f)) — Vaiydz = My — vmp)
—h/2

w_ (" o
N;’ = f (0;;7)dz
~h/2

h/2
f Z(O'(l))dZ
~h/2

(36)

(37)

In order to define classical and non-classical stresses,
two symbols have been respectively employed as @ and .
According to Hamilton’s principle, it is possible to derive
associated boundary conditions for MEE nanoshell based

on n, and n, as cosines of direction
u=0,0rNyn, + Nyyn, =0
v = 0,0rNyn, + Nyyn, =0

OM,,, O0M,,
d0x dy

w =0, ornx<

oM oM ow
+ yy T7xy ow
ny< dy ox Y0 9y
ow
Fie 0, or Myn,+ Mymn,=0
aw
E =0, or Myn,+My,n,=0
h/2
¢=0, or (cos(gz)Dxnx
~h/2

+ cos(fz)Dyny)dz =0

(3%)

(39)

(40)

(41)

(42)

(43)

h/2
y=0, or f (cos(fz)anx
~h/2

+ cos(fz)Byny)dz =0

(44)

Calculating the integrals presented in Eq. (36) yields the

(1 - (ea)z Z)Nxx

- e fa (G35
ov w ow 0w
(G743 )5 (57

+A5,¢ + ATy

0*w
11
dx2

(1 - (ea)z Z)Mxx

ow\? 0w
_(1_12‘72) [311( <6x) )‘ 11W
ov w ow 02w
Pz (@‘Tf(@) )‘Dlza—yz]
+E5 ¢ + ESty
(1 - (ea)*V*)Ngg
= (1-1%7%) [A12 ( <6W)2> — Dy2 az_W
0x dx2
ov w ow 0%w
+An<@‘§+§(@) )‘ W]
A% + ATy
(1 (ea)’V?*)Mgg
=(1_l2‘72) [B (a_u+1(a_w)2)_ OZ_W
12%9x " 2 \ox 12 gx2
v w1 0w\? 0%w
+Bn<@—ﬁ+z(a) )‘an]
+ES ¢ + E3ty
(1= (ea)?V?)Nyg
= (1-127?) [A66 (6_u L a_wa_W) - 236662—‘”]
dy 0dx 0x dy dxdy
(1= (ea)?V?)Myg
- (1-127?) [366 (a_“+a_v+a_wa_w) _ 6662_‘”
dy 0x 0x dy dxdy

n
f (1 - (ea)?7?)D; cos(§z)dz
g 9
— +FE, ad) +Fm ay
h
f;(l — (ea)*V?)D,, cos(¢z)dz

ap dy
= +F5,— 3y + FZZG

|

following relations for MEE nanoshells based upon NSGT
as

(45)

(46)

(47)

(48)

(49)

(50)

S}

(52)
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=

2

(1 — (ea)?V?)D,¢ sin(éz))dz

2
Jdu ow w w1 0w\? (53)
— e _ e e —_—— — — —
- 31<6x+2(6x))+A31<6y R+2(6y)>
. 2°w  9%*w . .
1 W"‘a_yz — F33¢ — F33y

ji(l — (ea)?V?)B, cos(£z)dz

(54)
6¢> m 9
n
(11— (ea)*V?)B, cos(§2)dz
L ) (55)
y
= +Rfig, + Xy

NS

e (ea)?V?)B,¢ sin(¢z)dz

2
_am ou N 1 (GW) +oam ov w N 1 <6W>2 (56)
-3\ ax  2\ox 31\ay R 2\ay
. 2°w  9%*w . m
1 W+6_}12 — F35¢ — X337

in which
h/2
{A11,B11, D14} = J Ci1 {1, z,zz}dz, (57)
—h/2
/2
{A12,B12, D12} = f Ciz {LZ:Zz}dz’ (58)
—h/2
h/2
{A66) Boer Des} = f Cos {1, Z:ZZ}dZ: (59
—h/2
h/2
UsBS) = [ engsinenuadz  (0)
—h/2
h/2
WhED = [ auEsnn0Ad o)
—h/2

