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1. Introduction 

 

Recently, carbon nanostructures have attracted a lot of  

attention due to their preferred properties. In most of the 

studies, graphene includes a single layer of carbon atoms, 

which are joined together by the covalent bond in a two-

dimensional honeycomb lattice (Novoselov 2011). Further, 

it can be implemented in polymer composite materials due 

to the excellent features of graphene and its high strength 

value, leading to a reduction of nano-composite weight and 

an increase in the resistance of polymer composites (Young 

et al. 2012). Graphene sheets can be utilized in different 

mechanical, optical, electrical, thermal, and chemical fields 

such as micro-electromechanical systems (MEMS), nano-

electromechanical systems (NEMS), sensitive gas sensors, 

solar cells as well as increasing the resolution of the surface 

(Jensen et al. 2008, Phiri et al. 2018). 

The way of modelling the nanostructures is considered 

as an important feature since they involve very small 

dimensions and limitations in constructing and measuring. 

Therefore, the experimental modeling is very time-

consuming and very expensive (Falvo et al. 1998). Along 

with experimental technique, three general methods are 

available for modeling these nanostructures such as 

atomistic modeling (Ball 2001, Li and Chou 2006, Liew et 

al. 2004), continuum mechanics (Wang et al. 2006) and 

hybrid atomistic-continuum mechanics (Li and Chou 2003a, 
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b). Atomistic modeling includes some procedures such as 

classical molecular dynamics (MD) (Sears and Batra 2004), 

tight-binding molecular dynamics (TBMD) (Lee et al. 

2006) and density functional theory (DFT) (Stradi et al. 

2016) and further, atomistic modeling and hybrid atomistic-

continuum mechanics simulations are computationally 

complex and expensive while the continuum mechanics 

method is computationally less expensive, compared to 

other methods, along with its more simple formulation. 

Thus, this method can be implemented for simulating 

nanostructures (Duan et al. 2010, Wang and Varadan 2006). 

In small size structures, intermolecular and interatomic 

cohesive forces can influence the mechanical properties 

which cannot be disregarded. These effects are 

demonstrated by length scale parameters in order to 

formulate continuum mechanics methods. Further, since the 

classical continuum models disregard the impact of small-

scale parameters (Pradhan and Murmu 2009), analyzing the 

mechanical behavior of graphene sheets based on these 

models fails to obtain acceptable results. There are some 

theories which involve the small-scale effects such as 

couple stress (Akbas 2018, Li and Pan 2015), strain 

gradient elasticity theory (Bensaid et al. 2018, Zibaei et al. 

2014), micro-morphic (Eringen and Suhubi 1964) and 

nonlocal elasticity theory (Ebrahimi and Barati 2018, 

Tavakolian et al. 2017). 

A large number of researchers have focused on utilizing 

the Eringen’s nonlocal elasticity theory which includes the 

small-scale effects. According to this theory, the stress at a 

point relies on the strain of that point, as well as all of the 

points related to the material (Eringen and Wegner 2003). 

The nonlocal elasticity theory includes integral and 
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differential forms, among which the latter is widely 

implemented by researchers due to its simplicity. In the 

present study, the differential form was implemented for 

analyzing nano-sheets, which may be exposed to different 

loading conditions due to the variety of their applications. 

Further, these nano-sheets were considered to be under end-

shortening strain. In this situation, buckling, post-buckling, 

and nonlinear phenomena should be highlighted for these 

structures. Based on the results of previous studies, the 

small-scale parameter plays a significant role in the 

buckling load of the graphene sheets. Therefore, the 

nonlinear behavior of graphene sheets under compression 

should be investigated in nano-sheets. Accordingly, the 

present study aimed to evaluate the nonlinear behavior of 

graphene sheets under end-shortening strain by utilizing the 

nonlocal differential elasticity. Thus, a brief overview of the 

different analyzes of nanoscale structures is required in this 

regard. 

During recent years, the nonlocal elasticity theory has 

been implemented to analyze the vibration of the beams, 

plates, as well as shells in micro and nano scales 

(Chakraverty and Behera 2014, Ghannadpour and 

Mohammadi 2011, Ehyaei et al. 2016, Brischetto et al. 

2015, Mehar et al. 2015). Shen et al. (2010) investigated the 

nonlinear vibration behavior of a single-layer graphene 

sheet in a thermal environment by focusing on thin plate 

theory, along with von-Karman geometrical nonlinearity 

and nonlocal elasticity theory by taking the small effect 

scale into consideration. In another study, Jomehzadeh et al. 

(2012) examined the free and forced vibration of double-

layered graphene sheets embedded in a polymer medium 

based on the nonlocal elasticity theory. In addition, the van 

der Waals interactions between polymer medium and 

graphene sheets were considered as a nonlinear function of 

deflection of the graphene sheets. Further, Zhang et al. 

(2017) studied the nonlinear vibration behavior of graphene 

sheets by implementing the classical plate and nonlocal 

elasticity theories. Furthermore, the size effect was 

considered and numerical solutions were achieved by using 

the Kp-Ritz method. Additionally, nonlocal elasticity theory 

was implemented to analyze the bending of these types of 

structures on micro and nano scales (Bensaid 2017, Arefi et 

al. 2019, Ghannadpour et al. 2013, Taghizadeh et al. 2015). 

In another study, Xu et al. (2013) investigated the nonlinear 

bending of bilayers graphene sheets under transverse loads 

in thermal environments. Golmakani and Sadraee Far 

(2016) evaluated the thermo-elastic bending of graphene 

sheets embedded in the elastic medium by adopting the 

nonlocal elasticity, and first-order deformation theory, along 

with von-Karman geometrical model. In order to analyze 

the buckling behavior of nano-sized structures, a large 

amount of research have been conducted by using nonlocal 

elasticity theory (Ghannadpour 2018, Ghannadpour and 

Mohammadi 2010, Ebrahimi and Barati 2016, Taghizadeh 

et al. 2016, Tounsi et al. 2013). For example, Radić and 

Jeremić (2016) analyzed the thermal buckling of double-

layered graphene sheets through adopting the nonlocal 

elasticity theory and new first-order deformation theory. 

Further, Anjomshoa et al. (2014) analyzed the buckling 

analysis of multi-layered graphene sheets embedded in a 

polymer matrix by implementing nonlocal elasticity theory 

and taking the van der Waals interaction model between 

graphene sheets and graphene-polymer as a series of linear 

springs into consideration. During the recent years, few 

studies were conducted on the post-buckling and nonlinear 

behaviors of nano-plates by considering the nonlocal 

elasticity theory. For example, Farajpour et al. (2013) 

evaluated the post-buckling behavior of multi-layered 

graphene sheets under non-uniform biaxial compression 

through implementing the nonlocal elasticity theory and 

von-Karman geometrical model. In another study, Naderi 

and Saidi (2014) examined the post-buckling behavior of 

graphene sheets under uniform compression, as well as on a 

nonlinear polymer substrate by using the nonlocal elasticity 

theory. In their analysis, the interaction force between 

graphene sheets and polymer substrate was modeled by a 

nonlinear function of deflection. In a recent study, Ansari 

and Gholami (2016) examined the post-buckling behavior 

of graphene sheets under uniform compression, as well as 

on a nonlinear polymer substrate by using the nonlocal 

elasticity theory. In their analysis, the interaction force 

between graphene sheets and polymer substrate was 

modeled by a nonlinear function of deflection. More 

recently, Soleimani et al. (2017) emphasized the post-

buckling behavior of orthotropic single-layered graphene 

sheet under in-plane loadings with initial geometric 

imperfection by applying nonlocal elasticity theory and 

von-Karman nonlinear model, along with the isogeometric 

analysis (IGA). 

