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1. Introduction 

 

Porous materials are widely used in structural design of 

wide number of fields and industries including 

transportation, aerospace, energy and construction 

according to their low specific weight, and increased 

machinability. Carbon nanotube (CNT) has been accepted 

as an excellent material for the reinforcement of polymer 

composites due to their high elastic modulus and low 

density (Esawi and Farag 2007). CNTs are also recently 

combined with porous materials to be used in various areas 

specially composites (Gui et al. 2011). Porous materials 

with functional properties have some similarities with the 

functionally graded materials. The porosity can cause a 

smooth or rough change in mechanical properties depends 

on some parameters such as porosity distributions and 

volume fraction of composite. 

During the last several years, the problem of buckling of 

the porous materials with varying properties has been 

discussed by many authors. Thermal buckling behavior of 

functionally graded carbon nanotube-reinforced composite 

plates was investigated by Shen and Zhang (2010). The 

buckling analysis of thin functionally graded (FG) 

rectangular plates based on the classical or first order shear 

deformation theory (FSDT) under various loads were 
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discussed by Mohammadi et al. (2010). Jabbari et al. (2013, 

2014) examined porosity distribution influence on buckling 

characteristics of plates. Buckling of metal foam porous 

beams using a shear deformation beam model was studied 

by Chen et al. (2015). Elastic properties were evaluated for 

different volume fractions along the material principal 

directions using finite element method (FEM) by Sudheer et 

al. (2015). 

The high order buckling of two types of sandwich 

beams including AL-foam or PVC-foam flexible core and 

CNTs reinforced nanocomposite face sheets were 

investigated by Mohammadimehr and Shahedi (2017). 

Cong et al. (2018), Duc et al. (2016, 2017b, and 2018b) 

analyzed plate behavior based on higher-order shear 

deformation theory (HSDT) on elastic foundations under 

different loadings. A finite element method was proposed 

by Zghal et al. (2017) for linear static analysis of FG carbon 

nanotube-reinforced composite. The results are illustrated 

by three numerical examples in order to outline the 

performance. Postbuckling analysis of nonhomogeneous 

nano plates considering even and uneven distributions of 

porosity with the usage of nonpolynomial shear 

deformation theory was demonstrated by Barati and 

Zenkour (2018). The nonlocal critical buckling loads in 

relation to buckling mode number, and aspect ratio, in the 

presence and absence of an elastic medium, were examined 

by Chemi et al. (2018). Nonlinear dynamic behavior of 

imperfect functionally graded structures were investigated 

in many different shapes such as: curved shallow (Duc et al. 

2016), cylindrical shell (Duc et al. 2016, 2017a, Rostami et 
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Abstract.  In the present study, buckling analysis of sandwich composite (carbon nanotube reinforced composite and fiber 

reinforced composite) Euler-Bernoulli beam in two configurations (core and layers material), three laminates (combination of 

different angles) and two models (relative thickness of core according to peripheral layers) using differential quadrature method 

(DQM) is studied. Also, the effects of porosity coefficient and different types of porosity distribution on critical buckling load are 

discussed. Using sandwich beam, it shows a considerable enhancement in the critical buckling load when compared to ordinary 

composite. Actually, resistance against buckling in sandwich beam is between two to four times more. It is also showed the critical 

buckling loads of laminate 1 and 3 are significantly larger than the results of laminate 2. When Configuration 2 is used, the critical 

buckling load rises about 3 percent in laminate 1 and 3 compared to the results of configuration 1. The amount of enhancement for 

laminate 3 is about 17 percent. It is also demonstrated that the influence of the core height (thickness) in the case of lower carbon 

volume fractions is ignorable. Even though, when volume fraction of fiber increases, differences grow smoothly. It should be 

noticed the amount of decline has inverse relationship with the beam aspect ratio. Among three porosity patterns investigated, beam 

with the distribution of porosity Type 2 (downward parabolic) has the maximum critical buckling load. At the end, the first three 

modes of buckling will be demonstrated to investigate the effect of spring constants. 
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al. 2019), conical (Duc et al. 2018a), and spherical (Anh et 

