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1. Introduction 

 
The anchorage zone is defined as the portion of structure 

in which the concentrated post-tensioning forces is 
transferred from the anchorage device to the structure. It 
can be divided in two separate zones, that is, the local and 
the general zone (Breen et al. 1994). The local zone mainly 
bears local prestress forces and many models had been built 
to estimate the bearing capacity (Cervenka and Ganz 2014, 
Park et al. 2020, Rebelo et al. 2021). While the behavior of 
anchorage zones at ultimate limit state (ULS) is predicted 
based on the stress distribution at the linear elastic stage 
(KRTA 2010, AASHTO 2014, ACI 318-19 2019). 

In the past decades, considerable efforts had been made 
on predicting the stresses distribution and ultimate capacity 
of anchorage zones (Steensels et al. 2017, Geng et al. 2019, 
Tan et al. 2020). By assuming that the reinforced concrete 
of anchorage zones is a homogenous, isotropic and elastic 
material, Guyon (1953) solved the transverse bursting 
stresses using fourier series, and proposed the compression 
dispersion model (CDM) to determine the bursting stresses 
distribution. Following the concept of CDM, Sahoo et al. 
(2009), He and Liu (2011) and Zhou et al. (2015) developed 
modified models to reproduce the distribution of the 
bursting stresses and correspondingly busting forces in 
concentric anchorage zones. Kim and Kim (2017) analyzed 
the stress magnitudes and distributions of rectangular post-
tensioned anchorage zones using ultra-high performance 
concrete (UHPC), and they stated that UHPC can bear the 
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bursting forces and significantly reduce the anchorage zone 
size. Based on three-dimensional linear elastic finite 
element analysis with design parameters, Kim et al. (2019) 
proposed the modified design equations to evaluate the 
bursting force in an anchorage block with rectangular 
anchorage plates and circular anchorage plates. In order to 
study the efficiency of the confinement reinforcement in 
anchorage zones of posttensioning tendons using high-
performance fiber reinforced concrete, Marchão et al. 
(2019) conducted eleven prismatic anchorage zones and 
they found that the outer reinforcement is not as effective as 
the inner one, which leads to too high estimated load 
capacity. Moreover, HPFRC anchorage zones can reduce 
amount of confining reinforcement. To evaluate the 
compression stresses in concentric anchorage zones with 
special anchorage device, Park et al. (2020) developed an 
improved equation by considering the effect of the duct 
holes on the stress distribution. Based on the experiment 
investigation of ten post tensioned anchorage zones with 
high strength strands, Ro et al. (2020) stated that the ACI 
318-19 and AASHTO standards were inadequate to 
calculate bearing force of post-tensioned members using 
high-strength strands. Furthermore, the anchorage 
reinforcement designed using current codes could not resist 
additional stress in the anchorage zone occurred as the 
flexural load increased. 

As a consistent design approach for structural concrete, 
strut and tie model (STM) has been usually adopted to 
predict the ultimate capacity of concentric anchorage zones 
(Hou et al. 2017). However, STM developed based on the 
lower bound theorem of plasticity does not satisfy the 
compatibility conditions, which cannot be used to estimate 
the serviceability of structural concrete. Therefore, how to 
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predict the service behavior based on STM is one of the 
pressing problems in civil engineering (ASCE-ACI 
Committee 445 1998). Up till now, very few studies have 
addressed the service behavior after cracking (Lourenço and 
Almeida 2013, Zhou et al. 2017). In 2011, Lourenço and 
Almeida (2013) introduced the principle of minimum 
complementary energy into stress field model, and proposed 
a computer-based model to estimate the serviceability 
behavior of structural concrete. However, compared with 
the test results, the proposed model will overestimate the 
crack width. Based on the principle of the stationary 
complementary energy, Zhou et al. (2017) proposed the 
elastic-to-plastic STM (EPSTM) to predict the service 
behavior of anchorage zones. However, there are two 
unreasonable aspects in EPSTM for concentric anchorage 
zones. First, the test results show that the busting forces 
balanced by the upper tie is 1.02 times that of lower tie at 
ULS, while in EPSTM the ratio of the bursting forces in 
upper tie and lower tie is 0.83, which conflicted with the 
test results. Second, after cracking the configuration 
parameters of STM will be governed by the details of the 
reinforcement bars. That is, it is irrational to predict the 
bearing capacity and serviceability behavior of anchorage 
zones without the consideration of details of reinforcement 
bars. 

To advance the STM for satisfying the compatibility 
conditions, this study aims to develop a new rational model, 
modified STM (MSTM), to predict the behavior of post-
tensioned anchorage zones throughout the loading process. 