{Ff1, F35, Fi3}
h/2

- f (511 c0s?(€2) 555 c052(£2) , §0382 sin?(§2)} dz (02
—h/2

{F11, F23, 35}
h

= fi{du cos?(éz),dy, cos?(£z) , d33é? sin?(éz)} dz (63)

{XT1, X725, X35}
h

(i1 c0S2(82) , g €052 (2)  Fs &2 sin?(E)}dz - (&Y

_h

The nonlinear governing equations of MEE nanoshells
under magneto-electro-mechanical loading taking into
account nonlocal and strain gradient influences can be
achieved by placing Egs. (45)-(56) into Egs. (31)-(35) as

- (T2 220y, 2
0x? = 0x? dx 93
Sy
12\0xdy R dx  0xdy dy 12 9xdy?
0*u 9%v  0*wow Odwdiw
s (a 2" oxay T axay oy | ox 6y2>

23w . 09 oy
_2B66W + 31 a +A31a 0

(65)

u 0%v

(1-127%) [A66 (a 3y ax2 +
23w 0*u  ow 02
~2Bee dx20y A <M * ﬁaxay>

LA <£_15_W+52_W"’_W)

29x29y * “1\ay2 Ray ' ay? dy

3w d 0
=By a—yg] +A§1£ 73"1%

02w ow N ow 0%w
dx? dy = 0dx 0xdy

(66)

+A =0

(1-1%27?) [Bu (@ + 0w ow + 62W62W>
0x3  0x3® 0x  0x? 0x?

-D 64—W— 2D 0'w — 4D, 0'w

1 gyt 12 9x29y? 66 9x2dy?
D 64_W+B ( 2%v _162W+ 3w ow

1 gy4 0x?dy R dx%*  0x?dy dy
N 62w62_w>+23 ( 2%u N 23v

0xdy dxdy 66 axay? ' ax2dy
’wa*w  ow 33w *w 9?2
* dx? 0y? * Eaxayz + axzayﬁ + dxdy axay)
B ( 23u +6_W 23w N 0%w 62w>

12\ 0xdy? = 0x 0xdy? ' 9xdy dxdy
B (@ B l@zw N 63W6_W N %w azw)

1\ay® Ray?  ay3 dy 0y? dy?
+A12 <6u N 1(6_W)2) B ﬁazw

R \dx 2\dx R 0x?
+A11 (817 w W 1 (6_W>2) 3 &iiz_w]

dy R 2\0dy R dy?
2 2 2

55,(10 ) o (7, )

’w ow

(67)

dx? = 0y?

- - ou ow\?
+(1 = (ea)2V2)((1 — 12V )[An(a += (6x)>

B 62W+A ov w+1(6W) B 0*w
1 9x2 2\ay R " 2\ay 12\ ay?

0w
+A5,¢0 + AT y) ( )2(1 — (ea)?VH)((1 — 127?)
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[ ou ov
A66 (_+_+

6W6W) B 0w 0*w
Jdy 0x ( )

dx dy %6 9xay| ) ‘oxady
own 2
+(1-—(ea)ZVZ)((1-12V2)[A12< <6x> )

*w v w w_, *w
By +au (G w5 (50) ~Bugg| @)

+ (1 - (ea)?V?)

2
a0+ Amy) (Y
31 31 3y?

2w 9*w
_(NE H M IWI _
[ (NE+ N+ N )(ax2+ay2)] 0

0%¢ 9%¢
+Flla 2 +F116_+F226 2 +F226

ae 6u+ <6W> +6v w+ <6W> 68
31 ox 2 \ox dy R 2\0y (68)

’w  0*w
B¢ —— + | —F&p— Fy =0
31 (6x2 + 6y2> 53¢ — F33y

0%¢ 0%¢
+ﬂ162+Xn62+5262+Xn62

A au+ (6W) +6v w+ (6W) 69
31 ax 2 \ox dy R 2\0y (©9)

m 62W 2%w - .
—E31 %2 a_y2 —F5¢ - X35y =0

4. Solution of nonlinear governing equations

Post-bucking curves of a FG-MEE nanoshell have been
obtained thorough solving the nonlinear governing
equations based on Galerkin’s method and also an analytical
procedure. Obtained governing equations from Hamiltons’
principle imply that

