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Abstract. This paper investigates the effectiveness of Single Walled Carbon Nanotubes, SWNT, in improving the dynamic
behavior of cracked Aluminium alloy, Al-alloy, beams by using a method based on changes in modal strain energy. Mechanical
properties of composite materials are estimated by the Eshelby-Mori-Tanaka method. The influence of SWNT volume fraction,
SWNT aspect ratio, crack depth and crack location on the natural frequencies of the damaged 3D randomly oriented SWNT
reinforced Al-alloy beams are examined. Results demonstrate the significant advantages of SWNT in reducing the effect of

cracks on the natural frequencies of Al-alloy beams.
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1. Introduction

Investigation into the dynamic behavior of cracked Al-
alloy beams has aroused continuing interest amongst
researchers. This is because the subject matter is of
considerable practical importance in engineering design to
ensure safety and integrity of load carrying structures that
are vulnerable to cracks and other damages. The reduction
in the strength and stiffness properties of a structure due to
the presence of a single or multiple cracks can be dangerous
and may lead to catastrophic structural failures.

Duan et al. (2018) investigates the behavior of Al-alloy
plates with and without initial cracks under repeated
impacts. Different crack lengths and depths have been
considered. It was observed that plates with larger cracks
carried smaller impact forces and assumed larger
deformations. The ultimate strength of structures with initial
cracks for thin Al-alloy plates, and for stiffened and
unstiffened plates with varied crack position, length and
angle between the loading direction and crack was
discussed by Seifi and Khoda-yari (2011), Rahbar-Ranji and
Zarookian (2015) and Shi et al. (2017). The susceptibilities
of Al-alloy to solidification crack were studied with trans-
varestraint tests and tensile tests at elevated temperature by
Liu et al. (2006). The results show that the strain rate has
different effects on crack susceptibility of Al-alloys. Xing et
al. (2013) investigated the dynamic fracture behaviors of
the extruded Al-alloys by using an instrumented drop tower
machine. They pointed out that both the initiation toughness
and the propagation toughness increase with the loading
rate. Further, the difference between the fracture toughness
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behaviors is found to be dependent on the fracture
mechanism. Different loading conditions are applied by
Pedersen et al. (2011) in order to identify the fracture
mechanisms of Al-alloy. They discussed the influence of
stress triaxiality on the fracture behavior through the
introduction of a notch in the tensile specimen. Mostafavi et
al. (2011) investigated the effect of stress state on the
fracture of 2024-T361 Al-alloy. Dumont et al. (2003)
studied the relationship among microstructure, strength and
toughness of Al-alloy. They examined the influences of
guenching rate and aging treatment on the precipitate
microstructure and the associated compromise between
yield strength and fracture toughness. Han et al. (2011)
studied the effects of the pre-stretching and aging on the
strength and fracture toughness of 7050 Al-alloy. The
results show that the peak-aged 7050 Al-alloy possesses a
higher strength, but its fracture toughness is poor. Recently,
Borvik et al. (2010) investigated the quasi-brittle fracture of
AAT7075-T651 Al-alloy plate in plate impact test.

SWNT possesses exceptional mechanical, electrical and
thermal properties (Shen 2009). They are demonstrated to
be capable to improve the dynamic behavior of composite
structures. The effect of the SWNT volume fraction and its
distribution on the flexural stiffness and the natural
frequency of different structural elements are discussed in
the literature and found to be very advantageous (Heshmati
and Yas 2013, Shenas et al. 2017, Yas and Samadi 2012,
Nejati et al. 2016, Selmi and Bisharat 2018).

