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1. Introduction 

 

Presenting supreme mechanical performance under 

electrical and magnetic fields, magneto-electro-elastic 

(MEE) materials can be introduced as a sort of smart 

materials with excellent applications in sensing devices, 

intelligent systems and structures (Pan 2001). Subjecting to 

an external mechanical force, such smart materials are able 

to represent electro-magnetic field sensing (Ebrahimi and 

Barati 2018). Also, subjecting to an electro-magnetic field, 

these materials experience mechanical deformation 

(Ramirez et al. 2006). As an instance, BaTiO3 and CoFe2O4 

may be combined to each other in order to produce 

composites of MEE material. Based on the percentages of 

this two materials, it is possible to describe material 

properties of the composite such as elastic moduli and 

piezo-magnetic constants. However, the particles of these 

materials are not directly combined and it is possible to 

provide a graded distribution of materials. Actually, 

functionally graded (FG) materials can be produced with 

the gradation the two materials (Ebrahimi and Barati 2016, 

Park et al. 2016). Mathematical description of FG materials 

can be done using a power-law function. In fact, a FG-MEE 

material may be created and described with specific 

properties which are varying from BaTiO3 to CoFe2O4 or 

contrariwise (Barati and Zenkour 2018). 
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Mathematical description of nano-sized structural 

components such as shells can be performed by utilizing 

several new elasticity theories which differ from classical 

elasticity theory. Some of these theories are known as 

nonlocal theory and strain gradient theory which have 

small-scale parameters in order to explain size-dependent 

behavior of nano-sized structures (Eltaher et al. 2016, 

Barretta et al. 2016, Heydarpour and Malekzadeh 2019). 

Based on previous researches, a structural stiffness 

increment has been provided by strain gradient influence. 

Also, a structural stiffness reduction has been reported 

based on nonlocal elasticity theory of Eringen (1983). This 

stiffness reduction is observed for nanoshells leading to 

lower vibration frequencies and buckling loads compared to 

macro-size shells (Zeighampour et al. 2018). Taking into 

account the effect of nonlocal elasticity, static/dynamic 

properties of nano-sized magneto-electro-elastic structures 

have been investigated by various authors (Ke and Wang 

2014, Farajpour et al. 2016, Ke et al. 2014, Waksmanski 

and Pan 2017). 

Simultaneous effects of nonlocal and strain gradient 

theory can be captured via a unified theory named nonlocal 

strain gradient theory (NSGT). As proved by molecular 

dynamic simulations, the two parameters play an important 

role in mechanical behaviors of nanostructures (Mehralian 

et al. 2017). In recent years, many authors tried to examine 

static and dynamical responses of nano-structural 

components in the framework of NSGT. For example, 

investigating the propagation of elastic waves in a FG 

nanoplate in thermal environments has been done by 

Ebrahimi et al. (2016) based on NSGT and a higher order 
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plate theory. NSGT modeling and buckling analysis of a 

nanobeam based on classic beam theory is carried out by Li 

and Hu (2015). Utilizing a shear deformation beam theory 

and NSGT, Lu et al. (2017) researched vibrational 

frequencies of a beam with nano-dimension. Based on 

NSGT formulation, examination of nonlinear bending/ 

vibration characteristics of FG nanobeams have been 

accomplished by Li and Hu (2016). Investigating the 

propagation of elastic waves in FG magneto-electro-elastic 

nano-sized plates utilizing NSGT has been carried out by 

Ebrahimi and Dabbagh (2017). In another study, closed-

forms of bending solution and vibration solution for NAGT-

modeled FG nanobeams have been introduces by Şimşek 

(2019). Moreover, wave propagation characteristics of 

nanoshells possessing magneto-electro-elastic material of 

functionally graded type are researched by Ma et al. (2018). 

In another work, She et al. (2018) researched geometrically 

nonlinear deflections and frequency curves of a cylindrical 

nanoshell possessing FG properties in the context of NSGT. 

In the context of NSGT, Arefi et al. (2019) examined 

bending properties of nano-sized plate structures with 

bottom and top layers of magneto-electro-elastic material. 

By searching in the literature, it can be deduced that post-

buckling behavior of FG-METE cylindrical nanoshell in the 

context of NSGT and taking into account geometric 

nonlinear effects is not explored yet. 

Post-buckling analysis of a geometrically nonlinear FG-

MEE nanoshell has been performed in the present article 

taking into account nonlocal and strain gradient effects. 

Mathematical formulation based on NSGT gives two scale 

coefficients for simultaneous description of structural 

stiffness reduction and increment. Functional gradation of 

material properties is described based on power-law 

formulation. The nanoshell is exposed to multi-physical 

fields related to applied voltage, magnetic potential, and 

mechanical load. The governing equations are presented in 

the framework of Galerkin’s method and then post-buckling 

curves are analytically derived. The dependency of post-

buckling curves to nonlocal/strain gradient parameters, 

electric voltage magnitude and sign, magnetic potential 

magnitude and sign and material gradation exponent will be 

explored and discussed. 
 

 

2. Nonlocal strain gradient shell modeling 
 

Two scale parameters are embedded in NSGT which are 

nonlocal parameter (ea) and strain gradient parameter (l). 

So, stress-strain relationship for NSGT dependents on this 

two parameters. By knowing that 𝛻2 is Laplacian operator, 

the stress-strain relationship based on NSGT may be written 

by Lim et al. (2015) 
 

[1 − (𝑒𝑎)2𝛻2]𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙[1 − 𝑙2𝛻2]휀𝑘𝑙 (1) 

 

Here, Cijkl defines the material properties; σij and εkl are 

the stress and strain components. By assuming l = 0, the 

stress-strain relation based on nonlocal elasticity theory of 

Eringen will be achieved. 
 

[1 − (𝑒𝑎)2𝛻2]𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙휀𝑘𝑙 (2) 

3. Shells made of FG-MEE materials 
 

Power-law function is known as an effectual model for 

characterizing a functionally graded material. This function 

is able to describe material distribution in transverse 

direction. So, it is possible to express each material property 

(Pf) such as piezo-magnetic and elastic properties in such a 

way that they vary from top surface (Pt) to bottom surface 

(Pb) based on following relation (Faleh et al. 2018) 

 

𝑃𝑓(𝑧) = (𝑃𝑡 − 𝑃𝑏)(
𝑧

ℎ
+

1

2
)𝑝 + 𝑃𝑏 (3) 

 

Material gradient index (p) is able to characterize 

material distribution in thickness direction of the nanoshell. 

Here, h is nanoshell thickness. 