al. 2015) theories. Mohammadimehr et al. (2017) presented 

nonlinear vibration analysis of FG-CNTRC sandwich 

Timoshenko beam based on modified couple stress theory 

subjected to longitudinal magnetic field using generalized 

differential quadrature method. Mohammadimehr and 

Mohammadi Hooyeh (2018) depicted vibration analysis of 

magneto-electro-elastic timoshenko micro beam using 

surface stress effect and modified strain gradient theory 

under moving nano-particle. Shahedi and Mohammadimehr 

(2019) showed vibration analysis of rotating fully-bonded 

and delaminated sandwich beam with CNTRC face sheets 

and AL-foam flexible core in thermal and moisture 

environments. Amini et al. (2019) presented active control 

to reduce the vibration amplitude of the solar honeycomb 

sandwich panels with carbon nanotube reinforced 

composite (CNTRC) facesheets using piezoelectric patch 

sensor and actuator. Mohammadimehr et al. (2019) 

considered free vibration and buckling analyses of 

functionally graded annular thin sector plate in-plane loads 

using GDQM. Alimirzaei et al. (2019) illustrated nonlinear 

analysis of viscoelastic micro-composite beam with 

geometrical imperfection using FEM: MSGT electro-

magneto-elastic bending, buckling and vibration solutions. 

Ghorbanpour Arani et al. (2016) presented surface stress 

and agglomeration effects on nonlocal biaxial buckling 

polymeric nanocomposite plate reinforced by CNT using 

various approaches. Critical buckling load of a single-

walled carbon nanotube (SWCNT) embedded in Kerr’s 

medium was studied by Tayeb Bensattalah et al. (2018). 

R e s p o n s e s  o f  t h e  d o u b l e - w a l l e d  c a r b o n 

nanotubes(DWCNTs) for various boundary conditions were 

discussed by Kumar (2018). The influences of volume 

percent of SWCNTs, geometrical parameters, elastic 

foundation and boundary conditions on the buckling of 

column were investigated by Arani and Kolahchi (2016). 
 

 

Metallic copper nanoparticles were synthesised by 

reduction of copper ions in aqueous solution, and metal-

metal bonding by using the nanoparticles was studied by 

Kobayashi et al. (2017). Interactions between pre-formed 

metal nanoparticles were studied by Low and Shon (2018). 

In the present paper, the buckling analysis of sandwich 

composite beam consists of carbon nanotube reinforced 

composite (CNTRC) and fiber reinforced composite (FRC) 

beam in two different configurations, three various 

laminates and two models using differential quadrature 

method (DQM) will be analyzed. Moreover, influences of 

porosity coefficient and porosity distribution types on 

critical buckling load will be discussed. At the end, the first 

three modes of buckling for different spring constants will 

be demonstrated. 
 

 

2. Problem statement 
 

The sandwich composite beam composed of a core and 

two layers in the top and bottom is resting on shear layer 

and Winkler spring with two different configurations (Fig. 

1(a)). In Configuration 1, the core is made of carbon 

nanotube reinforced composite (CNTRC) and the top and 

bottom layers are made of fibre reinforced composite 

(FRC). In configuration 2, the material of core is replaced 

with the material of top and bottom layers and the other 

way around. For discussing the influence of angles on the 

buckling load, three laminates are defined in the present 

paper as follows: 
 

● Laminate 1: 
 

𝜃1𝑡 =  0,   𝜃2𝑡 = 90,   𝜃1𝐶 = 0,   𝜃2𝐶 = 45,   𝜃3𝐶 = 90 
 

● Laminate 2: 
 

𝜃1𝑡 =  45,   𝜃2𝑡 = −45,   𝜃1𝐶 = 45,   𝜃2𝐶 = −45,   𝜃3𝐶 = 45 
 

 

 

(a) Front view of layers and dimensions 

  

(b) Cross section: Model 1 (c) Cross section: Model 2 

Fig. 1 Sandwich composite beam resting on elastic foundations 
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● Laminate 3: 
 

𝜃1𝑡 =  0,   𝜃2𝑡 = 90,   𝜃1𝐶 = 0,   𝜃2𝐶 = 60,   𝜃3𝐶 = 75 
 

In addition, two different models are investigated. In 

Model 1, the height of each peripheral layer is one-third of 

core height (Fig. 1(b)). Even though, in Model 2, the height 

of top or bottom layer is three-fourth of core height (Fig. 

