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1. Introduction 

 

Aorta artery attracts most importance since it’s vitality 

among all arteries for humans and mammals (Kaniowsk et 

al. 1970). Also, aorta is the artery with largest diameter and 

comes out from left ventricle of hearth then sprawl toward 

lower abdomen to arterials (Jainandunsing et al. 2019). The 

main role of this artery is to transmit oxygenated blood 

firstly to arterials then to capillary networks. As aorta is the 

first artery coming out from hearth, highest pressures occur 

in aorta artery compared to any other artery or capillary 

(Levy and Tedgui 2007). In humans, the average load of 

aorta is from 3 to 7 liters per minute (approximately 100 ml 

per second) depending on age, weight and height. 

Furthermore, it is known that the pressure in aorta is 80-140 

mmHg up to the strength of hearth and physical properties 

of body (Jezkova et al. 2016). Decreasing in thickness of 

arteries is normally expected to increase the pressure in the 

blood, while the situation in the arteries is more 

complicated. The inner-pressure of arteries is not decreasing 

linearly depending on diameter and length. Inner-pressure is 

directly depending on the distance of artery from the hearth. 

As the distance is increasing, in capillaries with diameter 

between 50 µm-250 µm (approximately 5000 times 

narrower than aorta) the inner-pressure decreases by 30-

40% compared with aortic artery (Gore 1974, Levesque and 
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Nerem 1985, Mulvany and Aalkjaer 1990). The largest 

pressure drop is between the interstitial terminal arteries, on 

the other hand blood vessels with diameters less than about 

60 µm have no correlation between central blood pressure 

and microvascular pressure, indicating that pressure is 

controlled in such small diameter vessels which means the 

pressure in aorta is far from being controlled (Gore and 

Bohlen 1975). Blood pressure creates intraluminal pressure 

from the inner surface of the vessel, resulting in pressure 

and shear stresses in the vessel wall (Liu et al. 2014). In 

comparison, due to the blood flow, the shear stresses caused 

by the friction force between the blood and the inner wall of 

the vessel are transferred to the vessel surface in the same 

way and can reach critical values to cause buckling in 

artery. It is also known that the buckling and post-buckling 

behaviours of the stent by cross sectional analysis after 

deployment is more important during some operation or 

biomedical area. 

Owing to the development of technology and medical 

sciences, the attenuation of aortic arteries due to alcohol, 

aging, obesity, or smoking has become more curable while 

the incidence of fatal Traumatic Aortic Rupture (TAR) cases 

as a result of traffic accidents has increased with the 

increase in the number of vehicles in traffic and the 

increasing number of accidents. Serious researches has 

recently begun on the sprains of the aortic artery and its 

associated tearing. According to these studies, TAR is seen 

in a small percentage of traffic accidents (1.2%), but it is 

seen in a significant proportion of fatal traffic accidents 

(20%). This rate is dramatically high for passengers than 

drivers in traffic accidents. Traumatic Aortic Rupture (TAR) 

was observed in 91-99% of passengers who died in fatal 

traffic accidents (depending on the direction of the force 
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acting on the vehicle in the traffic accident). Even in cases 

without TAR, it is observed that, after a non-fatal traffic 

accident the patient could die within the first 24 hours of 

arriving at a health center due to Traumatic Aortic Injury 

(TAI) (Lee et al. 2011). According to a study published by 

Richen et al. (2003) 7076 traffic accidents were examined 

in the UK between 1992 and 1999, resulting in the fact that 

the wearing of a seat belt or an air bag did not eliminate the 

possibility of injury in the aortic artery. This situation has 

revealed the need to study the mechanical causes under 

TAR and TAI cases for better understanding of critical 

situations. Determining the critical limits of TAR and TAI 

cases will lead to development of driver and passenger 

safety in car safety design. TAR and TAI cases, which are 

seen in high rate in traffic accidents, occur with more than 

one deformation (Gammie et al. 1998). Almost all traumatic 

ruptures seen in the aortic artery usually occur in the 

vertical direction in the form of a cross tear starting from 

intima (Bertrand et al. 1998). Although TAI and TAR were 

the major part of the fatal cases in traffic accidents, it was 

found that the single factor parameter does not cause TAR 

or TAI and the combination of different factors create 

tension and pressure in the aortic artery exceeding the 

damage and tear levels. The most effective way of 

understanding TAR and TAI is to examine and understand 

the mechanical behavior of the aortic artery under various 

loads that cause injury or damage. 