Bakhadda et al. (2018) examined the vibration and
bending response of SWNT reinforced composite plates
resting on the Pasternak elastic foundation. The SWNT
volume fraction and aspect ratio are considered and found
to be very important in diminishing the vertical
displacement of the plates. Draoui et al. (2019) analyzed the
static and dynamic behavior of CNT-reinforced composite
sandwich plates. The influences of aspect ratios, volume
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fraction, types of reinforcement and plate thickness on the
bending and vibration analyses of CNT-reinforced
composite sandwich plates were studied and discussed. It
was suggested that the face sheet reinforced sandwich plate
has a high resistance against deflections compared to other
types of reinforcement. The vibration response of the
double walled carbon nanotubes for various boundary
conditions was studied by Ravi (2018). The influence of
Winkler elastic medium on vibration frequency and the
exceptional dynamic properties of carbon nanotubes were
reported. Ebrahimi and Mahmoodi (2018) examined the
thermal effect on free vibration characteristics of cracked
carbon nanotubes (CNT). The influences of different
parameters like crack severity, temperature change and the
number of cracks on the system frequencies were
investigated. Semmah et al. (2019) studied the thermal
buckling characteristics of zigzag SWNT embedded in a
one-parameter elastic medium. This model can take into
account the transverse shear deformation effects of
nanotubes. The effect of Winkler elastic foundation
modulus, the ratio of the length to the diameter, the
transverse shear deformation and rotary inertia on the
critical buckling temperature were discussed. Bouadi et al.
(2018) used new nonlocal higher order shear deformation
theory to study the buckling properties of single graphene
sheet. Closed-form solutions for critical buckling forces of
the graphene sheets are obtained and influences of length,
thickness of the graphene sheets and shear deformation on
the critical buckling force have been examined. Karami et
al. (2019) studied the forced resonance vibration of
Functionally Graded Polymer Composite nanoplates
reinforced with Graphene Nano-Platelets (GNPs). The
influences of the GNPs distribution schemes, nonlocal and
strain gradient length scale parameters, weight fraction and
the total number of layers of GNPs as well as geometrically
parameters were discussed in detail. The results show that
the impact of layer’s number on the resonance position
depends on the reinforcement patterns. The work of Rakrak
et al. (2019) was concerned with the free vibration problem
for chiral double-walled carbon nanotube. They have
presented the significant effect of the aspect ratio, the
vibrational mode number, the small-scale coefficient and
chirality of double-walled carbon nanotube on the
frequency ratio of carbon nanotubes. Hajmohammad et al.
(2018) applied a layerwise shear deformation theory to
analyze the buckling of piezoelectric truncated conical shell
which core is a multiphase nanocomposite reinforced by
CNT and carbon fibers. The influences of CNT weight
percent and other variables on the buckling load of the
smart structure are presented. It was shown that increasing
the CNTs weight percent increases the buckling load.

As explained previously, various investigations on the
dynamic behavior of intact and cracked Al-alloy structural
elements were carried out. The fracture mechanisms of Al-
alloy structures were identified and the higher strength that
they possess was proved but its fracture toughness was
shown to be poor.

This study aims to test the capability of SWNT in
reducing the effect of cracks on the dynamic behavior of Al-
alloy.

The paper has the following outline. In section 2, the
Mori-Tanaka homogenization technique is briefly
presented. Section 3 details the modal strain energy based
method. Section 4 presents the numerical results of free
vibration of cantilever SWNT/Al-alloy composite beams.
The effect of SWNT volume fraction, SWNT aspect ratio,
crack depth and crack location on the dynamic behavior of
intact and cracked composite beams is discussed on the
same section 4. Lastly, Section 5 summarizes the results and
conclusions.

2. Mori-Tanaka approach

Different micromechanical approaches have been
proposed in the literature to determine the effective
mechanical properties of heterogeneous materials. Among
these approaches, the Mori-Tanaka scheme is the most
popularly used. It is based on ensemble volume average
method and is mainly used for moderate inclusion volume
fraction (Selmi et al. 2007, Doghri and Ouaar 2003).