1(c)). All results in the present paper are obtained with 

Model 1 if it is not mentioned otherwise. 

Governing equation for the buckling of Euler–Bernoulli 

composite beam is defined in Eq. (1a) (Tang et al. 2018). 
 

𝑑4𝑤

𝑑𝑥4
+ 𝛽 

𝑑2𝑤

𝑑𝑥2
+  𝛾𝑤 = 0 (1a) 

 

𝛽 =
𝑃𝑐𝑟

𝐸𝑒𝑓𝐼
 (1b) 

 

𝛾 =
𝐾𝑙2

𝐸𝑒𝑓𝐼
 (1c) 

 

where 𝛽  and 𝛾  represent the stiffness parameter of 

Winkler foundation (Eq. (1b)) and shear modulus of 

Pasternak foundation (Eq. (1c)) (Mohammadimehr et al. 

2010), respectively. 𝑃𝑐𝑟  is critical buckling load, 𝐼  is 

moment of inertia for the cross section, K is shear spring 

constant and 𝐸𝑒𝑓 is effective modulus of elasticity which 

can be presented by the Eq. (2). 
 

𝐸𝑒𝑓 =  
8

ℎ3
∑(𝐸𝑥)𝑗(𝑧𝑗

3 − 𝑧𝑗−1
3 )

𝑚/2

𝑗=1

 (2) 

 

where m is the number of layers, h is the height of the 

beam, z is distance between the outer plane of jth layer and 

the neutral axis. 

Dimensionless critical buckling load can be obtained by 

Eq. (3) (Kumar and Srinivas 2017) 
 

𝑁𝑐𝑟 =
𝑃𝑐𝑟

𝐴110
 (3) 

 

where 𝐴11 expressed by Eq. (4) is extensional stiffness of 

beam and 𝐴110 represents 𝐴11 for the beam made of pure 

matrix. 

𝐴11 =  ∑ ∫ (�̄�11)𝑘𝑑𝑧
ℎ𝑘

ℎ𝑘−1

𝑛

𝑘=1

 (4) 

 

In the mentioned equation, ℎ𝑘  and ℎ𝑘−1  are the z 

values for the top and bottom and �̄�11 is the transformed 

elastic constant of the kth layer could be calculated by Eq. 

(5) 

�̄�11 = 𝑄11𝑐4 + 𝑄22𝑠4 + (2𝑄12 + 4𝑄33)𝑠2𝑐2 (5) 
 

where 
 

𝑠 = 𝑠𝑖𝑛𝜃, 𝑐 = 𝑐𝑜𝑠𝜃 

  

𝑄11 =
𝐸1

1 − 𝜈12𝜈21
, 𝑄22 =

𝐸2

1 − 𝜈12𝜈21
 

𝑄12 =
𝜈12𝐸2

1 − 𝜈12𝜈21
, 𝑄33 = 𝐺12 

 

 

3. Solving method 
 

To solve the Eq. (1) by Differential Quadrature Method 

(DQM), the first–order, the second–order, the third-order 

and the forth derivatives of any arbitrary function in 

arbitrary point can be approximated in all intervals as 

follows in Eq. (6) 
 

𝑑𝑟𝑓

𝑑𝑥𝑟
 (𝑥 = 𝑥𝑖) =  ∑ 𝐴𝑟

𝑖𝑘𝑓(𝑥𝑘)

𝑛

𝑘=1

 (6) 

 

where 𝐴𝑟  is weighted coefficient matrices which are 

defined by Eqs. (7), (8) and (9). 

 

𝐴𝑖𝑗
(1)

=

∏ (𝑥𝑖 − 𝑥𝑚)𝑁
𝑚≠𝑖,𝑗
𝑚=1

∏ (𝑥𝑗 − 𝑥𝑚)𝑁
𝑚≠𝑗
𝑚=1

     (𝑖 = 𝑗 = 1,2,3, … , 𝑁; 𝑖 ≠ 𝑗) (7) 

 

𝐴𝑖𝑗
(1)

= ∑
1

(𝑥𝑖 − 𝑥𝑚)

𝑁

𝑚=1
𝑚≠𝑗

     (𝑖 = 𝑗 = 1,2,3, … , 𝑁)        (8) 

 

𝐴𝑟 = 𝐴(𝑟−1)𝐴𝑟            2 ≤ 𝑟 ≤ 𝑁 − 1 (9) 

 

Chebyshev points which are well-recognized set of the 

grid points for interval [0, L] are presented by Eq. (10). 