Some studies in the literature have shown that blood 

pressure in the aortic artery does not only create an increase 

in stresses on the vascular surface, but also can affect the 

straight form of aorta to buckled form (Smyth and Edwards 

1972, Han 2009a, b, Rachev 2009). Due to the buckling, a 

great increase in the tension and pressure in the aortic artery 

can occur and this increase may lead to cases of TAR and 

TAI and other types of fatal cases (Agah 2015). 

In 2007, Han have published an article which is 

important to understand the biomechanical properties and 

behavior of artery buckling (Han 2007). Artery is modeled 

as linear-elastic, thin-walled in shape of circular cylinders. 

Constant internal pressure and axial tension with axial 

elongation have been applied to model. Semi-inverse 

approach has been applied to obtain buckling equation. As 

experimental observations indicated that buckling occurs in 

sin shape, Euler column buckling has been used. The effect 

of dimensional parameters with axial stretch ratio on 

stability of arteries have been clearly demonstrated in 

results. 

More recently, experimental studies on mouse and pork 

aortic arteries have shown that blood pressure and axial 

stress are the major factors in aortic artery buckling 

(Hayman et al. 2013, Zhang et al. 2014). In addition, these 

studies have shown that vessel buckling form asymmetric 

regional stresses on the vessel wall and this situation affects 

the normal behavior and strength of the vessel. Some 

studies demonstrated that the aortic artery was unstable due 

to increased blood pressure or reduced axial stress (Han 

2009b, Han et al. 2013). Martinez et al. (2010) have 

investigated the buckling pressure and to measure the 

mechanical properties of veins using porcine jugular veins. 

Later, Liu and Han (2012) investigated the critical buckling 

pressure of artery under pulsatile pressure using 

experiments and theoretic works. Following, the torsional 

buckling of arteries and veins were investigated by Garcia 

et al. (2013, 2017) experimentally using porcine common 

carotid arteries. These researches and formers contributed 

much on account of understanding the mechanical 

properties and behavior of arteries and veins (Han et al. 

2013). 

The experimental study of the human artery under 

mechanical stress is a very difficult task both ethically and 

economically. Therefore, it would be more appropriate to 

examine the aortic artery by mechanically modeling under 

various loads and examine its buckling and post-buckling 

behavior. 