Up to now there are many theories related to plate/shell 

structures. In order to develop nonlinear formulation for 

post-buckling of the nanoshell, well-known classical shell 

theory has been used in the present paper. Thus, the 

displacements of nanoshell (u1, u2, u3) may be written based 

on axial (u), circumferential (v) and transverse (w) field 

variables as 
 

𝑢1(𝑥, 𝑦, 𝑧) = 𝑢(𝑥, 𝑦) − 𝑧
𝜕𝑤

𝜕𝑥
(𝑥, 𝑦) (4) 

 

𝑢2(𝑥, 𝑦, 𝑧) = 𝑣(𝑥, 𝑦) −
𝑧

𝑅

𝜕𝑤

𝜕𝑦
(𝑥, 𝑦) (5) 

 

𝑢3(𝑥, 𝑦, 𝑧) = 𝑤(𝑥, 𝑦) (6) 

 

The strain field for nanoshells taking into account the 

nonlinear terms is 
 

휀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
− 𝑧

𝜕2𝑤

𝜕𝑥2
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

 

휀𝑦𝑦 =
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
− 𝑧

𝜕2𝑤

𝜕𝑦2
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

 

𝛾𝑥𝑦 =
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
− 2𝑧

𝜕2𝑤

𝜕𝑥𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
 

(7) 

 

Considering the fact that MEE nanoshell is under 

electro-magnetic field with electrical potential (𝛷 ) and 

magnetic potential (ϒ), one can define the potentials in 

following forms as functions of electrical voltage (V) and 

magnetic potential intensity (Ω) 

 

𝛷(𝑥, 𝑦, 𝑧) = − 𝑐𝑜𝑠( 𝜉𝑧)𝜙(𝑥, 𝑦) +
2𝑧

ℎ
𝑉 (8) 

 

ϒ(𝑥, 𝑦, 𝑧) = − 𝑐𝑜𝑠( 𝜉𝑧)𝛾(𝑥, 𝑦) +
2𝑧

ℎ
𝛺 (9) 

 

with ξ = π/h. Calculating the three-dimensional gradient of 

electro-magnetic potentials gives the electrical field 

components (Ex, Eθ, Ez) and magnet field components (Hx, 

Hθ, Hz) as follows 
 

𝐸𝑥 = −𝛷,𝑥 = 𝑐𝑜𝑠( 𝜉𝑧)
𝜕𝜙

𝜕𝑥
, (10) 
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𝐸𝑦 = −𝛷,𝑦 = 𝑐𝑜𝑠( 𝜉𝑧)
𝜕𝜙

𝜕𝑦
, (11) 

 

𝐸𝑧 = −𝛷,𝑧 = −𝜉 𝑠𝑖𝑛( 𝜉𝑧)𝜙 −
2𝑉

ℎ
 (12) 

 

𝐻𝑥 = −ϒ,𝑥 = 𝑐𝑜𝑠( 𝜉𝑧)
𝜕𝛾

𝜕𝑥
, (13) 

 

𝐻𝑦 = −ϒ,𝑦 = 𝑐𝑜𝑠( 𝜉𝑧)
𝜕𝛾

𝜕𝑦
, (14) 

 

𝐻𝑧 = −ϒ,𝑧 = −𝜉 𝑠𝑖𝑛( 𝜉𝑧)𝛾 −
2𝛺

ℎ
 (15) 

 

All ingredients of stress field, electrical field 

displacement (Dx, Dy, Dz) and magnetic induction (Bx, By, 

Bz) for a size-dependent shell relevant to NSGT may be 

written as 

 

(1 − (𝑒𝑎)2𝛻2)𝜎𝑥𝑥 

= (1 − 𝑙2𝛻2)[�̃�11휀𝑥𝑥 + �̃�12휀𝑦𝑦] 

     −�̃�31𝐸𝑧 − �̃�31𝐻𝑧 − �̃�11�̃�1𝛥𝑇 

(16) 

 

(1 − (𝑒𝑎)2𝛻2)𝜎𝑦𝑦 

= (1 − 𝑙2𝛻2)[�̃�12휀𝑥𝑥 + �̃�11휀𝑦𝑦] 

     −�̃�31𝐸𝑧 − �̃�31𝐻𝑧 − �̃�11�̃�1𝛥𝑇 

(17) 

 

(1 − (𝑒𝑎)2𝛻2)𝜎𝑥𝜃 = (1 − 𝑙2𝛻2)�̃�66𝛾𝑥𝜃 (18) 

 

(1 − (𝑒𝑎)2𝛻2)𝐷𝑥 = +�̃�11𝐸𝑥 + �̃�11𝐻𝑥 (19) 

 

(1 − (𝑒𝑎)2𝛻2)𝐷𝑦 = +�̃�11𝐸𝜃 + �̃�11𝐻𝜃 (20) 

 

(1 − (𝑒𝑎)2𝛻2)𝐷𝑧 

= (1 − 𝑙2𝛻2)[�̃�31휀𝑥𝑥 + �̃�31휀𝑦𝑦] + �̃�33𝐸𝑧 + �̃�33𝐻𝑧 
(21) 

 

(1 − (𝑒𝑎)2𝛻2)𝐵𝑥 = +�̃�11𝐸𝑥 + 𝜒11𝐻𝑥 (22) 

 

(1 − (𝑒𝑎)2𝛻2)𝐵𝑦 = +�̃�11𝐸𝜃 + 𝜒11𝐻𝜃 (23) 

 

(1 − (𝑒𝑎)2𝛻2)𝐵𝑧 
= (1 − 𝑙2𝛻2)[�̃�31휀𝑥𝑥 + �̃�31휀𝑦𝑦] + �̃�33𝐸𝑧 + 𝜒33𝐻𝑧 

(24) 

 

Elastic, piezoelectric and magnetic material 

characteristics have been respectively marked by Cij, eij and 

qij. For considering plane stress conditions, all material 

properties are expressed in a new form a follows (Ke et al. 

2014) 
 

�̃�11 = 𝐶11 −
𝐶13

2

𝐶33
,               �̃�12 = 𝐶12 −

𝐶13
2

𝐶33
, 

�̃�66 = 𝐶66,                           �̃�31 = 𝑒31 −
𝐶13𝑒33

𝑐33
, 

�̃�31 = 𝑞31 −
𝐶13𝑞33

𝐶33
,        �̃�11 = �̃�11, 

�̃�33 = �̃�33 +
𝑞33𝑒33

𝐶33
,        �̃�11 = 𝑠11, 

(25) 

�̃�33 = 𝑠33 +
𝑒33

2

𝐶33
,               𝜒11 = 𝜒11, 

𝜒33 = 𝜒33 +
𝑞33

2

𝐶33
,              �̃�1 = 𝛼1 −

𝑐13𝛼3

𝑐33
       

(25) 

 

If U is strain energy of the nanoshell and V is the work 

done by applied loadings, one can express 

Hamilton’s rule using the following relation 
 

∫ 𝛿(𝑈 − 𝑉)𝑑𝑡 = 0
𝑡

0

 (26) 

 

where 
 

𝛿𝑈 = ∫(𝜎𝑥𝑥𝛿휀𝑥𝑥 + 𝜎𝑥𝑥
(1)

𝛿𝛻휀𝑥𝑥 + 𝜎𝑦𝑦𝛿휀𝑦𝑦
𝑉

 

          +𝜎𝑦𝑦
(1)

𝛿𝛻휀𝑦𝑦 + 𝜎𝑥𝑦𝛿𝛾𝑥𝑦 + 𝜎𝑥𝑦
(1)

𝛿𝛻𝛾𝑥𝑦 

          −𝐷𝑥𝛿𝐸𝑥 − 𝐷𝑦𝛿𝐸𝑦 − 𝐷𝑧𝛿𝐸𝑧 

          −𝐵𝑥𝛿𝐻𝑥 − 𝐵𝑦𝛿𝐻𝑦 − 𝐵𝑧𝛿𝐻𝑧)𝑑𝑉 

(27) 