For more details and deep understanding the DQ 

method, the review paper of Tornabene et al. (2015) is 

strongly advised. 
 

 

4. Material properties 
 
Mechanical properties of nanocomposite beam made of 

CNT reinforced polymer can be estimated using extended 

rule of mixture as follows in Eqs. (11) to (14) 

(Attanasakulpong and Ungbhakorn 2013, Mohammadimehr 

and Alimirzaei 2016) 
 

𝐸11 =  𝜂1𝑉𝐶𝑁𝑇𝐸11
𝐶𝑁𝑇 +  𝑉𝑚𝐸𝑚 (10) 

 
𝜂2

𝐸22
=

𝑉𝐶𝑁𝑇

𝐸22
𝐶𝑁𝑇 +

𝑉𝑚

𝐸𝑚
 (11) 

 
𝜂3

𝐺12
=

𝑉𝐶𝑁𝑇

𝐺12
𝐶𝑁𝑇 +

𝑉𝑚

𝐺𝑚
 (12) 

 

𝜈12 =  𝑉𝐶𝑁𝑇𝜈12
𝐶𝑁𝑇 +  𝑉𝑚𝜈𝑚 (13) 

 

where 𝐸11
𝐶𝑁𝑇 and 𝐸22

𝐶𝑁𝑇 represent the Young’s modulus of 

the carbon nano tube parallel and perpendicular to the beam 

and considered to be 600 and 10 GPa, respectively. 𝐺12
CNT 

and 𝜈12
CNT which are the shear modulus and Poisson’s ratio 

of carbon nanotube equal to 17.2 GPa and 0.19, 

respectively. Also 𝐸𝑚 = 2.5 𝐺𝑃𝑎 and 𝐺𝑚 = 0.933 𝐺𝑃𝑎 
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and 𝜈𝑚 = 0.34 indicate the corresponding properties for 

the PMMA matrix. Efficiency factors are denoted by 𝜂1,
𝜂2 and 𝜂3 which are related to the nano-scale size effect 

(Kumar and Srinivas 2017). The mentioned properties of 

composite are calculated in Table 1. 

The mechanical properties of composite made of carbon 

fiber reinforced polymer could be obtained by rule of 

mixture expressed by Eqs (15) to (18) (Sudheer et al. 2015). 

The parameters are the same which were described for the 

CNTs and the superscript f and m indicate the properties of 

fiber and matrix, respectively (Mohammadimehr et al. 

2018). 

𝐸11 =  𝑉𝑓𝐸11
𝑓

+  𝑉𝑚𝐸𝑚 (14) 

 
1

𝐸22
=

𝑉𝑓

𝐸22
𝑓

+  
𝑉𝑚

𝐸𝑚
 (15) 

 
1

𝐺12
=

𝑉𝑓

𝐺12
𝑓

+  
𝑉𝑚

𝐺𝑚
 (16) 

 

𝜈12 =  𝑉𝑓𝜈12
𝑓

+  𝑉𝑚𝜈𝑚 (17) 

 

Elastic properties of carbon fiber (Kumar and Srinivas 

2017) are represented as follows: 𝐸11
𝑓 = 600 𝐺𝑃𝑎,

𝐸22
𝑓 = 14 𝐺𝑃𝑎, 𝐺12

𝑓 = 9 𝐺𝑃𝑎, 𝜈12
𝑓

= 0.2 and volume 

fractions of fibers are considered to be 0.4. 

 

 

5. Results and discussion 
 

Dimensionless critical buckling load of CNTRC with 

and without elastic foundations is presented in Table 2. It 

should be mentioned β and γ represent Winkler and shear 

spring constants, respectively. The buckling loads are 

compared with the results of Yas and Samadi (2012) for 

three volume fraction of carbon nanotube and two different 

 

 

 

 

boundary conditions (Clamped-Free and Hinged-Hinged). 