Buckling analysis have been widely researched and 

applied to small scaled structures like arteries while it is 

also applied to nano scaled structures like nanomaterials 

using higher order theories such as nonlocal elasticity 

theory, couple-stress theory, strain gradient theory (Demir 

and Civalek 2007a, Civalek and Demir 2011a, b, Akgöz and 

Civalek 2013, Youcef et al. 2015, Tornabene et al. 2015b, 

Kheroubi et al. 2016, Akgöz and Civalek 2016, 2017a, b, 

Mercan and Civalek 2017, Semmah et al. 2019, Ebrahimi et 

al. 2019). Also, vibration analysis of small and nano sized 

structures has been researched during last decades (Civalek 

and Kiracioglu 2010, Akgöz and Civalek 2014, 2017c, 

Demir and Civalek 2013, 2017b, Demir et al. 2017, 

Ebrahimi and Barati 2017, 2018, Fantuzzi et al. 2017, 

Berghouti et al. 2019, Bendaho et al. 2019). Furthermore, 

dynamic analysis has been also applied to small and nano 

sized structrures (Tornabene et al. 2015a, Civalek and 

Demir 2016, Numanoglu et al. 2018, Jalaei and Arani 2018, 

Jalaei et al. 2018, Butaleb et al. 2019). On the other side, 

molecular dynamic analysis method has been gained 

popularity due to overcoming modeling limitations 

(Sahmani and Fattahi 2018). More recently some alternative 

methods have been developed to obtain more accurate 

results on stability and modal analyzes such quasi-3D 

refined theory (Sobhy and Zenkour 2019), nonlocal strain 

gradient theory (Jalaei et al. 2019, Sahmani and Safaei 

2019, Jalaei and Thai 2019). Also, thermo-mechanical 

analyzes have gained popularity as the usage of 

nanomaterials in extreme thermal environments increased 

dramatically in last decades (Ebrahimi et al. 2015, Ebrahimi 

and Salari 2015, 2016, Ebrahimi and Hosseini 2016, 

Ebrahimi and Jafari 2016, Ebrahimi and Barati 2016, 

Ebrahimi and Farazmandnia 2017). In this paper, post-

buckling analysis of aorta artery is investigated under axial 

compression loads on the basis of Euler-Bernoulli beam 

theory using finite element method. 

 

 

2. Mechanical model of aorta artery 
 

The main arterial aortic artery, where the whole blood is 

pumped from the heart to the body, is the aortic artery. As it 

can be seen from Fig. 1, if we examine the aortic artery 

from the start (heart) to the end (abdominal arteries); the 

part of the artery where is attached to the heart is ascending 

aorta after ascending aorta, the arc with curved structure 
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supplying the brain vasculature and arms is aortic arch, the 

small part bonding the arc to descending aorta is the 

thoracic aorta, the most flat and longer part which will be 

examined in this research coming after thoracic aorta is 

descending aorta which the buckling case most occurs. In 

adults,  the descending aorta length varies from 

approximately 4 to 9 cm and is 2-5 mm in diameter (De 

Garris et al. 1933, Presley 1979). Differences in lengths and 

diameters depend on the height and age. Many studies in 

the literature have shown that the aortic artery ruptures 

occur in the descending aortic section (Williams et al. 

1994), which is the straight vessel in the vein, as shown in 

Fig. 1. In mechanic modeling, boundary conditions that are 

the closest to the reality are simple-simple and clamped-

clamped support conditions. The aortic artery link in the 

heart prevents the vein from moving when it does not show 

rotational resistance, so the support of the aortic artery at 

the heart side can be compared to the simple support in the 

mechanical model. Similarly, the other end of the critical 

part of the aortic artery is connected to the arteries. These 

artery connections do not show resistance to rotation as they 
 

 

 

Fig. 1 Transition from real aorta artery to its continuum 

model 
 

 

prevent displacement in the same way as they were in the 

first case, so the other end of the aortic artery can also be 

called simple support behavior. On the contrary, in some 

studies in the literature, one end of the artery was assumed 

to be free and the buckling of the vessel under high 

pressures was prevented and its behavior under these 

pressures was examined (Fung et al. 1979, Humphrey et al. 

1993, Kim and Baek 2011, Lillie et al. 2010, 2012, Schulze-

Bauer et al. 2003). Furthermore, after buckling, aorta may 

behave like fixed from both ends. For this reason, in this 

research both simple-simple and clamped-clamped 

boundary condition cases are examined. 

The real demonstration of aorta artery together with 

heart is demonstrated at the left side of the Fig. 1. At the 

middle, the descending aorta and at the right side of Fig. 1, 

the continuum model which is used for analyzes is 

demonstrated. 

First three mode shapes and the stable case of 

descending aorta is demonstrated in Fig. 2. As it can be 

clearly seen from the figure, with the increase in mode 

number the length of the descending aorta becomes shorter 

due to sinusoidal shape. 

 

 

3. Theory and formulations 
 

In the present study, two types of support conditions for 

the aorta artery are considered. Simply supported-simply 

supported and simply supported-clamped supported (C-S). 

Based on Euler-Bernoulli beam theory and Von Karman 

nonlinear relations, the nonlinear strain-displacement 

relation is expressed as 

 

𝜀𝑥𝑥 =
𝑑𝑢0
𝑑𝑥

− 𝑧
𝑑2𝑣0
𝑑𝑥2

+
1

2
(
𝑑𝑣0
𝑑𝑥
)
2

 (1) 

 

 

  

(a) Stable case (b) Mode 1 

  

(c) Mode 2 (d) Mode 3 

Fig. 2 First three mode shapes of aorta with its stable case 
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where u0 and v0 are the axial and transverse displacements 

of the midplane, respectively. The constitutive relation of 

the problem is as follows 

 