In this research, post-buckling and nonlinear behaviors 

of orthotropic graphene sheets subjected to end-shortening 

strain are examined using a new approach called semi-

Galerkin technique. The nano-plates are supposed to be on a 

polymer foundation and the classical plate theory is used to 

develop the formulation. In the so-called semi-Galerkin 

technique, similar to the well-known semi-energy approach 

(Ovesy and Ghannadpour 2011), the out-of-plane deflection 

is the only displacement field that should be estimated by a 

deflected form. From the von-Karman type large deflection 

compatibility equation, the displacement function is related 

to the stress function in terms of the unknown coefficient in 

the assumed displacement function. But instead of the 

theorem of minimum total potential energy in the semi-

energy approach, Galerkin method is applied to solve for 

the unknown coefficients in the proposed technique. 

Therefore, the introduced method in this paper is called 

semi-Galerkin technique. The two loaded ends of the 

graphene sheets are assumed to be simply supported and the 

others have simple support or clamp conditions. As 

mentioned earlier, the postulated out-of-plane deflection 

function is substituted to the von-Karman’s compatibility 

equation and the final equation is exactly solved for the 

stress function. In order to satisfy the nonlocal natural in-

plane boundary conditions, three various scenarios have 

been assumed and used that are considerably different in 

terms of concept. Post-buckling behavior of thin graphene 

sheets are then examined for all three different scenarios 

and the effects of boundary conditions, polymer foundation 

and nonlocal parameter have also been studied in each 

scenario. 
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Fig. 1 A typical graphene sheet under end-shortening strain 

 

 

2. Theoretical development 
 

Consider a typical graphene sheet subjected to end-

shortening strain as shown in Fig. 1. The ends under end-

shortening are considered to be simply supported and the 

unloaded edges have either of two following conditions for 

out-of-plane deflection: 
 

(a) Both unloaded edges are considered to be simply 

supported. 

(b) Both unloaded edges are considered to be clamped 
 

As mentioned before, the purpose of this research is to 

investigate the post-buckling behavior of nano-plates using 

nonlocal elasticity theory. According to this theory, the 

stress at an arbitrary point x depends not only on the strain 

at that point but also on the strain values of all points on the 

domain of body. The constitutive law based on the nonlocal 

elasticity theory can be written in the following form 

(Eringen and Wegner 2003) 

 

𝜎𝑖𝑗
𝑛𝑙(𝑥) = ∫𝛼(|𝑥 − 𝑥′|, 𝜏)𝜎𝑖𝑗

𝑙 (𝑥′)𝑑𝑉
𝑉

(𝑥′) (1) 

 

where 𝜎𝑖𝑗
𝑛𝑙 , 𝜎𝑖𝑗

𝑙  are respectively, nonlocal stress 

components at the reference point 𝑥 and classical (local) 

stress components at local point 𝑥′. The parameter 𝛼 is 

the nonlocal modulus or kernel function with distance 

|𝑥 − 𝑥′| . This parameter depends on two parameters 

|𝑥 − 𝑥′|  and  𝜏  where 𝜏  is defined as 𝑒0𝑎̅/𝐿 . The 

parameter 𝜏 includes the small-scale effects and depends 

on a material constant (𝑒0) and characteristic length ratio 

𝑎̅/𝐿, where 𝑎̅ is an internal characteristic length (e.g., the 

C-C bond length for graphene sheets, granular distance and 

lattice parameter) and 𝐿 is an external characteristic length 

(e.g., wavelength, crack length and etc.). It is noted that the 

local stress is written as 𝜎𝑖𝑗
𝑙 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙  where 𝐶𝑖𝑗𝑘𝑙  and 

𝜀𝑘𝑙  are material moduli and strain components, 

respectively. In order to work more easily with the 

constitutive equations in the theory of nonlocal elasticity, 

the following simple differential form was introduced by 

Eringen and Wegner (2003) instead of the integral form in 

Eq. (1) 

(1 − 𝜇2∇2)𝜎𝑖𝑗
𝑛𝑙 = 𝜎𝑖𝑗

𝑙  (2) 

 

where (𝑖, 𝑗, 𝑘 and 𝑙 = 1, 2, 3), ∇2 is the two dimensional 

Laplacian mathematical operator and the superscripts “𝑙” 

and “𝑛𝑙 ”, respectively, denote the local and nonlocal 

parameters, such as 𝜎𝑖𝑗
𝑙 , which was previously introduced 

as local stress. Parameter 𝜇 is a nonlocal parameter in 

nonlocal differential elasticity and is defined as 𝜇 = 𝑒0𝑎̅. 

Based on the classical plate theory, the displacement 

fields at a general point can be written in terms of mid-

plane components as follows 
 

𝑢̂(𝑥, 𝑦, 𝑧) = 𝑢(𝑥, 𝑦) − 𝑧
𝜕𝑤(𝑥, 𝑦)

𝜕𝑥
 

𝑣̂(𝑥, 𝑦, 𝑧) = 𝑣(𝑥, 𝑦) − 𝑧
𝜕𝑤(𝑥, 𝑦)

𝜕𝑦
 

𝑤̂(𝑥, 𝑦, 𝑧) = 𝑤(𝑥, 𝑦) 

(3) 

 

where 𝑢̂, 𝑣̂  are in-plane and 𝑤̂  is out of plane 

components of displacement in 𝑥, 𝑦 and 𝑧 directions at a 

general point, respectively, whereas 𝑢, 𝑣, 𝑤  are 

components of displacement at the middle surface of the 

plate. The strain-displacement relations in the von-Karman 

form are given as 
 

𝜀̂ = {

𝜀𝑥̂
𝜀𝑦̂
𝛾̂𝑥𝑦

} =

{
  
 

  
 

𝜕𝑢

𝜕𝑥
+
1

2
(
𝜕𝑤

𝜕𝑥
)
2

𝜕𝑣

𝜕𝑦
+
1

2
(
𝜕𝑤

𝜕𝑦
)
2

𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
+ (

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦
)
}
  
 

  
 

+ 𝑧

{
  
 

  
 −

𝜕2𝑤

𝜕𝑥2

−
𝜕2𝑤

𝜕𝑦2

−2
𝜕2𝑤

𝜕𝑥𝜕𝑦}
  
 

  
 

 

= 𝜀 + 𝑧𝑘 

(4) 

 

Where 𝜀𝑥̂,  𝜀𝑦̂ and  𝛾̂𝑥𝑦 are components of strains at a 

general point and 𝜀 and 𝑘 are membrane and curvature 

strain vectors. 

Using the nonlocal constitutive relation in Eq. (2), 

constitutive relations for a thin orthotropic graphene sheet 

are given as follows 

 

(1 − 𝜇2∇2) {

𝜎𝑥
𝑛𝑙

𝜎𝑦
𝑛𝑙

𝜏𝑥𝑦
𝑛𝑙

} = {

𝜎𝑥
𝑙

𝜎𝑦
𝑙

𝜏𝑥𝑦
𝑙

} = [

𝑄11 𝑄12 0
𝑄21 𝑄22 0
0 0 𝑄66

] {

𝜀𝑥̂
𝜀𝑦̂
𝛾̂𝑥𝑦

} (5) 

 

Where the reduced stiffness coefficients 𝑄𝑖𝑗  (𝑖, 𝑗 =

1, 2, 6) can be defined as 
 

𝑄11 =
𝐸1

1 − 𝜈12𝜈21
,   𝑄22 =

𝐸2
1 − 𝜈12𝜈21

, 

 𝑄12 = 𝑄21 =
𝜈12𝐸2

1 − 𝜈21𝜈12
,   𝑄66 = 𝐺12 

(6) 

 

It is known that by integrating the components of stress 

in the thickness direction, the resultant forces and moments 

can be obtained. 
 