As can be seen, the results are in good agreements. 

Dimensionless critical buckling load for CNTRC and 

sandwich (CNTRC+FRC) beam against aspect ratio of 

beam for three CNT volume fractions are compared in Fig. 

2. The clamped-free (CF) boundary condition is applied and 

the laminate 1 (as describrd in section Problem) is chosen. 

Winkler and shear spring constants are considered to be 0.1 

and 0.02, respectively. As can be seen, there is a significant 

increasment in the amount of buckling load by using 

sandwich beam. For instance, it is shown that resistancy 

against buckling in sandwich beam is almost four times 

more than CNTRC beam. Although with the increasing of 

CNT volume fraction, the influence of sandwich beams 

decreases, it is still noticeable. 

For adding porosity consideration, the elastic properties 

of matrix of composite are assumed to vary by two types of 

porosity distribution across the height. 

Porosity distribution, Type 1 is presented by Eqs. (19) to 

(21) as described in Jabbari et al. (2016). 
 

 

 

 

Fig. 2 Comparison of buckling load for CNTRC and 

sandwich (CNTRC+FRC) beam against aspect ratio 

of beam for three CNT volume fractions 

Table 1 Mechanical properties of CNTRC based on extended rule of mixture 

𝑉𝐶𝑁𝑇 𝜂1 𝜂2 𝜂3  𝐸11 (GPa)  𝐸22 (GPa)  𝐺12 (GPa) 𝜈12 

0.12 1.2833 1.0556 1.0556 2.3626 2.9000 1.1110 3.2218 

0.17 1.3414 1.7101 1.7101 2.3157 4.9000 1.9012 5.4437 

0.28 1.3238 1.7380 1.7380 2.1913 5.5000 2.2056 6.1103 
 

Table 2 Comparing the critical buckling loads of CNTRC with the results of Yas and Samadi (2012). 

Aspect ratio of the beam is 15 

(β, γ) B.C’s 𝑉𝐶𝑁𝑇 
�̄�𝐶𝑟 

(Present study) 

�̄�𝐶𝑟 

Yas and Samadi (2012) 

Difference 

(%) 

(0,0) 

CF 0.12 0.03147 0.031234 0.74 

CF 0.17 0.04620 0.046318 -0.25 

CF 0.28 0.07458 0.072178 3.32 

(0.1,0.02) 

HH 0.12 0.12625 0.128729 -1.92 

HH 0.17 0.18538 0.180692 2.59 

HH 0.28 0.07642 0.083912 -8.92 
 

62



 

Buckling analysis of nano composite sandwich Euler-Bernoulli beam considering porosity distribution on… 

 

𝐸(𝑧) = 𝐸0 [1 − 𝑒1𝑐𝑜𝑠 ((
𝜋

ℎ
) 𝑧)] (18) 

 

𝐺(𝑧) = 𝐺0 [1 − 𝑒1𝑐𝑜𝑠 ((
𝜋

ℎ
) 𝑧)] (19) 

 

𝜈(𝑧) = 𝜈0 [1 − 𝑒1𝑐𝑜𝑠 ((
𝜋

ℎ
) 𝑧)] (20) 

 

where 𝐸1 and 𝐸0 are the Young’s modulus of elasticity, 

𝐺1  and 𝐺0  represent shear modulus, 𝜈1  and 𝜈0  denote 

Poisson’s ratio at the bottom and the top of beam, 

respectively. Coefficient of beam porosity represented by 

e1 is obtained by Eq. (22). 
 

𝑒1 = 1 −
𝐸1

𝐸0
 (21) 

 

According to Eq. (22), in case porosity coefficient 0, 

there is no porosity and the bottom and top of the layer have 

the same Young’s modulus; while when the porosity 

 

 

coefficient is equal to 1, the maximum porosity occurs 

between two layers. 

Porosity distribution, Type 2 is presented by Eqs. (23) to 

(25). 