 
 

2. Experimental program 
 
2.1 Test specimens 
 
According to the design codes AASHTO (2014), four 

test specimens with different bearing plate ratios were 
designed to investigate the service behavior of post-
tensioned anchorage zones as shown in Fig. 1. The length 
and height of the specimens were 1.0 m and 0.8 m, 
respectively. The thickness of the specimens are t = 0.2 m. 
Rectangular bearing plate with the width of 0.2 m are 
placed on the center of the anchorage zones. The bearing 
plate ratios (areas rations of the bearing plates and 

 
 

Fig. 2 Test setup of the concentric anchorage zones
 
 

specimens) were set to be 0.1, 0.2, 0.3 and 0.375 for the 
specimen S1, S2, S3 and S4, respectively. Concrete cover 
(0.02 m) and spacing (0.16 m) between reinforcement bars 
were chosen according to the code provisions. The diameter 
of the reinforcement bars was 8 mm. Based on the material 
tests, the modulus of elasticity and compressive strength of 
concrete were tested to be 𝐸 = 3.45 × 10ସMPa and 𝑓' =38.6 MPa, respectively. And the yield stress of reinforce-
ment bar was 𝑓௬௦ = 525 MPa. 

Concentric load was applied on the top of the specimens 
to model the anchor forces as shown in Fig. 2. All of the test 
specimens were monotonically loaded over the full 
thickness so that the specimens would behave in two 
dimensions. Concrete surface cracks were located by visual 
observation, and the monitoring of strain gauge data was 
placed on the key reinforcement as shown in Fig. 1(c). Dial 
gauges were placed on key locations to measure the 
deformation, average compressive strain and tensile strain 
of reinforced struts and ties throughout the loading process. 
Two dial indicators were used to monitor the average tensile 
strain of the ties, the upper dial indicator placed at the 
centroid of the second layer steel and third layer steel, and 
the lower dial indicator placed at the centroid of the other 
bursting bars. 

 
2.2 Test results and Analysis 
 
For all specimens, test events progressed very similarly 

 
(a) Front view (b) side view (c) Arrangement of strain gauge 

Fig. 1 Details of the specimens (dimension: mm)
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Fig. 4 Crack pattern for the anchorage zone with a/h = 0.3

 
 

as indicated in Fig. 3. As for the specimen S3 (the bearing 
ratio a/h is 0.3), the first bursting crack, with a length of 45 
cm, initiated for a load of 1950 kN. As expected the 
bursting crack located close to the maximum elastic 
bursting stress along the centerline. It also shall be noted 
that the location of the bursting crack was shifted from the 
centerline due to the heterogeneity of matrix properties. 
Another bursting crack occurred at the symmetrical position 
for a load of 1980 kN as shown in Fig. 4. The bursting 
cracks propagated over the thickness of the section and 

 
 
propagated towards the loading face and away from it 
substantially. Spalling cracks, 12.5 cm from the centerline 
of the specimen, were observed when the load reached 2400 
kN. With the increment of load, a diagonal crack occurred 
along the edge of the bearing plate on the left hand side. 
When the load was 2350 kN, the busting crack propagated 
to load face, meanwhile the vertical strain measured by the 
dial gauges indicated that the bars reached the yield strain, 
and the corresponding diagonal crack width was 0.37 mm. 
Due to the existence and growth of the bursting cracks, the 
position of the resultant forces at the far-end section 
gradually moved towards the centerline of specimen. 
Throughout the loading process, the maximum crack width, 
gradually increased with the load. Moreover, it should be 
noted that, as stated by Gergely and Sozen (1967), the 
length of bursting crack increases significantly faster than 
the crack width in the single concentric anchorage zone. 

Fig. 5 shows the average strain of reinforcement steel of 
the test specimen with different bearing ratios. It can be 
seen that the stress in the reinforcement steel A was 
compressive stress before cracking. After cracking, the 
stress decreased rapidly due to the crack growth, and 
eventually changed into tensile stress. The other bursting 
reinforcement bars bear tensile stresses in the loading 
process. The steel stresses increased rapidly due to the crack 
growth and stress redistribution after cracking. At ULS, the 
strain of the second layer steel reached the yield strain, and 
the strain of the third layer steel was very close to the yield 
strain. While the strains of the other bars were less than the 
yield strain and gradually decreased with the distance 
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(a) a/h = 0.1 (b) a/h = 0.2 

 

 

(c) a/h = 0.3 (d) a/h = 0.375 

Fig. 3 Crack pattern at failure load: (a) for A1; (b) for A2; (c) for A3; and (d) for A4 
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Fig. 6 Average strain of the ties 
 
 

between bars and loading plate. It indicates that the strain of 
the reinforcement bars increased significantly when the 
cracks crossed the bursting steel, that is, the ties will 
gradually move towards the far end section of the 
anchorage zones. More in detail, the experimental curves 
are characterized by two to three changes in its slope, 
corresponding to the cracking behavior (bursting crack, 
spalling crack and diagonal crack) in the loading process. 