¢p=y=0
(70)
on electric and magnetic displacements
_0*w  d'w 0
©9x2 9x*t (71)

on deflection

The displacements should be carefully specified until
they satisfy afore-mentioned boundary conditions. Thus, an
approximate form of the five displacements may be
determined by

S i) = Y Y 0 22Dy 05 )

1n=1 m=1n=1

||
NgE

3
i

8

©

2@ 9) = Y Y V@) T2 (73)

1 m=1n=1

i WanW (x,y) = i

1n=1 m=1

i
L
D

1

3
i
S
i

II
NgE
Ms

WonXm () Yo (y) - (74)

1

3
i
3
i

> k@ V) (75)

1n=1

Ms

i P (x,y) =

n=1

NgE

3
I
3
i

D VnXm() Y  (76)

1n=1

NgE
s
s

Y= YoV (x,y) =

1

3
il
-

n

3
il

where maximum amplitudes are defined as: Uy, Vin,
Winn> Pmn and Yi,,. Test functions X, and Y, should be
chosen in proper formation to capture the impacts of
boundary condition when two edges are simply-supported
(8-9)

. mm
Xy =sin (Tx) 77

Y, = Sin(ny) (78)

Considering  Galerkin’s  approach and placing

displacement variables presented by Egs. (72)-(76) into
Egs. (65)-(69) yields the following ordinary nonlinear
governing equations as

kgU + kot V4 kg W+ nW2 + k@ + kg1 V=0 (79)
kiU + kooV + koW + nyW2 + k@ + kg, =0 (80)

k13U + kp3V + kgsW + nsW? + n,W3 + ngUW @1)
FNgVW + kyz® + ksz Y+ no@W + nyg YW = 0

kiU + kosV + kgaW + 1y W2 + kyy®@ + kg, ¥ =0 (82)
k15U+k25V+k35W +n8W2 +k45¢ +k55Y'= 0 (83)

in which n; and k; are the components of nonlinear and
linear stiffness matrices which can be written in the forms
provided in Appendix.

Due to the fact that there are five coupled nonlinear
governing equations, presenting a closed-form of buckling
load as a function of maximum amplitude (W) is very
difficult. Here, with the help of simultaneously solving of
Egs. (84), (85), (87) and (88), it is possible to find
amplitudes (U, V, @ ,Y") as functions of transverse
amplitude or maximum deflection (W). However, obtained
amplitude have very complicated forms and it is not
possible to provide a closed-form for them. So, for
simplicity they are defined in new form as

U-0Tmw)
@ - (W)

V- VW)

> 4

Y- Y(W) (84)

Then, obtained amplitude are inserted into Eq. (86) in

order to find a single nonlinear governing equation for
nanoshell as

k13ﬁ+k23]7+k33W+n3W2 +n4W3 +Tlsl7W (85)
AngVW + ky3® + kg3 ¥+ ng®W + nygYW = 0

This equation must solved to obtain buckling loads as a
function of W. Also, some normalized parameters can be
introduced in this paper such as
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powrk o]

ci b’ L’ L’ (86)
_ ) n2Rh
WZWE, 52 L2

5. Numerical results and discussions

Geometrically nonlinear buckling of functionally graded
magneto-electro-elastic (FG-MEE) nanoshell shown in Fig.
1 has been analyzed in the present section. Mathematical
formulation based on NSGT gives two scale coefficients for
simultaneous description of structural stiffness reduction
and increment. Functional gradation of material properties
presented in Table 1 is described based on power-law
formulation. The nanoshell is under a multi-physical field
related to applied voltage, magnetic field intensity, and
mechanical load. First, obtained buckling loads are
compared with previous data in literature.