{

𝑁𝑥
𝑁𝑦
𝑁𝑥𝑦

} = ∫ {

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

}

ℎ/2

−ℎ/2

𝑑𝑧;  {

𝑀𝑥

𝑀𝑦

𝑀𝑥𝑦

} = ∫ {

𝜎𝑥
𝜎𝑦
𝜏𝑥𝑦

}

ℎ/2

−ℎ/2

𝑧𝑑𝑧 (7) 

 

By substituting the strains from Eq. (4) into the Eq. (5) 

and by integrating the results along the thickness, the 

nonlocal resultant forces and moments are related to the 
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local ones and membrane and curvature strain vectors in the 

following form 

 

(1 − 𝜇2∇2) {

𝑁𝑥
𝑛𝑙

𝑁𝑦
𝑛𝑙

𝑁𝑥𝑦
𝑛𝑙

} = {

𝑁𝑥
𝑙

𝑁𝑦
𝑙

𝑁𝑥𝑦
𝑙

} = [

𝐴11 𝐴12 0
𝐴12 𝐴22 0
0 0 𝐴66

] {

𝜀𝑥
𝜀𝑦
𝛾𝑥𝑦
} (8a) 

 

(1 − 𝜇2∇2) {

𝑀𝑥
𝑛𝑙

𝑀𝑦
𝑛𝑙

𝑀𝑥𝑦
𝑛𝑙

} = {

𝑀𝑥
𝑙

𝑀𝑦
𝑙

𝑀𝑥𝑦
𝑙

} 

= [

𝐷11 𝐷12 0
𝐷12 𝐷22 0
0 0 𝐷66

] {

𝑘𝑥
𝑘𝑦
𝑘𝑥𝑦

} 

(8b) 

 

Given that the middle plane strains and curvatures are 

independent of 𝑧, then the above equation can be rewritten 

in a simpler matrix form as 

 

(1 − 𝜇2∇2) {𝑁
𝑛𝑙

𝑀𝑛𝑙} = {
𝑁𝑙

𝑀𝑙} = [
𝐴 0
0 𝐷

] {
𝜀
𝑘
} (9) 

 

Where matrices 𝐴 and 𝐷 whose coefficients can be 

obtained by Eq. (10) are extensional and bending stiffness 

matrices, respectively. 

 

𝐴𝑖𝑗 = ∫𝑄𝑖𝑗

ℎ

2

−
ℎ

2

𝑑𝑧,     𝐷𝑖𝑗 = ∫𝑄𝑖𝑗𝑧
2

ℎ

2

−
ℎ

2

𝑑𝑧, 

(𝑖, 𝑗 = 1,2,6) 

(10) 

 

Rearranging the Eq. (9) gives the following matrix form. 

 

{
𝜀
𝑀𝑙} = [

𝐴∗ 0
0 𝐷

] {𝑁
𝑙

𝑘
} (11) 

 

Where 𝐴∗ = 𝐴−1. The nonlocal equilibrium equations of 

the graphene sheet based on the classical plate theory can be 

obtained by the principle of virtual work as follows 

(Soleimani et al. 2017). 

 

𝜕𝑁𝑥
𝑛𝑙

𝜕𝑥
+
𝜕𝑁𝑥𝑦

𝑛𝑙

𝜕𝑦
= 0 (12a) 

 

𝜕𝑁𝑦
𝑛𝑙

𝜕𝑦
+
𝜕𝑁𝑥𝑦

𝑛𝑙

𝜕𝑥
= 0 (12b) 

 

𝜕2𝑀𝑥
𝑛𝑙

𝜕𝑥2
+
𝜕2𝑀𝑦

𝑛𝑙

𝜕𝑦2
+ 2

𝜕2𝑀𝑥𝑦
𝑛𝑙

𝜕𝑥𝜕𝑦
 

= −[𝑁𝑥
𝑛𝑙
𝜕2𝑤

𝜕𝑥2
+𝑁𝑦

𝑛𝑙
𝜕2𝑤

𝜕𝑦2
+ 2𝑁𝑥𝑦

𝑛𝑙
𝜕2𝑤

𝜕𝑥𝜕𝑦
+ 𝑃𝑣𝑑𝑤−𝑔𝑟] 

(12c) 

 

The interaction between the polymer foundation and the 

graphene sheet is simulated by an external transverse load 

shown as 𝑃𝑣𝑑𝑤−𝑔𝑟 in the above equation. In this research, 

this transverse load is considered as a nonlinear function of 

the deflection like Naderi and Saidi (2014). 

𝑃𝑣𝑑𝑤−𝑔𝑟 = −(𝐾1𝑤 + 𝐾3𝑤
3) (13) 

 

A much simpler set of two equations in two unknowns 

may be achieved by introduction of a nonlocal stress 

function, 𝜑𝑛𝑙, such that the resultant forces in the nano-

plate can be obtained from its derivatives. i.e. 
 

𝑁𝑥
𝑛𝑙 =

𝜕2𝜑𝑛𝑙

𝜕𝑦2
;  𝑁𝑦

𝑛𝑙 =
𝜕2𝜑𝑛𝑙

𝜕𝑥2
;  𝑁𝑥𝑦

𝑛𝑙 = −
𝜕2𝜑𝑛𝑙

𝜕𝑥𝜕𝑦
 (14) 

 

where 𝜑𝑛𝑙 = 𝜑𝑛𝑙(𝑥, 𝑦) . These expressions are seen to 

satisfy the first two equilibrium equations (i.e., Eqs. (12a) 

and (12b)) and the third equilibrium equation can be 

rewritten as Eq. (15) by combining the Eqs. (4), (8), (11) 

and (14). 
 

𝐷11
𝜕4𝑤

𝜕𝑥4
+ 2(𝐷12 + 2𝐷66)

𝜕4𝑤

𝜕𝑥2𝜕𝑦2
+ 𝐷22

𝜕4𝑤

𝜕𝑦4
 

= (1 − 𝜇2∇2) [
𝜕2𝜑𝑛𝑙

𝜕𝑦2
𝜕2𝑤

𝜕𝑥2
+
𝜕2𝜑𝑛𝑙

𝜕𝑥2
𝜕2𝑤

𝜕𝑦2
 

−2
𝜕2𝜑𝑛𝑙

𝜕𝑥𝜕𝑦

𝜕2𝑤

𝜕𝑥𝜕𝑦
+ 𝑃𝑣𝑑𝑤−𝑔𝑟] 

(15) 

 

Eqs. (4), (8), (11) and (14) can be combined to give an 

equation which must be satisfied if the in-plane 

deformations are to be compatible with the deflection. The 

nonlocal compatibility equation for graphene sheets can be 

given in terms of the nonlocal stress function 𝜑𝑛𝑙 and 𝑤 

as 
 

(1 − 𝜇2∇2) [𝐴22
∗
𝜕4𝜑𝑛𝑙

𝜕𝑥4
+ (2𝐴12

∗ + 𝐴66
∗ )

𝜕4𝜑𝑛𝑙

𝜕𝑥2𝜕𝑦2
 

+𝐴11
∗
𝜕4𝜑𝑛𝑙

𝜕𝑦4
] = (

𝜕2𝑤

𝜕𝑥𝜕𝑦
)

2

−
𝜕2𝑤

𝜕𝑥2
𝜕2𝑤

𝜕𝑦2
 

(16) 

 

Eqs. (15) and (16) form two equations in the two 

variables 𝜑𝑛𝑙  and 𝑤 . They are called the nonlocal 

equilibrium and compatibility equations, respectively, for 

large deflections of flat nano-plates. In the next section, the 

aim is to solve the above equations and obtain the post-

buckling response, which requires knowing the in-plane 

boundary conditions that are referred to below. The out-of-

plane boundary conditions of the nano-sheets are also 

mentioned earlier, and here they are limited to providing 

their mathematical model. 