The Mori-Tanaka method is selected due to its
simplicity and its applicability to diverse heterogeneous
material systems (Mori and Tanaka 1973, Benveniste 1987).
For composites comprising two phases; the matrix with a
corresponding stiffness Cr, and volume fraction Vy, while
the reinforcement phase has a stiffness C, and a volume
fraction V,, the expression for the strain-concentration
factor is given as

A=[1+SCL(C,-CD]! @

Where | is the fourth order identity tensor and S is the
standard Eshelby tensor. The effective composite stiffness C
is given as follow

C=Cn+V ((Cr-Cp) A .Gl + V. (A) TP (2

where <. > represent the orientational average

Here, the two-level procedure, Friebel et al. (2006), is
used. In the first level each SWNT (graphene sheet with
cavities) is homogenized. The homogenized SWNT plays
the role of a homogeneous reinforcement for Al-alloy
matrix. Choosing Mori-Tanaka (M-T) for both levels, the
scheme is labeled “two-level(M-T/M-T)”.

3. Modal strain energy based method

Fig. 1 shows an Euler-Bernoulli cantilever beam of
length, L, height, H, and width B, containing an edge crack
of depth, a, and located at the position, Li, from the fixed
support. The crack is supposed to remain open during
vibrations. The Young’s modulus, the Poisson’s ratio and
the mass density of SWNT/Al-alloy composite materials are
respectively denoted by, E, p and v.

For the convenience of deduction and calculation, the
dimensionless parameters are defined

L
u=x/L, h=H/L,b=B/L,a= a/H,e= 1/L
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Fig. 1 An Euler-Bernoulli cantilever beam model with an edge crack

Assuming no volume changes due to the crack, the
fractional changes in modal strain energy can be related to
the fractional changes in frequency as proposed by
Gudmundson (1992)

AMSE,
MSE;

fé=ra- ) ®)
where fi and f.; are the angular eigenfrequencies before and
after the crack occurrence, and the subscript, i, denotes the
i mode.

For Euler-Bernoulli beam theory, the i modal strain
energy MSE; can be written as Kim and Stubbs (2003)

1 bh3® (Y ., 2
mst; = 35C) [ (s au @

where ¢;is the i"" mode shape.
The energy loss rate of the i modal strain energy is
(Anderson 2005)

d(AMSE) _(1—-v?) .
5 =B——F—Ki ®)

The stress intensity factor K, can be given as (Chondros
et al. 1998)

K, = ovnaF;(a) (6)

The term Fi(o) is a geometrical factor depending on o
(Kim and Stubbs 2003)

Fi(a) = 1.122 — 1.40a + 7.33a? — 13.08a® + 14a* (7)

The stress level is given by
1 "
o(u) = 5 Ehe; (®)

Substituting Egs. (6)-(8) into Eq. (5), the developed
expression of the decrease of modal strain energy is

(1 —v®Ebh*na?F? ()

AMSE; = o

eial| _ ©

From Egs. (4) and (11), the following equation can be
derived

AMSEL — 3h7'[(12(1 _ VZ)FIZ ((X) %

MSE; [, 17 W12 du 10)
_ 3(1 —v¥)Hna’Ff (a) [¢£’(u)]2|u=e

- L I, 197 w)]2 du

Knowing the fractional changes in modal strain energy,
the angular eigenfrequencies after the crack occurrence can
be gotten from Eq. (1).

The mode shape of an Euler-Bernoulli cantilever beam
is given as

¢i = cisin(fiu) — sinh( fiu)] (11)
+ cos(Biu) — coshs (B;u)

With B, = 1.875104, f, = 4.69409,5; = (i — 1/)n
sin(By)-sinh(By)

and €= cos(fi)+cosh(B;)

4. Numerical results
4.1 Validation against other methods

Results delivered by the presented formulation are
validated against those obtained by finite element,
experiment, dynamic stiffness theory and other approaches
(Kisa et al. 1998, Banerjee and Guo 2009, Chen et al.
2013).