Post-buckling load of a FG cylindrical shell obtained by
presented study is compared with that provided by Bitch et
al. (2013) as shown in Fig. 2. In this figure, a FG shell with
material gradient indices p = 1, 5 and the length of L = 2R
has been considered. Obtained buckling curves completely
matches with that provided by Bich et al. (2013). Also, in

3.0
25 Bich et al. (2013), p=1
= = s« Present study, p=1
Bich et al. (2013), p=5
2.0 P
..... « Present study, p=35

Buckling load

0.5

0.0 0.5 1.0 15 2.0
W/h
Fig. 2 Verification of post-buckling curves for FG shells

Table 2 Verification of buckling load for NSGT nanoshells
(L/R=10,h/R=0.2)

A=0.5nm? A= 0.7 mn?
Mehralian Present Mehralian Present
etal. (2017) etal. (2017)
p=1 372.225 372.880 395.186 395.881
p=1.3 324.044 324.614 344.033 344.638
p=L5 293.239 293.775 311.327 311.875

Fig. 1 Configuration of MEE cylindrical nanoshell

Table 1 Material properties of the FG-METE nanoshell

Properties BaTiO3 CoFe,0,

c11 = €3, (GPa) 166 286
c12 77 173
Co6 44.5 56.5

e3; (Cm?) 4.4 0

ess 11.6 0
q31 (N/Am) 0 580.3
d1s 0 550
s11 (107°C*m2N1) 11.2 0.08
S33 12.6 0.093
x11(1076Ns2C2/2) 5 -590
X33 10 157

dyy =dy; = ds;3 0 0
a,(107%1/K) 10 15.7

Table 3 Comparison of buckling load for a FG cylindrical
shell (R/h = 100)

Bitch et al. (2013)  Present study
L/R=2 p=0 2.229 2.229
p=0.5 1.545 1.545
(mn)=(1,5) p= 1.228 1.228
p=5 0.723 0.723
L/R=6 p=0 2.079 2.079
p=0.5 1.445 1.445
(mn)=(1,3) p=1 1.151 1.150
p=5 0.674 0.674

another comparison study, buckling loads of a nanoshell
with 2 nm radius which is modeled by NSGT have been
verified in Table 2 with those presented by Mehralian et al.
(2017). They used molecular dynamic simulation (MDS) to
obtain linear buckling loads of a nanoshell based on proper
values of nonlocal and strain gradient parameters. Based on
the values reported for the two parameters, obtained
buckling loads are matched with those provided by
Mehralian ez al. (2017). Also, for validating buckling loads
of a FG cylindrical shell, obtained buckling loads are
compared with the results provided by Bitch et al. (2013) in
Table 2 for two buckling modes of (m,n) = (1,3) and (1,5).
Different values of material exponent (p = 0, 0.5, 1, 5) are
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Fig. 3 Post-buckling load versus normalized deflection based on various nonlocal and strain gradient parameters (V=0,Q=0,p=1,
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Fig. 4 Post-buckling load versus normalized deflection based on various electric voltages and material indices (2 =0, p =0.2, A=0.1,

L= 2R, R/h = 100)

considered for this comparison.

Fig. 3 illustrates buckling load of FG-MEE nanoshell
versus normalized deflection based on various nonlocal and
strain gradient parameters when L = 2R and R/h = 100. For
all curves, obtained buckling load at W =0 is called
critical buckling load. With increase of normalized
deflection, post-buckling curves exhibit an interesting and
surprising behavior. In fact, the buckling load of nanoshell
first reduces with increase of normalized deflection then it
increases. So, immediately after the critical buckling load,
the nanoshell has no post-buckling capability and buckling
load will reduce. It means that the nanoshell can be
subjected to higher deformations under smaller loads.
However, the buckling load will increase at higher
normalized deflections where the nanoshell can endure
higher loads. Another observation from this figure is that
post-buckling curves of the nanoshell are influenced by
nonlocal and strain gradient effects. Post-buckling curves
move higher with increase of strain gradient parameter
which introduces structural stiffening effect. Also, post-
buckling loads become lower with increase of nonlocal
parameter which introduces structural softening effect. In
special cases when u = 1 = 0, post-buckling curves of

a macro size MEE shell can be obtained. Also, assuming
only 4 = 0 gives post-buckling curves of nonlocal MEE
nanoshells discarding strain gradient effects.