In-plane boundary conditions on the ends of nano-plates 

are such that they have zero shear stress conditions and one 

end is under end-shortening strain as follows. 
 

𝑢 = 0     𝑎𝑡     𝑥 = −𝑎/2 

𝑢 = −𝜀𝑎     𝑎𝑡     𝑥 = 𝑎/2 
𝑁𝑥𝑦
𝑛𝑙 = 0     𝑎𝑡     𝑥 = −𝑎/2, 𝑎/2 

(17) 

 

On the unloaded edges, it is assumed in this research 

that there are only natural boundary conditions such that 

both shear and normal stresses are assumed to be zero. 

Thus, they can be written in the following form. 
 

𝑁𝑥𝑦
𝑛𝑙 = 𝑁𝑦

𝑛𝑙 = 0  at  𝑦 = 0, 𝑏 (18) 
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As mentioned before, the out-of-plane boundary 

conditions of the nano-plates is considered to be simply 

supported on ends, while both the unloaded edges are either 

simply supported (case (a)) or clamped (case (b)). Therefore 

 

 

𝑤 = 𝑀𝑥
𝑛𝑙 = 0   at  𝑥 = −𝑎/2, 𝑎/2 

and for both cases (a), (b) 
 
𝑤 = 𝑀𝑦

𝑛𝑙 = 0   at   𝑦 = 0, 𝑏 

and for case (a) 
 
𝑤 = 𝜕𝑤/𝜕𝑦 = 0   at   𝑦 = 0, 𝑏 

and for case (𝑏) 

(19) 

 

 

3. Solution methodology 
 

As previously mentioned, in this paper a new technique 

called semi-Galerkin technique is introduced and used to 

investigate the post-buckling and nonlinear behavior of 

graphene sheets. In this technique, similar to the well-

known semi-energy approach (Ovesy and Ghannadpour, 

2011), the out-of-plane displacement field is postulated with 

an appropriate form that can satisfy the nonlocal out-of-

plane boundary conditions (cases (a) or (b)). Therefore, 

from the von-Karman type large deflection compatibility 

Eq. (16), the displacement function is related to the stress 

function in terms of the unknown coefficient in the assumed 

displacement function. In order to solve the stress function 

in terms of the unknown coefficient in the assumed 

displacement function and also satisfying the in-plane 

natural boundary conditions, three different scenarios are 

considered which are somewhat different in terms of some 

assumptions. From this point onwards, having the out-of-

plane displacement and a stress function, Galerkin method 

is applied to solve for the unknown coefficient instead of 

the theorem of minimum total potential energy in the semi-

energy approach. In this regard, semi-Galerkin is named for 

this technique. For the nano-plate shown in Fig. 1, since 

both ends have simply supported conditions, therefore the 

out-of-plane deflection form for the post-buckling problem 

can be considered as follows 

 

𝑤(𝑥, 𝑦) = cos(𝜆𝑥)𝑌(𝑦) (20) 

 

where 𝑌(𝑦) is transverse shape function, 𝜆 = 𝑚𝜋/𝑎 and 

𝑚 is the buckling mode number in the 𝑥-direction. The 

approximation function cos(𝜆𝑥) satisfies both natural and 

essential nonlocal boundary conditions along the 

longitudinal direction (Naderi and Saidi 2014). Due to the 

different out-of-plane boundary conditions for the unloaded 

edges, the unknown function 𝑌(𝑦) is first used to represent 

the out-of-plane deflection form along the transverse 

direction and therefore all the equations are solved in terms 

of this unknown function. Finally, after solving and 

developing the formulation, in the last step, the estimation 

function will be replaced with respect to the boundary 

conditions in this direction. 

As it was mentioned earlier, the assumed out-of-plane 

deflection form (i.e., Eq. (20)) should be substituted in the 

nonlocal compatibility equation for graphene sheets (i.e., 

Eq. (16)) to solve the nonlocal stress function. But finding a 

relationship between local and nonlocal stress function can 

help to further the solution. Using Eqs. (2), (8) and (14), 

this equation is obtained as 

 

(1 − 𝜇2∇2)𝜑𝑛𝑙 = 𝜑𝑙 (21) 

 

In the above equation, 𝜑𝑙  and 𝜑𝑛𝑙  are local and 

nonlocal stress functions, respectively. 

Therefore, having the above relation and substituting the 

Eq. (20) into the nonlocal compatibility Eq. (16), the 

following equation is achieved 

 

𝐴22
∗
𝜕4𝜑𝑙

𝜕𝑥4
+ (𝐴66

∗ + 2𝐴12
∗ )

𝜕4𝜑𝑙

𝜕𝑥2𝜕𝑦2
+ 𝐴11

∗
𝜕4𝜑𝑙

𝜕𝑦4
 

=
1

2
𝜆2{[𝑌′2 + 𝑌𝑌′′] + [𝑌𝑌′′ − 𝑌′2]cos(2𝜆𝑥)} 

(22) 

 

Where 𝑌′ = 𝑑𝑌/𝑑𝑦  and 𝑌′′ = 𝑑2𝑌/𝑑𝑦2 . It can be 

understood from the above equation that one can first 

calculate the local stress function and then calculate the 

nonlocal stress function using Eq. (21). Then the main 

problem is solving based on the local elasticity. To solve the 

local stress function, it is also clear from the above equation 

that the local stress function 𝜑𝑙 can be written as a sum of 

two distinct functions as follows (Ovesy and Ghannadpour 

2011). 
 

𝜑𝑙 = 𝜑1
𝑙 + 𝜑2

𝑙  cos(2𝜆𝑥) (23) 

 

Where 𝜑1
𝑙 = 𝜑1

𝑙 (𝑦)  and 𝜑2
𝑙 = 𝜑2

𝑙 (𝑦) . Subsequently, 

the derivative of functions 𝜑1
𝑙  and 𝜑2

𝑙  with respect to 𝑦 

that are just a function of 𝑦, are represented by the prime 

sign. By substituting the Eq. (23) into Eq. (22) and equating 

the coefficients on both sides of the equation, the following 

relationships are achieved. 

 

𝐴11
∗ 𝜑1

𝑙 ′′′′ =
1

2
𝜆2[𝑌′2 + 𝑌𝑌′′] (24a) 

 

𝐴11
∗ 𝜑2

𝑙 ′′′′ − 4(𝐴66
∗ + 2𝐴12

∗ )𝜆2𝜑2
𝑙 ′′ + 16𝐴22

∗ 𝜆4𝜑2
𝑙  

=
1

2
𝜆2[𝑌𝑌′′ − 𝑌′2] 

(24b) 

 

Given the above equations, now the two functions 

𝜑1
𝑙 (𝑦) and 𝜑2

𝑙 (𝑦) need to be solved. 

 

3.1 Solution of function 𝜑1
𝑙 (𝑦) 

 

By twice integrating the Eq. (24a), the following 

equation is obtained in which the second derivative of  𝜑1
𝑙  

constitutes a stress system in the x-direction. It is 

noteworthy that only the second derivative of 𝜑1
𝑙  is 

required in the calculations and does not need to evaluate 

the function itself. 

 

𝜑1
𝑙 ′′ =

1

4𝐴11
∗ 𝜆2𝑌2 + 𝐶1𝑦 + 𝐶2 (25) 
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where the constants 𝐶1 and 𝐶2 are used to satisfy the in-

plane boundary conditions (17) at the loaded ends. From 

Eq. (4), the following relationship can be written. 
 