𝜎𝑥𝑥 = 𝐸𝜀𝑥𝑥 (2) 

 

Where E is Young Modulus. The stress resultants Nx 

and Mx represent the axial force and bending moment are 

given as follow 

 

𝑁𝑥 = 𝐸𝐴 [
𝑑𝑢0
𝑑𝑥

+
1

2
(
𝑑𝑣0
𝑑𝑥

)
2

] (3a) 

 

 𝑀𝑥 = −𝐸𝐼
𝑑2𝑣0
𝑑𝑥2

 (3b) 

 

The weak form of the problem is as follows (Schembri 

et al. 2004) 

 

∫
𝑑𝛿𝑢0
𝑑𝑥

𝐸𝐴 [
𝑑𝑢0
𝑑𝑥

+
1

2
(
𝑑𝑣0
𝑑𝑥

)
2

] 𝑑𝑥
𝑥𝑏

𝑥𝑎

 

= ∫ 𝛿𝑢0𝑓𝑑𝑥
𝑥𝑏

𝑥𝑎

+ 𝛿𝑢0(𝑥𝑎)𝑄1 + 𝛿𝑢0(𝑥𝑏)𝑄4 

(4a) 

 

∫ {
𝑑𝛿𝑢0
𝑑𝑥

𝐸𝐴
𝑑𝑣0
𝑑𝑥

[
𝑑𝑢0
𝑑𝑥

+
1

2
(
𝑑𝑣0
𝑑𝑥

)
2

]
𝑥𝑏

𝑥𝑎

 

         +𝐸𝐼
𝑑2𝛿𝑢0
𝑑𝑥2

𝑑2𝑣0
𝑑𝑥2

}𝑑𝑥 

= ∫ 𝛿𝑣0𝑞𝑑𝑥
𝑥𝑏

𝑥𝑎

+ 𝛿𝑣0(𝑥𝑎)𝑄2 + 𝛿𝑣0(𝑥𝑏)𝑄5 

            +𝛿𝜃(𝑥𝑎)𝑄3 + 𝛿𝜃(𝑥𝑏)𝑄6 

(4b) 

 

Where f is the external axial force, q is distributed 

transverse load 

 

𝑄1 = −𝑁𝑥(𝑥𝑎),          𝑄4 = 𝑁𝑥(𝑥𝑏), 

𝑄2 = − [
𝑑 𝑀𝑥

𝑑𝑥
+ 𝑁𝑥

𝑑𝑣0
𝑑𝑥

]
𝑥𝑎

, 

𝑄5 = − [
𝑑 𝑀𝑥

𝑑𝑥
+ 𝑁𝑥

𝑑𝑣0
𝑑𝑥

]
𝑥𝑏

, 

𝑄3 = −𝑀𝑥(𝑥𝑎),         𝑄4 = 𝑀𝑥(𝑥𝑏),        𝜃 =
𝑑𝑣0
𝑑𝑥

 

(5) 

 

For the finite element model of the problem, the nodal 

displacements q for a two-node beam element contain three 

degrees of freedom at each node are as follows 

 
{𝑞(𝑡)}e

= [𝑢𝑖
(𝑒)(𝑡), 𝑣𝑖

(𝑒)(𝑡),  𝜃𝑖
(𝑒)(𝑡), 𝑢𝑗

(𝑒)(𝑡), 𝑣𝑗
(𝑒)(𝑡),  𝜃𝑗

(𝑒)(𝑡)]
𝑇
 

(6) 

 

The displacement field of the finite element is expressed 

in terms of the nodal displacements as follows 

 

𝑢0
(e)(𝑋, t) = φ1

(𝑈)(𝑋) 𝑢i(𝑡) + φ2
(𝑈)(𝑋) 𝑢j(𝑡)    

                   = [φ(𝑈)] {
 𝑢i
 𝑢j
} = [φ(𝑈)]{q}𝑈 

(7) 

𝑣0
(e)(𝑋, t) = φ1

(𝑉)(𝑋) 𝑣i(𝑡) + φ2
(𝑉)(𝑋) 𝜃i(𝑡) 