For the comparison with Kisa et al. (1998) and Banerjee
and Guo (2009), the data used for the analysis are as
follows: L = 0.2 m, B = 0.025 m, H = 0.0078 m,E =
216 GPa, v = 0.28 and p = 7850 Kg/m3. Those used to
perform the comparison with Chen et al. (2013) are: L =
048 m, B =001 m, H=0.0044 m, E =196 GPa, v
0.3 and p = 7860 Kg/m53.

Tables 1-3 show the comparison between the presented
method and other approaches.

Interpretation: From Tables 1-3, it can be noted that
the numerical results obtained from the presented method
show good agreement with previously published results.
The satisfactory results concerning the frequency
parameters give confidence in the predictions reported in
next sections.

4.2 Parametric study

The method described in the previous section has been
applied to cracked Euler Bernoulli beams for which the
dimensions are chosen as: B =35 cmand H =70 cm.

The Young’s modulus, the Poisson’s ratio and the
density of Al-alloy taken in this paper are; E,, = 70 GPa,
Vv, =033 and p, =2700Kg/m3,  respectively
(Zainuddin and Ali 2016) while the Young’s modulus and
the Poisson’s ratio of the SWNT are E, = 2520GPa and
v, = 0.25, respectively (Selmi et al. 2007). The density of
the armchair SWNT with chiral index of (10, 10) is p, =
1330 Kg/m?3 (Eatemadi et al. 2014).
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Table 1 Natural frequencies (Hz) for different crack locations (a = 0.5)

Method e 0,167 0,271 0,375 0,479 0,583 0,687 0,792
ol 14,580 14,859 15,073 15,225 15,322 15,376 15,399
Present ®2 96,151 96,152 94,091 92,288 92,311 93,925 95,672
3 269,176 260,810 262,834 270,103 265,409 256,692 260,773
ol 15,140 15,225 15,280 15,320 15,350 15,370 15,386
Experiment ©2 96360 96390 9580 95210 95420 95720 96,420
(Chen et al. 2013) ' ! ' ' ' ' '
3 268,720 266,610 267,400 271,180 268,610 266,190 267,470
ol 15,144 15,230 15,297 15,356 15,383 15,405 15,418
Ansys
(Chen et al. 2013) ®2 96,383 96,416 95,802 95,209 95,235 95,680 96,211
o3 269,810 267,380 267,910 270,030 268,580 266,050 267,080
ol 14,980 15,120 15,230 15,310 15,360 15,380 15,400
Theory
(Chen et al. 2013) 2 96,340 96,340 95,260 94,340 94,330 95,130 96,070
o3 269,720 265,440 266,500 270,210 267,780 263,420 265,210
Table 2 Natural frequencies (Hz) for different crack depths and different locations
e 0,167 0,792
Method
o 0,3 0,5 03 0,5
ol 15,241 14,580 15,404 15,399
Present ®2 96,463 96,151 96,367 95,672
®3 270,090 269,176 268,412 260,773
ol 15,360 15,140 15,430 15,386
Experiment
(Chen et al. 2013) ®2 96,720 96,470 96,590 96,420
®3 270,310 269,720 269,340 267,470
ol 15,332 15,144 15,413 15,418
Ansys 2 96,470 96,383 96,420 96,211
(Chen et al. 2013) ! ' ! '
®3 270,020 269,810 269,250 267,080
ol 15,280 14,980 15,400 15,400
Theory 2 96,490 96,340 96,410 96,070
(Chen et al. 2013) ! ' ! '
®3 270,140 269,720 268,860 265,210
Table 3 Natural frequencies for different crack depths and different locations
w1(rad/s) w2(rad/s) w3(rad/s)
Banerjee . Banerjee . Banerjee .
E a Present and Guo Klslagggal. present and Guo Klslz;ggal. Present and Guo Kli%ggal.
2009 2009 2009
02 0,2 1021,664 - 1020,137 6505,413 - 6457,396  18132,452 - 17872,91
' 0,4 940,126 - 966,953 6500,911 - 6454,483  17725,525 - 17596,57
04 0,2 1031,559 1031,800 1030,095 6438,083 6441,3 6389,394  18094,723 18098 17844,86
' 0,4 999,743 1010,856 1006,100 6107,480 6237,0 6174,539  17504,694 17740 17499,83
0.6 0,2 1036,564 1036,600 1035,284 6414,401 6419,0 6365,914  18065,965 18070 17807,94
' 0,4 1028,787 1030,900 1029,262 5963,958 6139,9 6071,655  17334,795 17633 17359,27