𝑢|−𝑎 2⁄
𝑎 2⁄ = ∫ {𝜀𝑥 −

1

2
(
𝜕𝑤

𝜕𝑥
)
2

}𝑑𝑥
𝑎 2⁄

−𝑎 2⁄

 (26) 

 

Both Eqs. (11) and (14) are combined so that the amount 

of end-shortening can be expressed in terms of the 

deflection and local stress function. 
 

𝑢|−𝑎 2⁄
𝑎 2⁄ = ∫ {𝐴11

∗
𝜕2𝜑𝑙

𝜕𝑦2
+ 𝐴12

∗
𝜕2𝜑𝑙

𝜕𝑥2
−
1

2
(
𝜕𝑤

𝜕𝑥
)
2

}𝑑𝑥
𝑎 2⁄

−𝑎 2⁄

 (27) 

 

By substituting the deflection function from Eq. (20) 

and local stress function from Eq. (23) in the above 

expression and performing the integration, the amount of 

end-shortening of the nano-sheet can be computed as 
  

𝑢|−𝑎 2⁄
𝑎 2⁄ = 𝑎𝐴11

∗ 𝜑1
𝑙 ′′ −

𝑎

4
𝜆2𝑌2 (28) 

 

Substituting the second derivative of 𝜑1
𝑙  from Eq. (25) 

into Eq. (28) yields 
 

𝑢|𝑥=𝑎/2 − 𝑢|𝑥=−𝑎/2 =  𝑎𝐴11
∗ (𝐶1𝑦 + 𝐶2) (29) 

 

Since the end of the sheet at 𝑥 = 𝑎/2 is uniformly 

shortened (i.e., 𝑢 = −𝜀𝑎 from Eq. (17)), so it does not 

change with respect to 𝑦, and therefore the constant 𝐶1 is 

zero and the constant 𝐶2 is also computed as 
 

𝐶2 = −
𝜀

𝐴11
∗  (30) 

 

The value of 𝐶2 is the stress required to compress the 

unbuckled plate. Substituting 𝐶1 and 𝐶2 in Eq. (25), the 

second derivative of 𝜑1
𝑙  is now obtained as 

 

𝜑1
𝑙 ′′ =

1

4𝐴11
∗ 𝜆2𝑌2 −

𝜀

𝐴11
∗  (31) 

 

3.2 Solution of function 𝜑2
𝑙 (𝑦) 

 

As is known, Eq. (24b) is a fourth order non-

homogeneous linear differential equation. Solving it 

involves a general or homogeneous solution 𝜑2ℎ
𝑙  and a 

particular solution 𝜑2𝑝
𝑙 . In order to obtain a homogeneous 

solution, the following fourth order homogeneous 

differential equation is considered. 
 

𝐴11
∗ 𝜑2ℎ

𝑙 ′′′′
− 4(𝐴66

∗ + 2𝐴12
∗ )𝜆2𝜑2ℎ

𝑙 ′′
 

+16𝐴22
∗ 𝜆4𝜑2ℎ

𝑙 = 0 
(32) 

 

where the “h” and “p” indexes refer to the homogeneous 

and particular solutions of 𝜑2
𝑙 . The homogeneous solution 

to the above equation depends on the ∆ sign, which ∆ is 

defined as follows 

 

∆= (𝐴66
∗ + 2𝐴12

∗ )2 − 4𝐴11
∗ 𝐴22

∗  (33) 

For different signs of ∆ the homogeneous solution to 

Eq. (32) can be presented as follows. 

 

(1) If ∆> 0, the general solution 𝜑2ℎ
𝑙  can be written in 

the following form 

 

𝜑2ℎ
𝑙 = 𝐶1

𝜑
cosh(2𝜆1𝜆𝑦) 

+𝐶2
𝜑
sinh(2𝜆1𝜆𝑦) + 𝐶3

𝜑
cosh(2𝜆2𝜆𝑦) 

+𝐶4
𝜑
sinh(2𝜆2𝜆𝑦) 

(34) 

 

Where  𝜆1 = √
2𝐴12

∗ + 𝐴66
∗ + √∆

2𝐴11
∗   and 

𝜆2 = √
2𝐴12

∗ + 𝐴66
∗ − √∆

2𝐴11
∗ . 

 

(2) If ∆= 0, the homogeneous solution can be 

represented as 

 

𝜑2ℎ
𝑙 = 

𝐶1
𝜑
cosh(2𝜆̅𝜆𝑦) + 𝐶2

𝜑
sinh(2𝜆̅𝜆𝑦) + 𝐶3

𝜑
ycosh(2𝜆̅𝜆𝑦) 

+𝐶4
𝜑
𝑦 sinh(2𝜆̅𝜆𝑦) 

(35) 

 

Where 𝜆̅ = √
𝐴22
∗

𝐴11
∗

4

 

(3) If ∆< 0, the  𝜑2ℎ
𝑙  can be written as 

 

𝜑2ℎ
𝑙 = 

(𝐶1
𝜑
cos(2𝜆2𝜆𝑦) + 𝐶2

𝜑
sin(2𝜆2𝜆𝑦)) cosh(2𝜆1𝜆𝑦) 

+(𝐶3
𝜑
cos(2𝜆2𝜆𝑦) + 𝐶4

𝜑
sin(2𝜆2𝜆𝑦)) sinh(2𝜆1𝜆𝑦) 

(36) 

 

Where  𝜆1 =
1

2
√2√

𝐴22
∗

𝐴11
∗ +

2𝐴12
∗ + 𝐴66

∗

2𝐴11
∗   and 

𝜆2 =
1

2
√2√

𝐴22
∗

𝐴11
∗ −

2𝐴12
∗ + 𝐴66

∗

2𝐴11
∗ . 

 

In the above solutions, the constants 𝐶𝑖
𝜑
(𝑖 = 1, . . ,4) 

can be calculated depending on the in-plane boundary 

conditions of the unloaded edges. Finding these constants 

and satisfying the natural boundary conditions has led to the 

suggestion of three different scenarios which will be further 

dealt with in this section. 

So far the general solution has been calculated, but the 

particular solution, whose function is also considered, is 

related to the right-hand side function of the 

inhomogeneous Eq. (24b). By substituting the deflection 

form along the 𝑦-direction, 𝑌(𝑦), into the Eq. (24b) and 

using the undetermined coefficients method, the particular 

solution can be computed that will be presented for each 

boundary conditions (cases (a) or (b)) in the next section. 

By finding the homogeneous and the particular solution, 

complete solution to 𝜑2
𝑙  is determined as 

 

𝜑2
𝑙 = 𝜑2ℎ

𝑙 +𝜑2𝑝
𝑙  (37) 

316



 

Nonlocal nonlinear analysis of nano-graphene sheets under compression using semi-Galerkin technique 

Up to now, the second derivate of 𝜑1
𝑙  and local stress 

function 𝜑2
𝑙  in which there are four constants 𝐶𝑖

𝜑
(𝑖 =

1, . . ,4), have been fully calculated. At this point, to fulfill 

the natural in-plane boundary conditions, several scenarios 

can be designed to solve the constants which are discussed 

in the next section. 

 

3.3 Calculate 𝐶𝑖
𝜑

constants 

 

As previously stated, in order to solve the nonlocal 

stress function in terms of the unknown coefficient in the 

assumed deflection function and also fulfilment of the 

natural in-plane boundary conditions, three different 

scenarios are designed which are somewhat different in 

terms of some assumptions. 