                      +φ3
(𝑉)(𝑋) 𝑣j(𝑡) + φ4

(𝑉)(𝑋) 𝜃j(𝑡) 
(8a) 

 

[φ(𝑉)]

{
 

 
 𝑣i
 𝜃i
 𝑣j 
 𝜃j}
 

 

= [φ(𝑉)]{𝑞}𝑉 (8b) 

 

where ui, vi and θi are the axial displacements, transverse 

displacements and slopes at the two end nodes of the beam 

element, respectively, and φi
(𝑈)

 and φi
(𝑉)

 are the 

Hermitian shape functions for the axial and transverse 

displacements, respectively. The interpolation functions for 

the axial displacement are 
 

𝜑(𝑈)(X) = [𝜑1
(𝑈)(X)  𝜑2

(𝑈)(X)]
𝑇
 (9) 

 

where 
 

𝜑1
(𝑈)(X) = (−

𝑋

𝐿e
+ 1) (10a) 

 

𝜑2
(𝑈)(X) = (

𝑋

𝐿e
) (10b) 

 

The interpolation functions for the transverse 

displacement are 

 

𝜑(𝑉)(X) = [𝜑1
(𝑉)(X)  𝜑2

(𝑉)(X)  𝜑3
(𝑉)(X)  𝜑4

(𝑉)(X)]
𝑇
  (11) 

 

where 
 

𝜑1
(𝑉)(X) = (1 −

3𝑋2

𝐿e
2
+
2𝑋3

𝐿e
3
) (12a) 

 

𝜑2
(𝑉)(X) = (−𝑋 +

2𝑋2

𝐿e
−
𝑋3

𝐿e
3
) (12b) 

 

𝜑3
(𝑉)(X) = (

3𝑋2

𝐿e
2
−
2𝑋3

𝐿e
3
) (12c) 

 

𝜑4
(𝑉)(X) = (

𝑋2

𝐿e
−
2𝑋3

𝐿e
3
) (12d) 

 

with 𝐿e indicating the length of the beam element. 

Substituting Eqs. (7) and (8) into weak formulation of 

the problem, and using the usual assemblage procedure of 

the finite element method, the equations of problem can be 

obtained for the entire structure as follows 

 
[𝐾]{𝑞(𝑡)} = {𝐹} (13) 

 

where [K] is the stiffness matrix and {𝐹} is the load vector 

of the structure. The stiffness matrix [K] can be given as 

 

[𝐾] = [
[𝐾𝐴] [𝐾𝐵]

[𝐾𝐵]T [𝐾𝐷]
] (14) 

 

where 
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𝐾𝐴 = ∫ 𝐸𝐴 [
𝜕𝜑(𝑈)

𝜕𝑋
]

𝑇

 [
𝜕𝜑(𝑈)

𝜕𝑋
] 𝑑𝑥

𝑥𝑏

𝑥𝑎

 (15a) 

 

𝐾𝐵 = ∫
1

2
(𝐸𝐴

𝑑𝑣0
𝑑𝑥

) [
𝜕𝜑(𝑉)

𝜕𝑋
]

𝑇

 [
𝜕𝜑(𝑈)

𝜕𝑋
] 𝑑𝑥

𝑥𝑏

𝑥𝑎

 (15b) 

 

𝐾𝐷 = ∫ {
1

2
𝐸𝐴 [

𝑑𝑢0
𝑑𝑥

+ (
𝑑𝑣0
𝑑𝑥
)
2

] [
𝜕𝜑(𝑉)

𝜕𝑋
]

𝑇

 [
𝜕𝜑(𝑉)

𝜕𝑋
]

𝑥𝑏

𝑥𝑎

 

           +𝐸𝐼 [
𝜕2𝜑(𝑉)

𝜕𝑋2
]

𝑇

 [
𝜕2𝜑(𝑉)

𝜕𝑋2
]} 𝑑𝑥 

(15c) 

 

The load vector {𝐹} can be given as 
 

{𝐹} = {
𝐹𝑖
1

𝐹𝑖
2} (16) 

 

where 
 

𝐹𝑖
1=∫ 𝑓[𝜑(𝑈)]