Influences of applied electric voltage (V) and material
gradient index (p) on post-buckling curves of a FG-MEE
nanoshell have been illustrated in Fig. 4 when p =0.2 and A
= 0.1. It can be deduced that post-buckling curves of FG-
MEE nanoshells rely on the value of material gradient
index. Indeed, increase of material index yields lower post-
buckling loads because the amount of CoFe,O,; having
lower elastic moduli is decreased compared to the amount
of BaTiOs. Also, as the value of p is smaller, the post-
buckling curves based on various values of applied electric
voltage become closer to each other. It is due to the fact that
at smaller values of p, the portion of CoFe,O4 in FG
material is more than BaTiOs. Since CoFe;O4 has a zero
piezoelectric constant (e3; = 0) according to Table 1, electric
field effects on post-buckling curves reduces at higher
portion of CoFe,>Os or lower values of material index. Also,
it may be observed from the figure that negative voltage
gives higher post-buckling curves than positive voltage.
Actually, positive voltage may induce an axial compressive
load to the nanoshell leading to lower structural stiffness
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and buckling loads. before, larger values of material gradient index are
Fig. 5 indicates the effects of magnetic field intensity corresponding to lower buckling loads. Moreover, as the

(€) and material gradient index (p) on post-buckling curves value of p is larger, the post-buckling curves according to

of a FG-MEE nanoshell modeled by NSGT. As mentioned various values of magnetic field intensity become closer to
60 60 60

50 50

s

S
s
S

Buckling load (N)

o
o

Buckling load (N)
g

Buckling load (N)

[
S

8o 05 10 15 2.0 8o 05 10 15 2.0
Normalized deflection (W) Normalized deflection (W) Normalized deflection (W)
(@p=05 ®p=1 ©)p=2

Fig. 5 Post-buckling load versus normalized deflection based on various electric magnetic field intensities and material indices (V =0,
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each other. The reason is due to the fact that at larger values
of p, the portion of CoFe;O4 in FG material is less than
BaTiOs. Since BaTiOs has a zero magnetic constant (qs31 =
0) according to Table 1, magnetic field effects on post-
buckling curves become less sensible at higher percentages
of BaTiOs or larger values of material index. Furthermore, it
may be seen from the figure that negative magnetic field
intensity gives lower post-buckling curves than positive
magnetic field intensity. Indeed, negative magnetic field
intensity leads to lower structural stiffness by exerting an
axial compressive load to the nanoshell.

From a scientific point of view, buckling occurs when
the structures is subjected to a large compressive load. This
load can be a mechanical load acting in axial direction
leading to buckling of a nanoshell. Also, the nanoshell may
buckle under an intense electric or magnetic field. The
voltage in which the nanoshell buckles is called buckling
voltage and also the magnetic potential in which the
nanoshell buckles is called buckling magnetic potential.
Figs. 6 and 7 respectively depict buckling voltage and
buckling magnetic potential with respect to normalized
maximum deflection and various values of nonlocal and
strain gradient parameters. As can be seen, the nanoshell is
buckled at negative values of magnetic potential due to the
fact that negative magnetic potential can exert a
compressive load. In contrast, the nanoshell is also buckled
at positive values of electric voltage according to Fig.6.
Considering absolute values of buckling voltage and
magnetic potential, the post-buckling curves first
diminishes with increase of normalized deflection. Then,
the post-buckling curves will rise at higher values of
normalized deflection. As mentioned before, the cylindrical
nanoshells have no post-buckling capability immediately
after critical buckling values.

6. Conclusions

An investigation on post-buckling behavior of FG-MEE
cylindrical nanoshells under mechanical, electrical and
magnetic loadings was presented in the article.
Mathematical formulation based on NSGT gave two scale
coefficients for simultaneous description of structural
stiffness reduction and increment. Functional gradation of
material properties was described based on power-law
formulation. The governing equations were presented in the
framework of Galerkin’s method and then post-buckling
curves were obtained as functions of maximum deflection.
It was seen that the buckling load of nanoshell first reduced
with increase of maximum deflection and then it increased.
In fact, immediately after the critical buckling load, the
nanoshell had no post-buckling capability and buckling load
reduced. Another observation from this figure was that post-
buckling curves of the nanoshell were influenced by
nonlocal and strain gradient effects. It was also seen that
increase of material index led to lower post-buckling loads
because the amount of CoFe»O4 having lower elastic moduli
was decreased compared to the amount of BaTiOs. Also, as
the value of p was smaller, the post-buckling curves based
on various values of applied electric voltage became closer
to each other.
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