It should be emphasized that many scientists in their 

research have satisfied only the local form of natural 

boundary conditions to analyze their nonlocal problems 

such as works carried out by Jomehzadeh and Saidi (2011a, 

b), Jomehzadeh et al. (2012), Shen et al. (2010) and some 

other researchers have corrected their formulation and 

results and have been able to fulfill the nonlocal natural 

boundary conditions (Naderi and Saidi 2014, Wang et al. 

2007). With these descriptions, in this research, it is also 

desirable to study the effects of these conditions on the 

post-buckling behavior of nano-sheets by satisfying the 

local form of natural boundary conditions or nonlocal 

forms. The following is a description of the designed 

scenarios. 

 

3.3.1 Scenario 1 
In this scenario, it is assumed that the local form of the 

compatibility equation is used to obtain the results by 

setting 𝜇 = 0 in Eq. (16). Therefore, all previous equations 

are still established. The four constants 𝐶𝑖
𝜑
(𝑖 = 1, . . ,4) in 

the local stress function 𝜑𝑙(𝑥, 𝑦) should then be computed 

by satisfying the local form of natural in-plane boundary 

conditions on the unloaded edges, thus the stress function 

𝜑𝑙(𝑥, 𝑦)  is now fully specified. The concept of this 

scenario, in accordance with the claim of Naderi and Saidi 

(2014) is similar to the assumptions considered in 

Jomehzadeh et al. (2012), Jomehzadeh and Saidi (2011a, b), 

Shen et al. (2010), which have investigated nonlinear free 

vibration of nano-plates. 

With the descriptions outlined in this scenario, the local 

stress function, which was calculated instead of the 

nonlocal stress function, is substituted in the equilibrium 

equation (i.e., Eq. (15)) for the next steps of the solution. 

 

3.3.2 Scenario 2 
 

As in the previous scenario, the local stress function is 

calculated in the same way. Similarly, as in Scenario 1, the 

local form of natural boundary conditions applies to the 

calculation of constants 𝐶𝑖
𝜑
(𝑖 = 1, . . ,4) in the local stress 

function 𝜑𝑙. As is clear from Eq. (21), two nonlocal and 

local forms of stress function are related to each other. It 

can be easily shown that the nonlocal stress function can be 

written in terms of the corresponding local stress function in 

the following form. 

𝜑𝑛𝑙(𝑥, 𝑦) = 𝜑𝑙(𝑥, 𝑦) + 𝜇2∇2𝜑𝑙(𝑥, 𝑦) 
                      +𝜇4∇4𝜑𝑙(𝑥, 𝑦) + 𝜇6∇6𝜑𝑙(𝑥, 𝑦) + ⋯ 

(38) 

 

Therefore, after calculating the local stress function 𝜑𝑙 
described in the above, the nonlocal form of stress function 

𝜑𝑛𝑙 is obtained through Eq. (38). It should be noted that the 

solution of the nonlocal stress function in Eq. (38) is 

identical to the particular solution of Eq. (21), and therefore, 

one can use the particular solution of Eq. (21) instead of 

using the above equation. To find the particular solution, 

one can proceed as follows. 

Similar to the local stress function, by substituting the 

deflection function from Eq. (20) into the compatibility 

equation, it can be seen that the nonlocal stress function can 

also be written in the form below. 

 

𝜑𝑛𝑙(𝑥, 𝑦) = 𝜑1
𝑛𝑙(𝑦) + 𝜑2

𝑛𝑙(𝑦) cos(2𝜆𝑥) (39) 

 

By substituting Eqs. (23) and (39) into Eq. (21) and 

rearranging, the following two equations can be written 

 

[4𝜆2𝜇2 + 1]𝜑2
𝑛𝑙 − 𝜇2𝜑2

𝑛𝑙′′ = 𝜑2
𝑙  (40a) 

 

𝜑1
𝑛𝑙 − 𝜇2𝜑1

𝑛𝑙′′ = 𝜑1
𝑙  (40b) 

 

Since the local stress function, 𝜑1
𝑙 , has not been solved 

itself and its second derivative has been calculated, 

therefore, its second derivative, 𝜑1
𝑙 ′′, can be substituted 

into Eq. (40b) and the second derivative of the nonlocal 

stress function, 𝜑1
𝑛𝑙′′, is obtained, which is required in the 

next steps. Both the particular solution of the above 

equations are used to form the nonlocal stress function 𝜑𝑛𝑙. 
Therefore, it is emphasized that in this scenario, the 

constants 𝐶𝑖
𝜑
(𝑖 = 1, . . ,4) are calculated by satisfying the 

local form of natural boundary conditions, but the nonlocal 

form of stress function, according to Eq. (21), is substituted 

in the equilibrium equation. 

 

3.3.3 Scenario 3 
The difference between this scenario with Scenario 2 is 

to satisfy the nonlocal natural boundary conditions rather 

than its local form. In this scenario, as in the previous 

scenario, the nonlocal stress function is calculated in terms 

of the local stress function, but this time, with all four 

unknown constants 𝐶𝑖
𝜑
(𝑖 = 1, . . ,4). That is, the unknown 

constants are not already obtained by satisfying the local 

form of natural boundary conditions. Finally, they can be 

computed by satisfying the nonlocal natural boundary 

conditions. Therefore, having the nonlocal stress function, 

the equilibrium equation is ready for use in the next section. 

It is noteworthy that the detailed process in this scenario is 

more logical and the results are supposed to be compared 

with the outcomes of other scenarios in which there are 

drawbacks in satisfying the boundary conditions. 

 

3.4 Calculate 𝐶𝑖
𝜑

constants 

 

In this section, having a stress function by each of the 

scenarios introduced in the previous section, as well as by 
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assuming the deflection function for any given boundary 

conditions, the equilibrium Eq. (15) can be rewritten in 

terms of the unknown deflection coefficient and a residual 

function 𝑅 is determined. To find this unknown coefficient 

for any prescribed end-shortening strain, the well-known 

Galerkin method is applied as follows. 

 

∫ ∫ 𝑅𝜙𝑑𝑥 𝑑𝑦
𝑏

0

𝑎/2

−𝑎/2

= 0 (41) 

 

Where 𝜙  is a weight function that should be 

appropriately selected. After solving the nonlinear algebraic 

equation obtained from the above integral and calculating 

the unknown deflection coefficient, the average longitudinal 

force 𝑁𝑎𝑣 can be determined by integrating the nonlocal 

resultant force 𝑁𝑥
𝑛𝑙 over the plate domain. 

 

𝑁𝑎𝑣 =
1

𝑎𝑏
∫ ∫ 𝑁𝑥

𝑛𝑙 𝑑𝑥 𝑑𝑦
𝑏

0

𝑎/2

−𝑎/2

 (42) 

 

Therefore, all standard post-buckling curves, including 

load-deflection and load-end shortening curves, can be 

represented for any desired example. 

 

 

4. Results and discussion 
 
The formulations developed in this research have been 

implemented in Maple for analyzing the post-buckling and 

nonlinear behaviors of graphene sheets on a polymer 

foundation under end-shortening strain. As mentioned in the 

formulation section, the nano-sheets that are being 

investigated here have two different out-of-plane boundary 

conditions. The ends under end-shortening were considered 

to be simply supported and the unloaded edges have either 

simply supported condition (cases (a)) or clamped condition 

(cases (b)). Therefore, the out-of-plane deflection function 

in the transverse direction 𝑌(𝑦)  can be estimated with 

respect to the boundary conditions of the cases (a) and (b). 