 

𝛿𝑉 = ∫ (𝑁𝑥0 (
𝜕2𝑤

𝜕𝑥2
) + 𝑁𝑦0 (

𝜕2𝑤

𝜕𝑦2
))

𝑉

𝛿𝑤𝑑𝑉 (28) 

 

There are applied loads along axial and circumferential 

axes which are showed by 𝑁𝑥0and 𝑁𝑦0 and 

 

𝑁𝑥0 = 𝑁𝑦0 = 𝑁𝐸 + 𝑁𝐻 + 𝑁𝑀 (29) 

 

Applied forces along axial and circumferential axes are 

a summation of mechanical load (NM), electrical load (NE), 

and magnetic load (NH) for which 
 

𝑁𝐸 = − ∫ �̃�31

2𝑉

ℎ
𝑑𝑧

ℎ

2

−
ℎ

2

,     𝑁𝐻 = − ∫ �̃�31

2𝛺

ℎ
𝑑𝑧

ℎ/2

−ℎ/2

 (30) 

 

By utilizing Eq. (26), gathering the variable coefficients 

of displacements (δu, δv, δw) results in the below governing 

equations of NSGT shells 
 

𝜕𝑁𝑥𝑥

𝜕𝑥
+

𝜕𝑁𝑥𝑦

𝜕𝑦
= 0 (31) 

 
𝜕𝑁𝑥𝑦

𝜕𝑥
+

𝜕𝑁𝑦𝑦

𝜕𝑦
= 0 (32) 

 

𝜕2𝑀𝑥𝑥

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦

𝜕𝑥𝜕𝑦
+

𝜕2𝑀𝑦𝑦

𝜕𝑦2
+

𝑁𝑦𝑦

𝑅
 

+(𝑁𝑥0 + 𝑁𝑥𝑥) (
𝜕2𝑤

𝜕𝑥2
) + (𝑁𝑦0 + 𝑁𝑦𝑦) (

𝜕2𝑤

𝜕𝑦2
) 

+2𝑁𝑥𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
= 0 

(33) 

 

∫ (𝑐𝑜𝑠( 𝜉𝑧)
𝜕𝐷𝑥

𝜕𝑥
+ 𝑐𝑜𝑠( 𝜉𝑧)

𝜕𝐷𝑦

𝜕𝑦

ℎ/2

−ℎ/2

+ 𝜉 𝑠𝑖𝑛( 𝜉𝑧)𝐷𝑧) 𝑑𝑧 = 0 

(34) 
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∫ (𝑐𝑜𝑠( 𝜉𝑧)
𝜕𝐵𝑥

𝜕𝑥
+ 𝑐𝑜𝑠( 𝜉𝑧)

𝜕𝐵𝑦

𝜕𝑦

ℎ/2

−ℎ/2

+ 𝜉 𝑠𝑖𝑛( 𝜉𝑧)𝐵𝑧) 𝑑𝑧 = 0 

(35) 

 

It must be noted that Nrs and Mrs (rs = xx, xy, yy) define 

in-plane forces and bending moments 

 

𝑁𝑥𝑥 = ∫ (𝜎𝑥𝑥
(0)

ℎ/2

−ℎ/2

− 𝛻𝜎𝑥𝑥
(1)

)𝑑𝑧 = 𝑁𝑥𝑥
(0)

− 𝛻𝑁𝑥𝑥
(1)

 

𝑁𝑥𝑦 = ∫ (𝜎𝑥𝑦
(0)

ℎ/2

−ℎ/2

− 𝛻𝜎𝑥𝑦
(1)

)𝑑𝑧 = 𝑁𝑥𝑦
(0)

− 𝛻𝑁𝑥𝑦
(1)

 

𝑁𝑦𝑦 = ∫ (𝜎𝑦𝑦
(0)

ℎ/2

−ℎ/2

− 𝛻𝜎𝑦𝑦
(1)

)𝑑𝑧 = 𝑁𝑦𝑦
(0)

− 𝛻𝑁𝑦𝑦
(1)

 

𝑀𝑥𝑥 = ∫ 𝑧(𝜎𝑥𝑥
(0)

ℎ/2

−ℎ/2

− 𝛻𝜎𝑥𝑥
(1)

)𝑑𝑧 = 𝑀𝑥
𝑏(0)

− 𝛻𝑀𝑥𝑥
𝑏(1)

 

𝑀𝑦 = ∫ 𝑧(𝜎𝑦𝑦
(0)

ℎ/2

−ℎ/2

− 𝛻𝜎𝑦𝑦
(1)

)𝑑𝑧 = 𝑀𝑦
𝑏(0)

− 𝛻𝑀𝑦
𝑏(1)

 

𝑀𝑥𝑦 = ∫ 𝑧(𝜎𝑥𝑦
(0)

ℎ/2

−ℎ/2

− 𝛻𝜎𝑥𝑦
(1)

)𝑑𝑧 = 𝑀𝑥𝑦
𝑏(0)

− 𝛻𝑀𝑥𝑦
𝑏(1)

 

(36) 

 

In above relations 

 

𝑁𝑖𝑗
(0)

= ∫ (𝜎𝑖𝑗
(0)

ℎ/2

−ℎ/2

)𝑑𝑧,          𝑁𝑖𝑗
(1)

= ∫ (𝜎𝑖𝑗
(1)

ℎ/2

−ℎ/2

)𝑑𝑧 

𝑀𝑖𝑗
(0)

= ∫ 𝑧(𝜎𝑖𝑗
(0)

ℎ/2

−ℎ/2

)𝑑𝑧,      𝑀𝑖𝑗
(1)

= ∫ 𝑧(𝜎𝑖𝑗
(1)

ℎ/2

−ℎ/2

)𝑑𝑧 

(37) 

 

In order to define classical and non-classical stresses, 

two symbols have been respectively employed as (0) and (1). 

According to Hamilton’s principle, it is possible to derive 

associated boundary conditions for MEE nanoshell based 

on nx and ny as cosines of direction 

 

𝑢 = 0, 𝑜𝑟𝑁𝑥𝑥𝑛𝑥 + 𝑁𝑥𝑦𝑛𝑦 = 0 (38) 

 

𝑣 = 0, 𝑜𝑟𝑁𝑥𝑦𝑛𝑥 + 𝑁𝑦𝑦𝑛𝑦 = 0 (39) 

 

𝑤 = 0,       𝑜𝑟𝑛𝑥 (
𝜕𝑀𝑥𝑥

𝜕𝑥
+

𝜕𝑀𝑥𝑦

𝜕𝑦
− 𝑁𝑥0

𝜕𝑤

𝜕𝑥
) 

                    +𝑛𝑦 (
𝜕𝑀𝑦𝑦

𝜕𝑦
+

𝜕𝑀𝑥𝑦

𝜕𝑥
− 𝑁𝑦0

𝜕𝑤

𝜕𝑦
) = 0 

(40) 

 
𝜕𝑤

𝜕𝑥
= 0,     𝑜𝑟     𝑀𝑥𝑥𝑛𝑥 + 𝑀𝑥𝑦𝑛𝑦 = 0 (41) 