𝐸(𝑧) = 𝐸0 [1 − 𝑒1 (1 − 𝑐𝑜𝑠 ((
𝜋

ℎ
) 𝑧))] (22) 

 

𝐺(𝑧) = 𝐺0 [1 − 𝑒1 (1 − 𝑐𝑜𝑠 ((
𝜋

ℎ
) 𝑧))] (23) 

 

𝜈(𝑧) = 𝜈0 [1 − 𝑒1 (1 − 𝑐𝑜𝑠 ((
𝜋

ℎ
) 𝑧))] (24) 

 

Fig. 2 shows the comparison of buckling load for 

CNTRC and sandwich (CNTRC+FRC) beam against aspect 

ratio of beam for three CNT volume fractions. With the 

increasing of carbon nanotube volume fraction, the critical 

buckling load of sandwich beams increases. 

Porosity distribution, Type 3 is denoted by Eqs. (26) to 

(28). 
 

 

Table 3 Critical buckling load for three famous volume fractions of carbon nanotube and Clamped-

Free boundary conditions for Configuration 1 

Configuration 1 L/H 𝑒1 𝑉𝐶𝑁𝑇 �̄�𝐶𝑟   𝑉𝐶𝑁𝑇 �̄�𝐶𝑟   𝑉𝐶𝑁𝑇 �̄�𝐶𝑟   

Laminate 1 

10 

0 

0.12 

0.072860521 

0.17 

0.081493337 

0.28 

0.098120809 

0.5 0.072856263 0.081488739 0.098116128 

1 0.072852005 0.081484141 0.098111445 

20 

0 0.01821513 0.020373334 0.024530202 

0.5 0.018214066 0.020372185 0.024529032 

1 0.018213001 0.020371035 0.024527861 

30 

0 0.008095613 0.009054815 0.010902312 

0.5 0.00809514 0.009054304 0.010901792 

1 0.008094667 0.009053793 0.010901272 

Laminate 2 

10 

0 

0.12 

3.49626E-05 

0.17 

3.91155E-05 

0.28 

4.08199E-05 

0.5 2.38376E-05 2.66689E-05 2.78311E-05 

1 0.000012709 1.42183E-05 1.4838E-05 

20 

0 8.74065E-06 9.77887E-06 1.0205E-05 

0.5 5.95941E-06 6.66722E-06 6.95777E-06 

1 3.17724E-06 3.55458E-06 3.70951E-06 

30 

0 3.88473E-06 4.34616E-06 4.53554E-06 

0.5 2.64863E-06 2.96321E-06 3.09234E-06 

1 1.41211E-06 1.57981E-06 1.64867E-06 

Laminate 3 

10 

0 

0.12 

0.072860095 

0.17 

0.081492605 

0.28 

0.098119951 

0.5 0.072855973 0.08148824 0.098115543 

1 0.072851850 0.081483875 0.098111133 

20 

0 0.018215024 0.020373151 0.024529988 

0.5 0.018213993 0.02037206 0.024528886 

1 0.018212962 0.020370969 0.024527783 

30 

0 0.008095566 0.009054734 0.010902217 

0.5 0.008095108 0.009054249 0.010901727 

1 0.00809465 0.009053764 0.010901237 
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Fig. 3 Young modulus against the distance from the beam 

axis for three types of porosity distributions 

 

 

𝐸(𝑧) = 𝐸0 {[𝑒1 (
𝑧

ℎ
+

1

2
)]} (25) 

 

𝐺(𝑧) = 𝐺0 {[𝑒1 (
𝑧

ℎ
+

1

2
)]} (26) 

 

 

 

𝜈(𝑧) = 𝜈0 {[𝑒1 (
𝑧

ℎ
+

1

2
)]} (27) 

 

The other parameters are the same as described in Type1 

porosity distribution. In Fig. 3 dimensionless Young’s 

modulus against the dimensionless distance from the beam 

axis for three types of porosity distributions in e_1 = 1 is 

demonstrated. In Type 1, lower and upper layer of the beam 

have the maximum Young’s modulus. In contrast, the 

maximum Young’s modulus for Type 2 occurs in the middle 

of beam. Type 3 has an increasing linear distribution its 

upper layer has the most stiffness. 

Table 3 represents the critical buckling load for three 

famous volume fraction of carbon nanotube and clamped- 

free boundary conditions for Configuration 1. As mentioned 

earlier, Configuration1 means the core is made of CNTRC 

and the top and bottom layers are chosen from FRC. 