For case (a) 
 

𝑌(𝑦) = 𝑊̅sin (
𝑛𝜋

𝑏
𝑦) (43) 

 

and for the clamped condition (case(b)), it can be 

approximated as follows 
 

𝑌(𝑦) = 𝑊̅sin (
𝑛𝜋

𝑏
𝑦) (44) 

 

Where 𝑛  is the buckling mode number in the y-

direction. Therefore, the buckling mode in the presentation 

of results is shown as (𝑚, 𝑛) . In order to obtain the 

numerical results, graphene sheets with two different 

dimensions as well as two different materials are used in 

this study. These materials are zigzag and armchair  

graphene. The material properties for armchair graphene 

sheet are (Naderi and Saidi 2014) 
 

𝐸1 = 1949 GPa, 𝐸2 = 1962 GPa,  𝜐12 = 0.201, 
𝐺12 = 846 GPa, 𝜇 = 0.27 nm 

and its thickness is assumed to be 0.156  nm. Also, the 

dimensions of armchair graphene sheets are considered to 

be 𝑎 = 4.888  nm  and 𝑏 = 4.855  nm.  The material 

properties of zigzag graphene sheet are also taken from 

Naderi and Saidi (2014) as 
 

𝐸1 = 1987 GPa, 𝐸2 = 1974 GPa,  𝜐12 = 0.205, 
𝐺12 = 857 GPa, 𝜇 = 0.22 nm 
 

The thickness and dimensions of zigzag graphene sheets 

are considered as 0.154  nm , 𝑎 = 1.987  nm  and 𝑏 =
1.974  nm. By selecting the materials described above, the 

∆ sign is negated according to Eq. (33), and therefore, the 

form of Eq. (36) is used as a homogenous solution to Eq. 

(36) for the local stress function 𝜑2ℎ
𝑙 . It is also assumed 

that the armchair and zigzag graphene sheets being on a 

polymer substrate made of polyethylene (Jomehzadeh et al. 

2012). Linear and nonlinear interaction coefficients 𝑘1 and 

𝑘3 are assumed to be, respectively, 28.4941 GPa/nm and 

12825.3287 GPa/nm. 

 Figs. 2 and 3 show the variation of average longitudinal 

force 𝑁𝑎𝑣 versus the non-dimensional maximum deflection 

𝑤/ℎ of the sheets based on both local and nonlocal theories 

for armchair and zigzag graphene sheets, respectively. The 

results presented in both figures have been obtained for 

graphene sheets with all edges simply supported (i.e., 

boundary conditions case (a)) being on a polyethylene 

substrate. It was seen that armchair graphene sheet buckles 
 

 

 

Fig. 2 Longitudinal force-maximum deflection behavior for 

armchair graphene sheet with BCs case (a) on a 

polymer substrate 
 

 

 

Fig. 3 Longitudinal force-maximum deflection behavior for 

zigzag graphene sheet with BCs case (a) on a 

polymer substrate 
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in mode (6,1) while the buckling mode for the zigzag sheet 

is (2,1). Therefore, the post-buckling results for these two 

nano-sheets have been obtained according to their buckling 

modes. To validate and compare the nonlocal results, the 

post-buckling results obtained by using the nonlocal 

elasticity theory and carried out by Naderi and Saidi (2014) 

are also presented in these figures. As can be seen from 

these figures, and as expected, there is a significant 

difference between the critical buckling loads as well as 

post-buckling behaviors based on both local and nonlocal 

elasticity theories. In order to investigate the effects of 

satisfying the local form of natural in-plane boundary 

conditions or nonlocal forms, as outlined in the previous 

section, the results acquired in this study have been reported 

for all three detailed scenarios. Therefore, such results can 

also be found in Figs. 2 and 3 for armchair and zigzag 

graphene sheets. 

It can also be observed from these figures that there is 

not much difference between the results of different 

scenarios when the nano-sheets are on a polyethylene 

foundation, except for Scenario 1, in which only the local 

stress function was used and the nonlocal stress function 

was not calculated at all. Also, it is seen that the results of 

the second and third scenarios are very close to those 

reported by Naderi and Saidi (2014). Load variations in 

terms of end-shortening strain, which indicate the nonlinear 
 

 

 

 

Fig. 4 Longitudinal force-end shortening behavior for 

armchair graphene sheet with BCs case (a) on a 

polymer substrate 
 

 

 

 

Fig. 5 Longitudinal force-end shortening behavior for 

zigzag graphene sheet with BCs case (a) on a 

polymer substrate 

behavior of sheets under compression, are also shown in 

Figs. 4 and 5 for armchair and zigzag graphene sheets in 

accordance with Figs. 2 and 3, respectively. Similar to Figs. 

2 and 3, the results have been presented for both local and 

nonlocal theories and for all three scenarios and the sheets 

are on polymer substrate too. In addition to the descriptions 

for Figs. 2 and 3, it is also observed that the critical strain of 

the nonlocal graphs is lower than the local critical strain. 

Therefore, the nonlocal theory of elasticity estimates lower 

values for critical buckling load and its corresponding strain 

and it also considers the structure to be more prone to 

buckling. It is also seen that the results of Naderi and Saidi 

(2014) shown in Figs. 2 and 3, do not exist on this figure 

because such results have not been obtained by Naderi and 

Saidi (2014). On the other hand, the formulation presented 

in that research is not able to calculate the amount of end-

shortening strain.In order to study different out-of-plane 

boundary conditions and also to observe possible 

differences between the scenarios in these boundary 

conditions, variations of load versus non-dimensional 

maximum deflection and versus end-shortening strain for 

zigzag graphene sheet with two clamped unloaded edges 

(i.e., boundary conditions case (b)) are depicted in Figs. 6 

and 7, respectively. However, the buckling mode, in this 

boundary conditions type, is (3,1) and it's still assumed that 

the nano-sheet is on the polyethylene foundation. 
 

 

 

 

Fig. 6 Longitudinal force-maximum deflection behavior 

for zigzag graphene sheet with BCs case (b) on 

polymer foundation 
 

 

 

 

Fig. 7 Longitudinal force-end shortening behavior for 

zigzag graphene sheet with BCs case (b) on 

polymer substrate 
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As seen in all above figures, there is no significant 

difference between the scenarios particularly between 

scenarios 2 and 3. The reason for the lack of a serious 

difference between the results of different scenarios is the 

placement of the nano-sheets on the polyethylene 

foundation. The presence of such a foundation makes the 

sheets stiffer and reduces the amount of deflections, and 

therefore the lateral in-plane movement of the unloaded 

edges of the nano-sheets are also reduced. Reducing this 

movement (which corresponds to the transverse in-plane 

stresses), makes no significant difference in how the local 

and nonlocal forms of natural boundary conditions are 

satisfied. The polymer substrate has also led to no 

significant difference in the results of critical buckling loads 

of the nano-sheets with different boundary conditions. 

Therefore, nano-sheets without polymer substrate will be 

analyzed further to see these effects. To this end, post-

buckling behaviors of the armchair and zigzag graphene 

sheets without polyethylene foundation are shown in Figs. 8 

to 13. Both local and nonlocal results are incorporated in 

these figures and the nonlocal results have been obtained 

for all three scenarios. Also, different boundary conditions, 

cases (a) and (b), are considered to obtain the results 

presented here. To compare the achieved nonlocal results in 

this study, the formulation developed by Naderi and Saidi 

(2014) was fully implemented and the results are also 

incorporated into the figures. 

 

 

 

Fig. 8 Longitudinal force-maximum deflection behavior 

for armchair graphene sheet with BCs case (a) 

without polymer substrate 

 

 

 

Fig. 9 Longitudinal force-end shortening behavior for 

armchair graphene sheet with BCs case (a) without 

polymer substrate 

As can be seen in these figures, there are noteworthy 

differences between the three scenarios related to the 

nonlocal theory. In other words, it can be stated that when 

the polymer foundation is not considered in the post-

buckling analysis, the nonlocality effects have a more 

significant impact on the outcomes, and therefore imprecise 

satisfaction of the natural boundary conditions results in 

inaccurate results. 