 
𝜕𝑤

𝜕𝑦
= 0,     𝑜𝑟     𝑀𝑥𝑦𝑛𝑥 + 𝑀𝑦𝑦𝑛𝑦 = 0 (42) 

 

     𝜙 = 0,     𝑜𝑟     ∫ (𝑐𝑜𝑠( 𝜉𝑧)𝐷𝑥𝑛𝑥           
ℎ/2

−ℎ/2

+ 𝑐𝑜𝑠( 𝜉𝑧)𝐷𝑦𝑛𝑦)𝑑𝑧 = 0 

(43) 

 

     𝛾 = 0,     𝑜𝑟      ∫ (𝑐𝑜𝑠( 𝜉𝑧)𝐵𝑥𝑛𝑥

ℎ/2

−ℎ/2

+ 𝑐𝑜𝑠( 𝜉𝑧)𝐵𝑦𝑛𝑦)𝑑𝑧 = 0 

(44) 

 

Calculating the integrals presented in Eq. (36) yields the 

following relations for MEE nanoshells based upon NSGT 

as 
 

(1 − (𝑒𝑎)2𝛻2)𝑁𝑥𝑥 

= (1 − 𝑙2𝛻2) [𝐴11 (
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

) − 𝐵11

𝜕2𝑤

𝜕𝑥2
 

    +𝐴12 (
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

) − 𝐵12 (
𝜕2𝑤

𝜕𝑦2
)] 

    +𝐴31
𝑒 𝜙 + 𝐴31

𝑚 𝛾 

(45) 

 

(1 − (𝑒𝑎)2𝛻2)𝑀𝑥𝑥 

= (1 − 𝑙2𝛻2) [𝐵11 (
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

) − 𝐷11

𝜕2𝑤

𝜕𝑥2
 

    +𝐵12 (
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

) − 𝐷12

𝜕2𝑤

𝜕𝑦2
] 

    +𝐸31
𝑒 𝜙 + 𝐸31

𝑚 𝛾 

(46) 

 

(1 − (𝑒𝑎)2𝛻2)𝑁𝜃𝜃 

= (1 − 𝑙2𝛻2) [𝐴12 (
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

) − 𝐵12

𝜕2𝑤

𝜕𝑥2
 

     +𝐴11 (
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

) − 𝐵11

𝜕2𝑤

𝜕𝑦2
] 

     +𝐴31
𝑒 𝜙 + 𝐴31

𝑚 𝛾 

(47) 

 

(1 − (𝑒𝑎)2𝛻2)𝑀𝜃𝜃 

= (1 − 𝑙2𝛻2) [𝐵12(
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

) − 𝐷12

𝜕2𝑤

𝜕𝑥2
 

    +𝐵11 (
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

) − 𝐷11

𝜕2𝑤

𝜕𝑦2
] 

    +𝐸31
𝑒 𝜙 + 𝐸31

𝑚 𝛾 

(48) 

 
(1 − (𝑒𝑎)2𝛻2)𝑁𝑥𝜃 

= (1 − 𝑙2𝛻2) [𝐴66 (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
) − 2𝐵66

𝜕2𝑤

𝜕𝑥𝜕𝑦
] 

(49) 

 
(1 − (𝑒𝑎)2𝛻2)𝑀𝑥𝜃 

= (1 − 𝑙2𝛻2) [𝐵66 (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
) − 2𝐷66

𝜕2𝑤

𝜕𝑥𝜕𝑦
] 

(50) 

 

∫ (1 − (𝑒𝑎)2𝛻2)𝐷𝑥 𝑐𝑜𝑠(𝜉𝑧)𝑑𝑧

ℎ

2

−
ℎ

2

 

= +𝐹11
𝑒

𝜕𝜙

𝜕𝑥
+ 𝐹11

𝑚
𝜕𝛾

𝜕𝑥
 

(51) 

 

∫ (1 − (𝑒𝑎)2𝛻2)𝐷𝑦 𝑐𝑜𝑠(𝜉𝑧)𝑑𝑧

ℎ

2

−
ℎ

2

 

= +𝐹22
𝑒

𝜕𝜙

𝜕𝑦
+ 𝐹22

𝑚
𝜕𝛾

𝜕𝑦
 

(52) 
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∫ (1 − (𝑒𝑎)2𝛻2)𝐷𝑧𝜉 𝑠𝑖𝑛(𝜉𝑧))𝑑𝑧

ℎ

2

−
ℎ

2

 

= 𝐴31
𝑒 (

𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

) + 𝐴31
𝑒 (

𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

)  

    −𝐸31
𝑒 (

𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
) − 𝐹33

𝑒 𝜙 − 𝐹33
𝑚𝛾 

(53) 

 

∫ (1 − (𝑒𝑎)2𝛻2)𝐵𝑥 𝑐𝑜𝑠(𝜉𝑧)𝑑𝑧

ℎ

2

−
ℎ

2

 

= +𝐹11
𝑚

𝜕𝜙

𝜕𝑥
+ 𝑋11

𝑚
𝜕𝛾

𝜕𝑥
 

(54) 

 

∫ (1 − (𝑒𝑎)2𝛻2)𝐵𝑦 𝑐𝑜𝑠(𝜉𝑧)𝑑𝑧

ℎ

2

−
ℎ

2

 

= +𝐹22
𝑚

𝜕𝜙

𝜕𝑦
+ 𝑋22

𝑚
𝜕𝛾

𝜕𝑦
 

(55) 

 

∫ (1 − (𝑒𝑎)2𝛻2)𝐵𝑧𝜉 𝑠𝑖𝑛(𝜉𝑧)𝑑𝑧

ℎ

2

−
ℎ

2

 

= 𝐴31
𝑚 (

𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

) + 𝐴31
𝑚 (

𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

) 

   −𝐸31
𝑚 (

𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
) − 𝐹33

𝑚𝜙 − 𝑋33
𝑚 𝛾 

(56) 

 

in which 
 

{𝐴11, 𝐵11, 𝐷11} = ∫ �̃�11

ℎ/2

−ℎ/2

{1, 𝑧, 𝑧2}𝑑𝑧, (57) 

 

{𝐴12, 𝐵12, 𝐷12} = ∫ �̃�12

ℎ/2

−ℎ/2

{1, 𝑧, 𝑧2}𝑑𝑧,  (58) 

 

{𝐴66, 𝐵66, 𝐷66} = ∫ �̃�66

ℎ/2

−ℎ/2

{1, 𝑧, 𝑧2}𝑑𝑧, (59) 

 

{𝐴31
𝑒 , 𝐸31

𝑒 } = ∫ �̃�31𝜉 𝑠𝑖𝑛( 𝜉𝑧){1, 𝑧}
ℎ/2

−ℎ/2

𝑑𝑧 (60) 

 

{𝐴31
𝑚 , 𝐸31

𝑚 } = ∫ �̃�31𝜉 𝑠𝑖𝑛( 𝜉𝑧){1, 𝑧}
ℎ/2

−ℎ/2

𝑑𝑧 (61) 