Winkler and shear spring constants are considered to be 0.1 

and 0.02, respectively. Laminates 1, 2 and 3 (as described 

earlier) are investigated and it is concluded Laminate 2 has 

noticeably smaller buckling loads than two other laminates 

which are really close to each other. Porosity distribution 
 

 

Table 4 Critical buckling load for three famous volume fraction of carbon nanotube and Clamped-

Free boundary conditions for Configuration 2 

Configuration 1 L/H 𝑒1 𝑉𝐶𝑁𝑇 �̄�𝐶𝑟   𝑉𝐶𝑁𝑇 �̄�𝐶𝑟   𝑉𝐶𝑁𝑇 �̄�𝐶𝑟   

Laminate 1 

10 

0 

0.12 

0.074749367 

0.17 

0.102464767 

0.28 

0.155847505 

0.5 0.074745087 0.10245955 0.155842081 

1 0.074740807 0.102454332 0.155836657 

20 

0 0.018687342 0.025616192 0.038961876 

0.5 0.018686272 0.025614887 0.03896052 

1 0.018685202 0.025613583 0.038959164 

30 

0 0.008305485 0.011384974 0.017316389 

0.5 0.00830501 0.011384394 0.017315787 

1 0.008304534 0.011383815 0.017315184 

Laminate 2 

10 

0 

0.12 

2.90454E-05 

0.17 

4.41188E-05 

0.28 

5.03052E-05 

0.5 1.98017E-05 3.0078E-05 3.42964E-05 

1 0.000010556 1.60347E-05 1.8284E-05 

20 

0 7.26135E-06 1.10297E-05 1.25763E-05 

0.5 4.95042E-06 7.51949E-06 8.57411E-06 

1 2.63909E-06 4.00867E-06 4.57101E-06 

30 

0 3.22727E-06 4.90209E-06 5.58946E-06 

0.5 2.20019E-06 3.342E-06 3.81071E-06 

1 1.17293E-06 1.78163E-06 2.03156E-06 

Laminate 3 

10 

0 

0.12 

0.074748775 

0.17 

0.102464174 

0.28 

0.155846913 

0.5 0.074744683 0.102459146 0.155841678 

1 0.074740592 0.102454117 0.155836442 

20 

0 0.018687194 0.025616044 0.038961728 

0.5 0.018686171 0.025614786 0.038960419 

1 0.018685148 0.025613529 0.03895911 

30 

0 0.008305419 0.011384908 0.017316324 

0.5 0.008304965 0.01138435 0.017315742 

1 0.00830451 0.011383791 0.01731516 
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Type 1 is selected and the porosity coefficients are 

considered to be 0, 0.5 and 1. It is shown that when the 

porosity coefficient rises, in the described situation, 

resistance against buckling decreases slightly. 

Table 4 demonstrates critical buckling load for similar 

situations mentioned. The difference is that Configuration 2 

is studied. As pointed before, the definition of 

Configuration 2 is choosing FRC as the core and CNTRC as 

peripheral layers. The nanocomposite beam is on the 

Winkler and shear springs with the constants of 0.1 and 

0.02, respectively. Comparison between the results of 

Laminates 1, 2 and 3 showed that buckling loads in 

Laminate 2 is considerably less than the amounts of two 

other laminates which are almost the same. 

Similarity, porosity distribution Type 1 is selected and 

the porosity coefficient is considered to be 0, 0.5 and 1. It is 

shown that when the porosity coefficient rises, in the 

described situation, buckling resistant reduces smoothly. 

Comparing Tables 3 and 4 denotes, when Configuration 

2 is selected, the critical buckling load increases about3 

percent in laminate 1 and 3. The amount of increase for 

laminate 3 is almost 17 percent. 

Fig. 4 shows dimensionless critical buckling load versus 

aspect ratio for two models described in problem section 

and Figs. 1(b) and (c). As mentioned there, In Model 1, the 

height of each peripheral layer is one-third of core height. 

Whereas in Model 2 the height of top or bottom layer is 

three-fourth of core height. Although the influence of the 

 

 

 

Fig. 4 Critical buckling load against aspect ratio for two 

models 

 

 

 

Fig. 5 Critical buckling load against Winkler and shear 

constants 

core height (which in Model 2 is less than it in Model 1) in 

the case of Vcnt = 0.12 is ignorable, when the amount of 

volume fraction rises, the differences between two models 

increases slightly specially in the lower beam aspect ratios. 