Therefore, it can be concluded that with the presence of 

foundation, the satisfaction of local or nonlocal natural in-

plane boundary conditions (i.e., each of the scenarios 2 or 

3) does not significantly affect the accuracy of the 

outcomes, whereas, in the absence of the substrate, 

satisfaction of the local natural boundary conditions will 

lead to completely wrong results. It is also seen in these 

figures that the results extracted from the assumptions of 

Scenario 3, which are the most correct way to satisfy the 

natural boundary conditions, are much closer to the results 

obtained by the formulation developed by Naderi and Saidi 

(2014). 

As observed in the results, the results of Scenario 3 

showed the best fit with those obtained by Naderi and Saidi 

(2014). This excellent conformance, which appears on the 

graphical figures, apparently reflects the similarity of the 

results of both formulations. But it should be noted that the 

results are not numerically the same and are slightly 

different. It seems that there may be two factors that make 

 

 

 

Fig. 10 Longitudinal force-maximum deflection behavior 

for zigzag graphene sheet with BCs case (a) 

without polymer substrate 

 

 

 

Fig. 11 Longitudinal force-end shortening behavior for 

zigzag graphene sheet with BCs case (a) without 

polymer substrate 
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Fig. 12 Longitudinal force-maximum deflection behavior 

for zigzag graphene sheet with BCs case (b) 

without polymer substrate 
 

 

 

Fig. 13 Longitudinal force-end shortening behavior for 

zigzag graphene sheet with BCs case (b) without 

polymer substrate 
 

 

this difference: one is how to apply the loading, which in 

this study is uniformly end-shortening, but in (Naderi and 

Saidi 2014) is uniformly compressive load, and the other is 

that the general solution for the nonlocal compatibility 

equation and for solving the stress function in (Naderi and 

Saidi 2014) is just a simple solution satisfying the in-plane 

boundary conditions and not the exact solution of the 

compatibility equation. However, in the present study, the 

compatibility equation is exactly solved and in addition to 

its particular solution, its homogenous solution is also 

completely obtained and then the nonlocal boundary 

conditions are satisfied. It seems that with the technique 

 

 

presented in (Naderi and Saidi 2014), one cannot obtain an 

appropriate response for other boundary conditions. To 

illustrate this numerical difference, the presented 

formulation in (Naderi and Saidi 2014) was implemented 

exactly and its results are compared with the results from 

Scenario 3 in this study, as shown in the following table. 

The results presented in Table 1 are average longitudinal 

forces 𝑁𝑎𝑣 for zigzag graphene sheets. 

As it is seen, the results correspond to 𝑤 ℎ⁄ = 0 (i.e., 

the buckling loads) are exactly the same, and there is no 

difference between the two formulations. It should be noted 

that both of the factors mentioned above, which led to the 

differences in the results, are not related to the buckling 

load, and therefore the results are the same as expected. But 

as soon as the sheets buckle and enter to the post-buckling 

region (i.e., the out-of-plane displacements other than zero), 

the uniform distribution of the buckling load is no longer 

present, and also the exact solution to the compatibility 

equation is important, which is, of course, related to the 

actual distribution of the in-plane stresses of the sheets. So 

the differences start from here. However, these differences 

do not appear in the graphs. It is also observed that the 

difference between the results is more pronounced for plates 

without polymer substrate and it also increases as the 

nonlocal parameter increases. 

In the last step, the effects of the nonlocal parameter on 

the longitudinal force-maximum deflection and longitudinal 

force-end shortening strain behaviors of simply supported 

 

 

 

Fig. 14 Effect of the nonlocal parameter on longitudinal 

force-maximum deflection behavior for zigzag 

graphene sheet with BCs case (a) 

 

 

Table 1 Comparison of the loads 𝑁𝑎𝑣 from Scenario 3 with those from the formulation presented in (Naderi and Saidi 2014) 

Case 
𝑤

ℎ
 

On nonlinear polymer substrate Without polymer substrate 

𝜇 = 0.1 𝜇 = 0.2 𝜇 = 0.1 𝜇 = 0.2 

Naderi and 

Saidi (2014) 
Scenario3 

Naderi and 

Saidi (2014) 
Scenario3 

Naderi and 

Saidi (2014) 
Scenario3 

Naderi and 

Saidi (2014) 
Scenario3 

(a) 

0 11.7417 11.7417 9.5149 9.5149 6.1697 6.1697 5.3943 5.3943 

0.5 17.1005 17.0863 14.6195 14.6272 6.6899 6.5440 5.8025 5.6879 

1 33.1767 33.1202 29.9336 29.9642 8.2505 7.6669 7.0272 6.5686 

(b) 

0 16.7927 16.8264 10.8702 10.8702 13.7428 13.7428 11.7810 11.7810 

0.5 21.9772 22.0216 15.3605 15.3604 14.5235 14.4155 12.4398 12.3336 

1 37.5308 37.6074 28.8315 28.8312 16.8654 16.4336 14.4161 13.9914 
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zigzag graphene sheets without polymer substrate can be 

seen in Figs. 14 and 15, respectively. Similar results are 

presented in Figs. 16 and 17 for zigzag graphene sheets 

with two clamped unloaded edges (case (b)). The results 

have been obtained by using Scenario 3 in which the 

satisfaction of boundary conditions has been implemented 

correctly and are compared with those obtained by local 

elasticity theory. It can be seen from these figures that as the 

nonlocal parameter increases, the buckling load reduces 

noticeably and the post-buckling stiffness reduction also 

increases. 

 

 

 

Fig. 15 Effect of the nonlocal parameter on the variation 

of longitudinal force with end shortening for 

zigzag graphene sheet with BCs case (a) 

 

 

 

Fig. 16 Effect of the nonlocal parameter on longitudinal 

force-maximum deflection behavior for zigzag 

graphene sheet with BCs case (b) 

 

 

 

Fig. 17 Effect of the nonlocal parameter on the variation 

of longitudinal force with end shortening for 

zigzag graphene sheet with BCs case (b) 

5. Conclusions 

 
This paper has outlined a new approach called semi-

Galerkin technique for studying the post-buckling and 

nonlinear behaviors of orthotropic zigzag and armchair 

graphene sheets with or without polymer substrate. The 

nano-sheets were analyzed with the assumption that they 

were subjected to the end-shortening strain and the theory 

used for post-buckling analysis was nonlocal elasticity 

theory. The exact nonlocal stress function was calculated by 

solving the nonlocal compatibility equation and the 

nonlocal von-Karman equilibrium equation was solved 

using the Galerkin method. In order to obtain a complete 

stress function and calculate the constants, and also to 

investigate the effects of satisfying the local form or 

nonlocal form of natural in-plane boundary conditions, 

three different scenarios were designed and used to obtain 

the results. These scenarios were different in terms of 

satisfying the local form or nonlocal form of the natural in-

plane boundary conditions. It was found that although 

Scenario 3 was the correct scenario, there is not much 

difference between the results of second and third scenarios 

when the nano-sheets are on a polymer foundation. The 

presence of polymer foundation makes the sheets stiffer and 

reduces the amount of deflections, and therefore the lateral 

in-plane movement of the unloaded edges of the nano-

sheets are also reduced and it makes no significant 

difference in how the natural boundary conditions are 

satisfied. But instead, it was seen that when the polymer 

foundation is not considered in the post-buckling analysis, 

the nonlocality effects had a more significant impact on the 

outcomes, and therefore imprecise satisfaction of the natural 

boundary conditions results in inaccurate results. 
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