𝑇
 𝑑𝑥

𝑥𝑏
𝑥𝑎

+𝜑𝑥𝑎
(𝑈)
𝑄1+𝜑𝑥𝑏

(𝑈)
𝑄1 (17a) 

 

𝐹𝑖
2 = ∫ 𝑞[𝜑(𝑉)]

𝑇
 𝑑𝑥

𝑥𝑏

𝑥𝑎

+ 𝜑𝑥𝑎
(𝑉)𝑄2 + 𝜑𝑥𝑏

(𝑉)𝑄5 

         +
𝜕𝜑𝑥𝑎

(𝑉)

𝜕𝑋
𝑄3 +

𝜕𝜑𝑥𝑏
(𝑉)

𝜕𝑋
𝑄6 

(17b) 

 

For the solution of the nonlinear problem, small-step 

incremental approaches are used with Newton-Raphson 

iteration method. For iterations, buckling load is divided 

using a suitable number according to the value of load. 

Large numbers are used to divide to loading. Within an 

iteration process is done, load increment is added to the 

accumulated load to increase the load. In the Newton-

Raphson iteration method, the solution for n+1 th load 

increment and i th iteration is obtained in the following 

form 

𝑅𝑛+1
𝑖 = (𝐾𝑇

𝑖 )𝑑𝑢𝑛
𝑖  (18) 

 

where 𝐾𝑇
𝑖  is the tangent stiffness matrix, 𝑑𝑢𝑛

𝑖  is the 

solution increment vector at the i th iteration and n+1 th 

load increment, (𝑅𝑛+1
𝑡 )𝑆 is the system residual vector at 

the i th iteration and n+1 th load increment. The iteration 

procedure is continued until the difference between two 

successive solution vectors is less than a selected tolerance 

criterion 

|
𝑑𝑢𝑛

𝑖+1 − 𝑑𝑢𝑛
𝑖

𝑑𝑢𝑛
𝑖+1

| ≤ 𝛿𝑡𝑜𝑙 (19) 

 

In the iteration process, the solution vector is as follows 

 

𝑢𝑛+1
𝑖+1 = 𝑢𝑛+1

𝑖 + 𝑑𝑢𝑛+1
𝑖  (20) 

 

The external load F is divided into several smaller load 

increments ΔFi 
 

𝐹 =∑∆𝐹𝑖

𝑛

𝑖=1

 (21) 

The residual vector for a finite element can be written as 

 
{𝑅} = [𝐾]{𝑞(𝑡)} − {𝐹} (22) 

 

After the process of the Newton Raphson iteration 

method, the tangent stiffness matrix is as follows 

 

[𝐾𝑇] = [
[𝐾𝑇

𝐴] [𝐾𝑇
𝐵]

[𝐾𝑇
𝐵]T [𝐾𝑇

𝐷]
] (23) 

 

where 
 

𝐾𝑇
𝐴 = ∫ 𝐸𝐴 [

𝜕𝜑(𝑈)

𝜕𝑋
]

𝑇

 [
𝜕𝜑(𝑈)

𝜕𝑋
] 𝑑𝑥

𝑥𝑏

𝑥𝑎

 (24a) 

 

𝐾𝑇
𝐵 = ∫ (𝐸𝐴

𝑑𝑣0
𝑑𝑥

) [
𝜕𝜑(𝑉)

𝜕𝑋
]

𝑇

 [
𝜕𝜑(𝑈)

𝜕𝑋
] 𝑑𝑥

𝑥𝑏

𝑥𝑎

 (24b) 

 

𝐾𝑇
𝐷 = 𝐾𝐷 +∫ {

1

2
𝐸𝐴 [

𝑑𝑢0
𝑑𝑥

+ 2 (
𝑑𝑣0
𝑑𝑥

)
2

]
𝑥𝑏

𝑥𝑎

 

           [
𝜕𝜑(𝑉)

𝜕𝑋
]

𝑇

 [
𝜕𝜑(𝑉)

𝜕𝑋
]} 𝑑𝑥 

(24c) 

 

 