To study the effect of spring constant factors, critical 

buckling load is obtained for a range of Winkler constant 

varying from 0 to 1 and three shear spring constant (0.02, 

0.05 and 0.1). Configuration 1 and Laminate 1 are used and 

CF boundary condition is applied. Porosity coefficient is 

considered to be 0.5. Volume fraction of carbon nanotube is 

0.12 and length is selected to be 10 times of height. It can 

be observed in Fig. 5 that both of Winkler and shear spring 

constants, have linear increasing influence on the critical 

buckling load. 

The effect of porosity coefficient on the critical buckling 

load is shown in Fig. 6 for four boundary conditions. As can 

be seen, when porosity coefficient and aspect ratio enlarge, 

the critical buckling loads decline. Also, it can be seen that 

the critical buckling load for clamped-clamped (CC) 

boundary conditions is higher than that of other boundary 

conditions. 

To investigate the effect of porosity distribution on 

critical buckling load, three general types of distribution is 

considered including Eqs. (19) to (21) for Type 1, Eqs. (23) 

to (25) for Type 2 and Eqs. (26) to (28) for Type 3. The 

other situations and parameters are the same as what was 

described for Fig. 6. It is obvious from Fig. 7, although the 

 

 

 

Fig. 6 Critical buckling load against porosity coefficient 

for four boundary conditions 

 

 

 

Fig. 7 Critical buckling load for three types of porosity 

distributions 
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Fig. 8 The first three mode shapes of buckling of sandwich 

beam 

 

 

beginning point of three curves is the same, the differences 

rise by increasing porosity coefficient. It also can be seen 

that distribution Type 2 gives beam the most resistance 

against buckling. In contrast, beam with the distribution of 

porosity Type 1 is the least resistant one. Among four 

investigated boundary conditions, CC and CF create the 

most and the least buckling load, respectively. 

In Fig. 8, the first three mode shapes of buckling of 

hybrid beam for four different Winkler (β) and Pasternak (γ) 

constants are presented. In all of them, CF boundary 

condition is applied and aspect ratio is 10. It is possible to 

conclude that Winkler spring constant affects first and 

second mode shapes. While shear spring constant has a 

slight influence on the third mode shape of buckling. 

 

 

6. Conclusions 
 

In this paper, buckling analysis of sandwich composite 

beam which is composed of Carbon Nanotube Reinforced 

Composite (CNTRC) and Fiber Reinforced Composite 

(FRC) beam in two different configurations, three various 

laminates and two models using differential quadrature 

method (DQM) based on Euler-Bernoulli beam theory was 

studied. Moreover, influences of porosity coefficient and 

porosity distribution types on critical buckling load were 

discussed. 

Comparing sandwich and CNTRC beam denoted that 

there is a substantial increase in the critical buckling load by 

using sandwich beam. In fact, resistance against buckling in 

sandwich beam is between two to four times more than 

CNTRC beam. In the other words, although with the 

increasing of CNT volume fraction, the influence of 

sandwich beams decreases, it is still significant. 

It was concluded that for two configurations 1 and 2, 

Laminate 1 and 3 (which their results are really close to 

each other) have remarkably larger buckling loads than 

laminate 2. 

It was also shown using configuration 2, the critical 

buckling load increases about 3 percent in laminate 1 and 3 

compared to the results of configuration 1. The amount of 

increase in buckling load for laminate 3 reaches about 17 

percent. 

Comparing two models showed the influence of the core 

height in the case of lower carbon volume fractions could 

be neglected. Even though, when volume fraction of fiber 

rises, differences increase gently. In addition, the effect is 

even more in the smaller beam aspect ratios. 

Investigating porosity coefficient presented that critical 

buckling load decreases linearly by increasing porosity 

coefficient in distribution Type 1. It should be noted the 

amount of decrease has inverse relationship with the aspect 

ratio of beam. 

Finally it was concluded that in case of assuming 

porosity distribution Type 2, beam has the most resistance 

against buckling. Contrary, beam with the distribution of 

porosity type 1 has the minimum critical buckling load 

among three other porosity patterns. 
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