 
{𝐹11

𝑒 , 𝐹22
𝑒 , 𝐹33

𝑒 }

= ∫ {�̃�11 𝑐𝑜𝑠2(𝜉𝑧) , �̃�22 𝑐𝑜𝑠2(𝜉𝑧) , �̃�33𝜉2 𝑠𝑖𝑛2(𝜉𝑧)}
ℎ/2

−ℎ/2

𝑑𝑧 
(62) 

 
{𝐹11

𝑚, 𝐹22
𝑚, 𝐹33

𝑚}

= ∫ {�̃�11 𝑐𝑜𝑠2(𝜉𝑧) , �̃�22 𝑐𝑜𝑠2(𝜉𝑧) , �̃�33𝜉2 𝑠𝑖𝑛2(𝜉𝑧)}

ℎ

2

−
ℎ

2

𝑑𝑧 
(63) 

 
{𝑋11

𝑚 , 𝑋22
𝑚 , 𝑋33

𝑚 }

= ∫ {𝜒11 𝑐𝑜𝑠2(𝜉𝑧) , 𝜒22 𝑐𝑜𝑠2(𝜉𝑧) , 𝜒33𝜉2 𝑠𝑖𝑛2(𝜉𝑧)}

ℎ

2

−
ℎ

2

𝑑𝑧 
(64) 

The nonlinear governing equations of MEE nanoshells 

under magneto-electro-mechanical loading taking into 

account nonlocal and strain gradient influences can be 

achieved by placing Eqs. (45)-(56) into Eqs. (31)-(35) as 

 

(1 − 𝑙2𝛻2) [𝐴11 (
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑥
) − 𝐵11

𝜕3𝑤

𝜕𝑥3
 

+𝐴12 (
𝜕2𝑣

𝜕𝑥𝜕𝑦
−

1

𝑅

𝜕𝑤

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
) − 𝐵12

𝜕3𝑤

𝜕𝑥𝜕𝑦2
 

+𝐴66 (
𝜕2𝑢

𝜕𝑦2
+

𝜕2𝑣

𝜕𝑥𝜕𝑦
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑦2
) 

−2𝐵66

𝜕3𝑤

𝜕𝑥𝜕𝑦2
] + 𝐴31

𝑒
𝜕𝜙

𝜕𝑥
+ 𝐴31

𝑚
𝜕𝛾

𝜕𝑥
= 0 

(65) 

 

(1 − 𝑙2𝛻2) [𝐴66 (
𝜕2𝑢

𝜕𝑥𝜕𝑦
+

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑥2

𝜕𝑤

𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥𝜕𝑦
) 

−2𝐵66

𝜕3𝑤

𝜕𝑥2𝜕𝑦
+ 𝐴12 (

𝜕2𝑢

𝜕𝑥𝜕𝑦
+

𝜕𝑤

𝜕𝑥

𝜕2𝑤

𝜕𝑥𝜕𝑦
) 

−𝐵12

𝜕3𝑤

𝜕𝑥2𝜕𝑦
+ 𝐴11 (

𝜕2𝑣

𝜕𝑦2
−

1

𝑅

𝜕𝑤

𝜕𝑦
+

𝜕2𝑤

𝜕𝑦2

𝜕𝑤

𝜕𝑦
) 

−𝐵11

𝜕3𝑤

𝜕𝑦3
] + 𝐴31

𝑒
𝜕𝜙

𝜕𝑦
+ 𝐴31

𝑚
𝜕𝛾

𝜕𝑦
= 0 

(66) 

 

(1 − 𝑙2𝛻2) [𝐵11 (
𝜕3𝑢

𝜕𝑥3
+

𝜕3𝑤

𝜕𝑥3

𝜕𝑤

𝜕𝑥
+

𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑥2
) 

−𝐷11

𝜕4𝑤

𝜕𝑥4
− 2𝐷12

𝜕4𝑤

𝜕𝑥2𝜕𝑦2
− 4𝐷66

𝜕4𝑤

𝜕𝑥2𝜕𝑦2
 

−𝐷11

𝜕4𝑤

𝜕𝑦4
+ 𝐵12 (

𝜕3𝑣

𝜕𝑥2𝜕𝑦
−

1

𝑅

𝜕2𝑤

𝜕𝑥2
+

𝜕3𝑤

𝜕𝑥2𝜕𝑦

𝜕𝑤

𝜕𝑦
 

+
𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
) + 2𝐵66(

𝜕3𝑢

𝜕𝑥𝜕𝑦2
+

𝜕3𝑣

𝜕𝑥2𝜕𝑦
 

+
𝜕2𝑤

𝜕𝑥2

𝜕2𝑤

𝜕𝑦2
+

𝜕𝑤

𝜕𝑥

𝜕3𝑤

𝜕𝑥𝜕𝑦2
+

𝜕3𝑤

𝜕𝑥2𝜕𝑦

𝜕𝑤

𝜕𝑦
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
) 

+𝐵12 (
𝜕3𝑢

𝜕𝑥𝜕𝑦2
+

𝜕𝑤

𝜕𝑥

𝜕3𝑤

𝜕𝑥𝜕𝑦2
+

𝜕2𝑤

𝜕𝑥𝜕𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
) 

+𝐵11 (
𝜕3𝑣

𝜕𝑦3
−

1

𝑅

𝜕2𝑤

𝜕𝑦2
+

𝜕3𝑤

𝜕𝑦3

𝜕𝑤

𝜕𝑦
+

𝜕2𝑤

𝜕𝑦2

𝜕2𝑤

𝜕𝑦2
) 

+
𝐴12

𝑅
(

𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

) −
𝐵12

𝑅

𝜕2𝑤

𝜕𝑥2
 

+
𝐴11

𝑅
(

𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

) −
𝐵11

𝑅

𝜕2𝑤

𝜕𝑦2
] 

+𝐸31
𝑒 (

𝜕2𝜙

𝜕𝑥2
+

𝜕2𝜙

𝜕𝑦2
) + 𝐸31

𝑚 (
𝜕2𝛾

𝜕𝑥2
+

𝜕2𝛾

𝜕𝑦2
) 

+
𝐴31

𝑒

𝑅
𝜙 +

𝐴31
𝑚

𝑅
𝛾 

+(1 − (𝑒𝑎)2𝛻2)((1 − 𝑙2𝛻2) [𝐴11 (
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

) 

−𝐵11

𝜕2𝑤

𝜕𝑥2
+ 𝐴12 (

𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

) − 𝐵12 (
𝜕2𝑤

𝜕𝑦2
)] 

+𝐴31
𝑒 𝜙 + 𝐴31

𝑚 𝛾) (
𝜕2𝑤

𝜕𝑥2
) 2(1 − (𝑒𝑎)2𝛻2)((1 − 𝑙2𝛻2) 

(67) 
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[𝐴66 (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
+

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
) − 2𝐵66

𝜕2𝑤

𝜕𝑥𝜕𝑦
]) (

𝜕2𝑤

𝜕𝑥𝜕𝑦
) 

+(1 − (𝑒𝑎)2𝛻2)((1 − 𝑙2𝛻2) [𝐴12 (
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

) 

−𝐵12

𝜕2𝑤

𝜕𝑥2
+ 𝐴11 (

𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)2) − 𝐵11

𝜕2𝑤

𝜕𝑦2
]        