4. Numerical results 
 
In the numerical examples, the post-buckling deflections 

and critical buckling loads, end calculated and presented in 

figures for different compressive loads (P) and the geometry 

parameters of aorta artery. To this end, by use of usual 

assembly process, the system tangent stiffness matrix and 

the system residual vector are obtained by using the element 

stiffness matrixes and element residual vectors for the 

Euler-Bernoulli beam element and Von-Karman nonlinear 

relations. After that, the solution process outlined in the 

previous section is used for obtaining the related solutions 

for the finite element model of aorta artery element. Three 

different average diameter is taken into account (Davg = 4.38 

mm, Davg = 5.5 mm and Davg = 6 mm). The Young modulus 

is E = 200 kPa (Han 2007), the thickness is t = 1 mm 

(except Table 2), the moment of inertia is I = πtRavg
3 

 

 

 

Fig. 3 The buckling load of aorta artery for variable artery 

diameters for first four modes 
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(Ravg = Davg/2). In the numerical calculations, the number of 

finite elements is taken as n = 150. 

The buckling load of aorta artery for first 4 modes is 

plotted with variable artery diameters in Fig. 3. In Fig. 4, 

the effect of the L/R (Length/Radius) on the critical 

buckling load is presented for different average diameters in 

both support conditions SS and CS. 

The buckling behavior of descending aorta with 50 mm 

length and 4.38 mm diameter is investigated and results for 

simply supports are plotted in Fig. 4 and Table 1. As 

expected, the buckling load is lower for lower mode 

numbers. Furthermore, increase in diameter also end up 

with increase in buckling loads while the difference is much 

bigger for upper mode numbers. 

In Table 1, comparative buckling analysis results are 

given. Classical Euler-Bernoulli buckling theory and finite 

element software results are compared for first five modes. 

It is observed that finite element software gives closer 

results for second and third mode while the difference 

between results get higher for higher modes. 

In Table 2, the effect of arterial wall thickness on its 

stability is investigated for first ten modes. As expected, 

thicker arterial wall ends up with stiffer model and higher 

buckling loads. The software became insufficient to 

calculate high modes with thinner arterial walls. As it can 

be clearly seen from Table 2, a slightly difference in arterial 

wall affect buckling analyses results dramatically. 

 

 

 

 

Table 1 Comparative buckling analysis results of first five 

modes of aorta for different L/r ratios (N) (Euler-

Bernoulli model vs. ANSYS finite element 

software) 

L/r  Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 

10 
Euler-Bernoulli 0.02605 0.10422 0.23448 0.41686 0.65135 

ANSYS 0.02764 0.11274 0.23962 0.42995 0.66652 

20 
Euler-Bernoulli 0.01214 0.04212 0.10724 0.17861 0.26456 

ANSYS 0.01342 0.04525 0.11541 0.19141 0.27761 

50 
Euler-Bernoulli 0.00546 0.01752 0.04272 0.07211 0.11591 

ANSYS 0.00590 0.01862 0.04358 0.07688 0.11726 
 

 

 

It is seen from Fig. 4 that the critical buckling load is 

decreasing significantly with the increasing of the L/R ratio. 

With increase in the average diameter, the critical buckling 

load increases inherently. Also, the difference among of 

diameter values decreases and converge with increase in 

L/R ratio. After certain L/R in which the results of the 

different diameters are close and converge to a certain 

value. 

In Fig. 5, the effect of the average diameters on the post-

buckling behavior is presented in both support conditions 

SS and CS. In Fig. 5, the maximum vertical displacements 

of aorta artery versus compression load rising are presented 

  

(a) Simply supported (b) Clamped-Simple 

Fig. 4 The buckling load of aorta artery for different average diameters and L/R ratios 

  

(a) Simply supported (b) Clamped-Simple 

Fig. 5 Load- maximum displacements curves of the aorta artery for different average diameters 
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for the average diameters for the length of aorta artery L = 

0.1 m. 