The variation of the Normalized first three natural

frequencies,

(wy/wye) , of SWNT/Al-alloy composite

beams as a function of the crack position L,/L for various
crack thickness a/h and SWNT aspect ratios is depicted in

Figs. 2 and 3. For this set of results the SWNT volume
fraction is taken equal to 1%.

The next two sets of results (Figs. 4-5 and 6-7) was
obtained to demonstrate the effect of crack depth a/h and
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SWNT aspect ratio on the first three normalized natural
frequencies of cracked composite beams for SWNT volume
fraction equal to 5% and 10%, respectively.

It is clearly shown that the evolution of each normalized
natural frequency as a function of crack position has its
proper shape. The common point between these shapes is
the horizontal asymptotic that they present from L,/L
close to 0.9.

One can observe from Figs. 3, 5 and 7 that
independently of crack geometry characteristics and SWNT
volume fraction, all three natural frequencies increase with
the same fashion when increasing the SWNT aspect ratio.

For a given L,/L less than 0.9, increasing a/h reduces
the normalized natural frequencies. This drop is spectacular
for cracks close to the fixed support. Figs. 2, 4 and 6 show
that the decrease of natural frequencies due to crack of
depth ratio a/h = 0.1 can be compensated with just 1%
SWNT volume fraction.

The variation of the Normalized first three natural
frequencies w,/w,, of SWNT/Al-alloy composite beams
according to a/h for various values of L,/Land SWNT
aspect ratios is represented in Figs. 8 and 9. The SWNT
volume fraction is taken equal to 1%.

The next two sets of results (Figs. 10-11 and 12-13) was
obtained to clarify the effect of particular values of
L,/Land SWNT aspect ratios on the first three normalized
natural frequencies of cracked composite beams for SWNT
volume fraction equal to 5% and 10%, respectively.

It can be clearly seen that the three normalized natural
frequency versus a/h have the same trend regarding to the
three volume fraction (1%, 5% and 10%).

It is noted that for superficial cracks of a/h small than
0.1, Small content of short SWNT can recover the decrease
in natural frequencies.

Figs. 9, 11 and 13 show that the effect of a/h on the
natural frequencies depends on the crack position;
forL,/L =0.2, w,/w,,does not changes too much but
w;/w,o decreases rapidly. For L,;/L =0.1it isws/wsq
which seems to be constant and the w,/w,,decreases
rapidly. Finally, for L,/L = 0.8 the change of w,/w,, is
negligible and the decrease of w;/w3qis remarkable.
Whatever the value of L,/L the decrease becomes more
visible for deep cracks.

Fig. 14 illustrates the variation of the normalized natural
frequency of SWNT/Al-alloy cantilever beams as a function
of the volume fraction for several aspect ratios, L,/L =
0.2and a/h = 0.3

It can be noted that small quantity of SWNT can
eliminate the effect of deep crack on the natural
frequencies.

With regard to the effect of aspect ratio on natural
frequencies, the previous figures has shown that short fibers
will have much smaller effect than long ones. This is
obvious since increasing the aspect ratio increases towards
the composite Young’s modulus.
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5. Conclusions

The present investigation proves the capability of
randomly oriented SWNT in reducing the effect of cracks
on the dynamic behavior of cracked Aluminium alloy
beams. This study is accomplished using micromechanical
scheme and a method based on changes in modal strain
energy. Results show that low concentration of short SWNT
is enough to recover the decrease in natural frequencies due
to cracks.
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