+𝐴31
𝑒 𝜙 + 𝐴31

𝑚 𝛾) (
𝜕2𝑤

𝜕𝑦2
) + (1 − (𝑒𝑎)2𝛻2) 

[−(𝑁𝐸 + 𝑁𝐻 + 𝑁𝑀) (
𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
)] = 0 

(67) 

 

+𝐹11
𝑒

𝜕2𝜙

𝜕𝑥2
+ 𝐹11

𝑚
𝜕2𝛾

𝜕𝑥2
+ 𝐹22

𝑒
𝜕2𝜙

𝜕𝑦2
+ 𝐹22

𝑚
𝜕2𝛾

𝜕𝑦2
 

+𝐴31
𝑒 (

𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

+
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

) 

−𝐸31
𝑒 (

𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
) − 𝐹33

𝑒 𝜙 − 𝐹33
𝑚𝛾 = 0 

(68) 

 

+𝐹11
𝑚

𝜕2𝜙

𝜕𝑥2
+ 𝑋11

𝑚
𝜕2𝛾

𝜕𝑥2
+ 𝐹22

𝑚
𝜕2𝜙

𝜕𝑦2
+ 𝑋22

𝑚
𝜕2𝛾

𝜕𝑦2
 

+𝐴31
𝑚 (

𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

+
𝜕𝑣

𝜕𝑦
−

𝑤

𝑅
+

1

2
(

𝜕𝑤

𝜕𝑦
)

2

) 

−𝐸31
𝑚 (

𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
) − 𝐹33

𝑚𝜙 − 𝑋33
𝑚 𝛾 = 0 

(69) 

 

 

4. Solution of nonlinear governing equations 
 
Post-bucking curves of a FG-MEE nanoshell have been 

obtained thorough solving the nonlinear governing 

equations based on Galerkin’s method and also an analytical 

procedure. Obtained governing equations from Hamiltons’ 

principle imply that 
 

𝜙 = 𝛾 = 0 

 

on electric and magnetic displacements 

(70) 

 

𝑤 =
𝜕2𝑤

𝜕𝑥2
=

𝜕4𝑤

𝜕𝑥4
= 0 

on deflection 

(71) 

 

The displacements should be carefully specified until 

they satisfy afore-mentioned boundary conditions. Thus, an 

approximate form of the five displacements may be 

determined by 

 

𝑢 = ∑ ∑ 𝑈𝑚𝑛�̄�(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

= ∑ ∑ 𝑈𝑚𝑛

𝜕𝑋𝑚(𝑥)

𝜕𝑥
𝑌𝑛(𝑦)

∞

𝑛=1

∞

𝑚=1

 (72) 

 

𝑣 = ∑ ∑ 𝑉𝑚𝑛�̄�(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

= ∑ ∑ 𝑉𝑚𝑛𝑋𝑚(𝑥)
𝜕𝑌𝑛(𝑦)

𝜕𝑦

∞

𝑛=1

∞

𝑚=1

 (73) 

 

𝑤 = ∑ ∑ 𝑊𝑚𝑛�̄�(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

= ∑ ∑ 𝑊𝑚𝑛𝑋𝑚(𝑥)

∞

𝑛=1

𝑌𝑛(𝑦)

∞

𝑚=1

 (74) 

 

𝜙 = ∑ ∑ 𝛷𝑚𝑛�̄�(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

= ∑ ∑ 𝛷𝑚𝑛𝑋𝑚(𝑥)

∞

𝑛=1

𝑌𝑛(𝑦)

∞

𝑚=1

 (75) 

 

𝛾 = ∑ ∑ ϒ𝑚𝑛�̄�(𝑥, 𝑦)

∞

𝑛=1

∞

𝑚=1

= ∑ ∑ ϒ𝑚𝑛𝑋𝑚(𝑥)

∞

𝑛=1

𝑌𝑛(𝑦)

∞

𝑚=1

 (76) 

 

where maximum amplitudes are defined as: 𝑈𝑚𝑛 , 𝑉𝑚𝑛 , 

𝑊𝑚𝑛, 𝛷𝑚𝑛 and ϒ𝑚𝑛. Test functions Xm and Yn should be 

chosen in proper formation to capture the impacts of 

boundary condition when two edges are simply-supported 

(S-S) 

𝑋𝑚 = 𝑠𝑖𝑛 (
𝑚𝜋

𝐿
𝑥) (77) 

 

𝒀𝒏 = 𝑺𝒊𝒏(𝒏𝒚) (78) 

 

Considering Galerkin’s approach and placing 

displacement variables presented by Eqs. (72)-(76) into 

Eqs. (65)-(69) yields the following ordinary nonlinear 

governing equations as 

 

𝑘11𝑈 + 𝑘21𝑉 + 𝑘31𝑊 + 𝑛1𝑊2 + 𝑘41𝛷 + 𝑘51ϒ = 0 (79) 

 
𝑘12𝑈 + 𝑘22𝑉 + 𝑘32𝑊 + 𝑛2𝑊2 + 𝑘42𝛷 + 𝑘52ϒ = 0 (80) 

 
𝑘13𝑈 + 𝑘23𝑉 + 𝑘33𝑊 + 𝑛3𝑊2 + 𝑛4𝑊3 + 𝑛5𝑈𝑊 
+𝑛6𝑉𝑊 + 𝑘43𝛷 + 𝑘53ϒ + 𝑛9𝛷𝑊 + 𝑛10ϒ𝑊 = 0 

(81) 

 
𝑘14𝑈 + 𝑘24𝑉 + 𝑘34𝑊 + 𝑛7𝑊2 + 𝑘44𝛷 + 𝑘54ϒ = 0 (82) 

 
𝑘15𝑈 + 𝑘25𝑉 + 𝑘35𝑊 + 𝑛8𝑊2 + 𝑘45𝛷 + 𝑘55ϒ = 0 (83) 

 

in which ni and kij are the components of nonlinear and 

linear stiffness matrices which can be written in the forms 

provided in Appendix. 

Due to the fact that there are five coupled nonlinear 

governing equations, presenting a closed-form of buckling 

load as a function of maximum amplitude (W) is very 

difficult. Here, with the help of simultaneously solving of 

Eqs. (84), (85), (87) and (88), it is possible to find 

amplitudes (U, V, 𝛷 , ϒ ) as functions of transverse 

amplitude or maximum deflection (W). However, obtained 

amplitude have very complicated forms and it is not 

possible to provide a closed-form for them. So, for 

simplicity they are defined in new form as 

 

𝑈 → �̂�(𝑊)         𝑉 → �̂�(𝑊) 
𝛷 → �̂�(𝑊)         ϒ → ϒ̂(𝑊) 

(84) 

 

Then, obtained amplitude are inserted into Eq. (86) in 

order to find a single nonlinear governing equation for 

nanoshell as 

 
𝑘13�̂� + 𝑘23�̂� + 𝑘33𝑊 + 𝑛3𝑊2 + 𝑛4𝑊3 + 𝑛5�̂�𝑊 
+𝑛6�̂�𝑊 + 𝑘43�̂� + 𝑘53ϒ̂ + 𝑛9�̂�𝑊 + 𝑛10ϒ̂𝑊 = 0 

(85) 

 

This equation must solved to obtain buckling loads as a 

function of W. Also, some normalized parameters can be 

introduced in this paper such as 
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�̄� = 𝑁𝑀
𝐿

𝑐11
𝑡 ℎ

,        𝜇 =
𝑒𝑎

𝐿
,           𝜆 =

𝑙

𝐿
, 

�̃� = 𝑊
𝛿

ℎ
 ,             𝛿 =

𝜋2𝑅ℎ

𝐿2
 

(86) 

 

5. Numerical results and discussions 
 

Geometrically nonlinear buckling of functionally graded 

magneto-electro-elastic (FG-MEE) nanoshell shown in Fig. 