As seen from Fig. 5 that increase in the diameter value 

the displacements, angles and stresses decrease, as 

expected. With the increase in the compression load, the 

effects of the diameter on the aorta artery increase 

significantly. Fig. 5 shows that; the buckling case occurs at 

the furcation points (see circle) which are bifurcation 

points. It is known that buckling case occur in either 

positive or negative directions when the initial arbitrary 

deviation is affected in the initial position of the aorta 

artery. The deviation of the direction is taken as positive in 

this study. Also, these furcation points give the value of the 

critical buckling load in the figure. It is seen from Fig. 4 

that the buckling case occur in bigger loads with increase in 

the average diameter. It is observed from the results that the 

diameter value very effective for post-buckling behavior of 

the aorta artery. Fig. 6 displays the effect of the L/R ratios 

on the post-buckling displacements of the aorta artery 

presented in both support conditions SS and CS. In Fig. 5, 

the maximum vertical displacements of aorta artery versus 

compression load rising are presented for the L/R ratios for 

the average diameter D = 6 mm. 

It is seen from Fig. 6 that increase in the L/R ratio, the 

displacements of the aorta artery increase significantly. Also, 

 

 

 

 

increase in the L/R ratio, the value of the furcation point (in 

other word: critical buckling load) decreases seriously. This 

is because that the aorta artery gets more flexible and 

slender with increase in the L/R. Another result of the Fig. 5 

that the displacement curve close to vertical direction with 

decrease in the L/R. The displacements reach infinite values 

in the smaller value of L/R. It is shows that the L/R ratio 

play important role in the buckling or post-buckling 

responses of aorta artery. 

 

 

5. Conclusions 
 

In some biomedical applications, aorta artery under the 

buckling or post buckling effect. So, during placement of 

stent some mechanical values must be known. Post-

buckling analysis of the aorta artery is studied with different 

support conditions based on Euler-Bernoulli beam theory 

and Von Karman nonlinear kinematic relationship by using 

finite element method. Newton-Raphson iteration method is 

implemented in the solution of the considered nonlinear 

problem. The effects of the geometry parameters of the 

aorta artery on the post-buckling case are investigated and 

discussed. From these results presented and discussed, the 

main conclusions are as follows: 

 

 

Table 2 Buckling analysis results (Newton) of aorta for variable arterial wall thickness (L/r = 10) 

Mode 
Thickness of arterial wall (t) mm 

0.5 0.7 0.9 1 1.1 1.3 1.5 2 

1 0.022317 0.030195 0.037429 0.041074 0.04407 0.05027 0.056228 0.070585 

2 0.058654 0.080217 0.10114 0.11274 0.12209 0.14372 0.16662 0.23135 

3 0.099754 0.13868 0.1782 0.20152 0.21962 0.26391 0.31176 0.44952 

4 0.1379 0.19587 0.25595 0.2925 0.32019 0.38973 0.46538 0.68431 

5 0.16583 0.24542 0.32539 0.37423 0.41165 0.5057 0.60856 0.90715 

6 0.17362 0.28089 0.38088 0.43967 0.48728 0.60373 0.7316 1.1031 

7 - 0.30218 0,42061 0.4879 0.54568 0.68225 0.8325 1.2678 

8 - 0.32696 0.45298 0.52816 0.59189 0.74535 0.91487 1.4034 

9 - - 0.4821 0.56404 0.63111 0.79837 1.0441 1.4447 

10 - - 0.5045 0.59173 0.66312 0.84285 1.0953 1.5201 
 

  

(a) Simply supported (b) Clamped-Simple 

Fig. 6 Load- maximum displacements curves of the aorta artery for different L/R ratios 
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• The diameter value and the L/R ratio are very 

effective for post-buckling behavior of the aorta 

artery. 

• The difference among of diameter values decreases 

and converge with increase in L/R ratio. 

• With the increase in the compression load, the 

effects of the diameter on the aorta artery increase. 

• The buckling case occur in bigger loads with 

increase in the average diameter. 

• Increase in the L/R ratio, the value of the furcation 

point decreases seriously. 

• The displacements reach infinite values in the 

smaller value of L/R. 

• Future work should be devoted to the interpretation 

of the results in order to possible the effect of the 

blood pressure on the post-buckling case. Detailed 

biomechanical/biomedical studies have cocnluded 

that mechanical stress concentrations in some effects 

(for example plaques) play an important parameter 

in the rupture of plaques. It is possiple to make some 

study about the determination of stress for buckling 

behaviour in the plaque, under lumen pressure and 

axial stretch or other effects. These effects can also 

be analyzed in the future. 
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