1 has been analyzed in the present section. Mathematical 

formulation based on NSGT gives two scale coefficients for 

simultaneous description of structural stiffness reduction 

and increment. Functional gradation of material properties 

presented in Table 1 is described based on power-law 

formulation. The nanoshell is under a multi-physical field 

related to applied voltage, magnetic field intensity, and 

mechanical load. First, obtained buckling loads are 

compared with previous data in literature. 

Post-buckling load of a FG cylindrical shell obtained by 

presented study is compared with that provided by Bitch et 

al. (2013) as shown in Fig. 2. In this figure, a FG shell with 

material gradient indices p = 1, 5 and the length of L = 2R 

has been considered. Obtained buckling curves completely 

matches with that provided by Bich et al. (2013). Also, in 

 

 

 

Fig. 1 Configuration of MEE cylindrical nanoshell 

 

 

Table 1 Material properties of the FG-METE nanoshell 

Properties BaTiO𝟑 CoFe𝟐𝑶𝟒 

𝒄𝟏𝟏 = 𝒄𝟐𝟐 (GPa) 166 286 

𝒄𝟏𝟐 77 173 

𝒄𝟔𝟔 44.5 56.5 

𝒆𝟑𝟏 (𝑪𝒎-2) -4.4 0 

𝒆𝟏𝟓 11.6 0 

𝒒𝟑𝟏 (N/Am) 0 580.3 

𝒒𝟏𝟓 0 550 

𝒔𝟏𝟏 (𝟏𝟎−𝟗𝑪𝟐𝒎-2𝑵-1) 11.2 0.08 

𝒔𝟑𝟑 12.6 0.093 

𝝌𝟏𝟏(𝟏𝟎−𝟔𝑵𝒔𝟐𝑪−𝟐/2) 5 -590 

𝝌𝟑𝟑
 

10 157 

𝒅𝟏𝟏 = 𝒅𝟐𝟐 = 𝒅𝟑𝟑 0 0 

𝜶𝟏(𝟏𝟎−𝟔𝟏/𝑲) 10 15.7 
 

 

 

Fig. 2 Verification of post-buckling curves for FG shells 
 

 

Table 2 Verification of buckling load for NSGT nanoshells 

(L/R = 10, h/R = 0.2) 

 

λ = 0.5 nm2 λ = 0.7 mn2 

Mehralian 

et al. (2017) 
Present 

Mehralian 

et al. (2017) 
Present 

µ = 1 372.225 372.880 395.186 395.881 

µ =1.3 324.044 324.614 344.033 344.638 

µ =1.5 293.239 293.775 311.327 311.875 
 

 

 

Table 3 Comparison of buckling load for a FG cylindrical 

shell (R/h = 100) 

  Bitch et al. (2013) Present study 

L/R = 2 p = 0 2.229 2.229 

(m,n) = (1,5) 

p = 0.5 1.545 1.545 

p = 1 1.228 1.228 

p = 5 0.723 0.723 

L/R = 6 p = 0 2.079 2.079 

(m,n) = (1,3) 

p = 0.5 1.445 1.445 

p = 1 1.151 1.150 

p = 5 0.674 0.674 
 

 

 

another comparison study, buckling loads of a nanoshell 

with 2 nm radius which is modeled by NSGT have been 

verified in Table 2 with those presented by Mehralian et al. 

(2017). They used molecular dynamic simulation (MDS) to 

obtain linear buckling loads of a nanoshell based on proper 

values of nonlocal and strain gradient parameters. Based on 

the values reported for the two parameters, obtained 

buckling loads are matched with those provided by 

Mehralian et al. (2017). Also, for validating buckling loads 

of a FG cylindrical shell, obtained buckling loads are 

compared with the results provided by Bitch et al. (2013) in 

Table 2 for two buckling modes of (m,n) = (1,3) and (1,5). 

Different values of material exponent (p = 0, 0.5, 1, 5) are 
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considered for this comparison. 

Fig. 3 illustrates buckling load of FG-MEE nanoshell 

versus normalized deflection based on various nonlocal and 

strain gradient parameters when L = 2R and R/h = 100. For 

all curves, obtained buckling load at W̃ = 0 is called 

critical buckling load. With increase of normalized 

deflection, post-buckling curves exhibit an interesting and 

surprising behavior. In fact, the buckling load of nanoshell 

first reduces with increase of normalized deflection then it 

increases. So, immediately after the critical buckling load, 

the nanoshell has no post-buckling capability and buckling 

load will reduce. It means that the nanoshell can be 

subjected to higher deformations under smaller loads. 

However, the buckling load will increase at higher 

normalized deflections where the nanoshell can endure 

higher loads. Another observation from this figure is that 

post-buckling curves of the nanoshell are influenced by 

nonlocal and strain gradient effects. Post-buckling curves 

move higher with increase of strain gradient parameter 

which introduces structural stiffening effect. Also, post-

buckling loads become lower with increase of nonlocal 

parameter which introduces structural softening effect. In 

special cases when µ = λ = 0, post-buckling curves of 

 

 

 

 

a macro size MEE shell can be obtained. Also, assuming 

only λ = 0 gives post-buckling curves of nonlocal MEE 

nanoshells discarding strain gradient effects. 

Influences of applied electric voltage (V) and material 

gradient index (p) on post-buckling curves of a FG-MEE 

nanoshell have been illustrated in Fig. 4 when µ = 0.2 and λ 

= 0.1. It can be deduced that post-buckling curves of FG-

MEE nanoshells rely on the value of material gradient 

index. Indeed, increase of material index yields lower post-

buckling loads because the amount of CoFe2O4 having 

lower elastic moduli is decreased compared to the amount 

of BaTiO3. Also, as the value of p is smaller, the post-

buckling curves based on various values of applied electric 

voltage become closer to each other. It is due to the fact that 

at smaller values of p, the portion of CoFe2O4 in FG 

material is more than BaTiO3. Since CoFe2O4 has a zero 

piezoelectric constant (e31 = 0) according to Table 1, electric 

field effects on post-buckling curves reduces at higher 

portion of CoFe2O4 or lower values of material index. Also, 

it may be observed from the figure that negative voltage 

gives higher post-buckling curves than positive voltage. 

Actually, positive voltage may induce an axial compressive 

load to the nanoshell leading to lower structural stiffness 

   

(a) µ = 0.1 (b) µ =0.2 (c) µ = 0.3 

Fig. 3 Post-buckling load versus normalized deflection based on various nonlocal and strain gradient parameters (V = 0, Ω = 0, p = 1, 

L = 2R, R/h = 100) 

   

(a) p = 0.5 (b) p = 1 (c) p = 2 

Fig. 4 Post-buckling load versus normalized deflection based on various electric voltages and material indices (Ω = 0, µ = 0.2, λ = 0.1, 

L = 2R, R/h = 100) 
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and buckling loads. 

Fig. 5 indicates the effects of magnetic field intensity 

(Ω) and material gradient index (p) on post-buckling curves 

of a FG-MEE nanoshell modeled by NSGT. As mentioned 

 

 

 

 

 

 

before, larger values of material gradient index are 

corresponding to lower buckling loads. Moreover, as the 

value of p is larger, the post-buckling curves according to 

various values of magnetic field intensity become closer to 

 

 

 

 

 

 

   

(a) p = 0.5 (b) p = 1 (c) p = 2 

Fig. 5 Post-buckling load versus normalized deflection based on various electric magnetic field intensities and material indices (V = 0, 

µ = 0.2, λ = 0.1, L = 2R, R/h = 100) 

  

(a) λ = 0 (b) µ = 0 

Fig. 6 Buckling voltage versus normalized deflection based on various electric voltages and material indices (Ω = 0, p = 1, L = 2R, 

R/h = 100) 

  

(a) λ = 0 (b) µ = 0 

Fig. 7 Buckling magnetic potential versus normalized deflection based on various nonlocal and strain gradient parameters (p = 1, 

L = 2R, R/h = 100) 
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each other. The reason is due to the fact that at larger values 

of p, the portion of CoFe2O4 in FG material is less than 

BaTiO3. Since BaTiO3 has a zero magnetic constant (q31 = 

0) according to Table 1, magnetic field effects on post-

buckling curves become less sensible at higher percentages 

of BaTiO3 or larger values of material index. Furthermore, it 

may be seen from the figure that negative magnetic field 

intensity gives lower post-buckling curves than positive 

magnetic field intensity. Indeed, negative magnetic field 

intensity leads to lower structural stiffness by exerting an 

axial compressive load to the nanoshell. 

From a scientific point of view, buckling occurs when 

the structures is subjected to a large compressive load. This 

load can be a mechanical load acting in axial direction 

leading to buckling of a nanoshell. Also, the nanoshell may 

buckle under an intense electric or magnetic field. The 

voltage in which the nanoshell buckles is called buckling 

voltage and also the magnetic potential in which the 

nanoshell buckles is called buckling magnetic potential. 

Figs. 6 and 7 respectively depict buckling voltage and 

buckling magnetic potential with respect to normalized 

maximum deflection and various values of nonlocal and 

strain gradient parameters. As can be seen, the nanoshell is 

buckled at negative values of magnetic potential due to the 

fact that negative magnetic potential can exert a 

compressive load. In contrast, the nanoshell is also buckled 

at positive values of electric voltage according to Fig.6. 

Considering absolute values of buckling voltage and 

magnetic potential, the post-buckling curves first 

diminishes with increase of normalized deflection. Then, 

the post-buckling curves will rise at higher values of 

normalized deflection. As mentioned before, the cylindrical 

nanoshells have no post-buckling capability immediately 

after critical buckling values. 
 

 

6. Conclusions 
 

An investigation on post-buckling behavior of FG-MEE 

cylindrical nanoshells under mechanical, electrical and 

magnetic loadings was presented in the article. 

Mathematical formulation based on NSGT gave two scale 

coefficients for simultaneous description of structural 

stiffness reduction and increment. Functional gradation of 

material properties was described based on power-law 

formulation. The governing equations were presented in the 

framework of Galerkin’s method and then post-buckling 

curves were obtained as functions of maximum deflection. 

It was seen that the buckling load of nanoshell first reduced 

with increase of maximum deflection and then it increased. 

In fact, immediately after the critical buckling load, the 

nanoshell had no post-buckling capability and buckling load 

reduced. Another observation from this figure was that post-

buckling curves of the nanoshell were influenced by 

nonlocal and strain gradient effects. It was also seen that 

increase of material index led to lower post-buckling loads 

because the amount of CoFe2O4 having lower elastic moduli 

was decreased compared to the amount of BaTiO3. Also, as 

the value of p was smaller, the post-buckling curves based 

on various values of applied electric voltage became closer 

to each other. 
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0

𝐿

0

𝜙(𝑥, 𝑦)𝑑𝑦𝑑𝑥 (A26) 

 

𝑘24 = ∫ ∫ (+𝐴31
𝑒 (+

𝜕𝑣

𝜕𝑦
))

2𝜋𝑅

0

𝐿

0

𝜙(𝑥, 𝑦)𝑑𝑦𝑑𝑥 (A27) 

 

𝑘34 = ∫ ∫ (+𝐴31
𝑒 (−

𝑤

𝑅
) − 𝐸31

𝑒 (
𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
))

2𝜋𝑅

0

𝐿

0

 

           𝜙(𝑥, 𝑦)𝑑𝑦𝑑𝑥 

(A28) 

 

𝑘44 = ∫ ∫ (+𝐹11
𝑒

𝜕2𝜙

𝜕𝑥2
+ 𝐹22

𝑒
𝜕2𝜙

𝜕𝑦2
− 𝐹33

𝑒 𝜙)
2𝜋𝑅

0

𝐿

0

 

           𝜙(𝑥, 𝑦)𝑑𝑦𝑑𝑥 

(A29) 

 

𝑘54 = ∫ ∫ (+𝐹11
𝑚

𝜕2𝛾

𝜕𝑥2
+ 𝐹22

𝑚
𝜕2𝛾

𝜕𝑦2
− 𝐹33

𝑚𝛾)
2𝜋𝑅

0

𝐿

0

 

           𝜙(𝑥, 𝑦)𝑑𝑦𝑑𝑥 

(A30) 

 

𝑘15 = ∫ ∫ (+𝐴31
𝑚 (

𝜕𝑢

𝜕𝑥
))

2𝜋𝑅

0

𝐿

0

𝛾(𝑥, 𝑦)𝑑𝑦𝑑𝑥 (A31) 

 

𝑘25 = ∫ ∫ (+𝐴31
𝑚 (+

𝜕𝑣

𝜕𝑦
))

2𝜋𝑅

0

𝐿

0

𝛾(𝑥, 𝑦)𝑑𝑦𝑑𝑥 (A32) 

 

𝑘35 = ∫ ∫ (+𝐴31
𝑚 (−

𝑤

𝑅
) − 𝐸31

𝑚 (
𝜕2𝑤

𝜕𝑥2
+

𝜕2𝑤

𝜕𝑦2
))

2𝜋𝑅

0

𝐿

0

 

            𝛾(𝑥, 𝑦)𝑑𝑦𝑑𝑥 

(A33) 

 

𝑘55 = ∫ ∫ (+𝑋11
𝑚

𝜕2�̄�

𝜕𝑥2
+ 𝑋22

𝑚
𝜕2�̄�

𝜕𝑦2
− 𝑋33

𝑚 �̄�)
2𝜋𝑅

0

𝐿

0

 

            �̄�(𝑥, 𝑦)𝑑𝑦𝑑𝑥 

(A34) 
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