The upper dial indicator and lower dial indicator are 
used to measure the average strain of the ties in anchorage 
zone. Thus, two ties were defined in the test specimens 
based on the location of the dial indicator, that is, upper tie 
and lower tie. Fig. 6 shows the measured strain of the upper 
tie and lower tie in anchorage zone. It can be seen that the 
upper tie and lower tie behave similar to the bursting steel. 
At failure, the average strain of the upper tie was 1600 𝜇𝜀 
for all specimens, and the strain of lower tie were 948 𝜇𝜀, 1020 𝜇𝜀, 1055 𝜇𝜀 and 1120 𝜇𝜀 for specimen S1, S2, S3 
and S4, respectively. That is the ratios of the transverse 
bursting forces balanced by upper tie and lower were was 

 
 

1.12, 1.04, 1.01 and 0.95 at ULS. 
The whole structural response of the test specimens, 

including the first cracking load, capacity, average strain of 
steel, load-deformation curve and the maximum crack 
width, will be discussed in the following section. 

 
 

3. Development of MSTM 
 
3.1 Compatibility conditions in MSTM 
 
According to the principle of the stationary comple-

entary energy, among all the admissible stress fields, the 
function of the complementary energy is rendered 
stationary only by actual stress fields which satisfy 
compatibility and the displacement boundary conditions. 
Thus, the compatibility conditions can be satisfied for STM 
when the function of the complementary energy is rendered 
stationary. 

To satisfy the compatibility, the configuration of the 
MSTM shall be adjusted with the external load 𝑃. Let’s 
assume that the adjusted configuration parameters are 𝑋, 
then the principle of minimum complementary energy can 
be expressed by 

 𝜕𝐵(𝑃, 𝑋)𝜕𝑋 = 0 (1)

 
in which, 𝐵 is the complementary energy of ties and struts. 

By solving the above equation, the configuration of 
STM can be determined by each load step, and the 
corresponding structural behavior can be achieved. In 
contrast to the traditional STM, the MSTM allows a 
consistent analysis of the behavior of structural concrete 
throughout the loading process. 

(a) a/h = 0.1 (b) a/h = 0.2 
 

(c) a/h = 0.3 (d) a/h = 0.375 

Fig. 5 Average bursting steel strain of the test specimens
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Fig. 7 Idealized stress-strain curve for concrete struts
 
 

Fig. 8 Idealized behavior of a reinforced tie
 
 
3.2 Complementary energy of struts and ties 
 
In post tensioned anchorage zones, the concrete struts 

are assumed to be prismatic shape and the compressive 
stress uniformly distributed across the effective width, that 
is, the average compressive stress can be obtained by 
simply dividing the axial force by the strut area, then the 
strain of the struts can be determined based on the 
constitutive laws of concrete struts as shown in Fig. 7. The 
stress-strain curve for the struts follows the average curve 
obtained from concrete test cylinders 

 𝜎௦௧௨௧ = 𝜂𝑓’ ቆ2𝜀𝜀 − 𝜀ଶ𝜀ଶቇ (2)

 
in which, 𝜎௦௧௨௧ and 𝜀 are the average stress and strain of 
the struts; 𝑓’  is the cylinder compressive strength of 
concrete;𝜀 = −0.002 s the strain at peak compressive 
stress; 𝜂  represents the reduction of concrete strength 
(Vecchio and Collins 1986). 

Ties are composed of reinforcing steel and surrounding 
concrete. Following the Model Code (2010), Fig. 8 
illustrates the idealized stress-strain relationship for the 
reinforced ties. As for the uncracked stage, the stress-stain 
relationship of ties behaves linearly and can be expressed 
by 𝜀௧ = 𝑛𝜌𝜎௧𝐸௦(1 + 𝑛𝜌)  (3)

 
in which, 𝑛 = 𝐸௦/𝐸 is modular ratio; 𝜌 = 𝐴௦/𝐴 is the 
geometrical ratio of reinforcement; 

For the crack formation phase, the average strain of 
tension chord can be given by 

 𝜀௧ = 𝜎௧𝐸௦ − 3𝜎௦ − 2𝜎௧𝜎௦ Δ𝜀 (4)
 

where 𝜎௦ = 𝑓௧(1 + 𝑛𝜌)/𝜌 is the steel stresses at cracks; 
and Δ𝜀 = 𝜆𝑓௧(1/𝜌 − 1)/𝐸௦ is the increase of steel strain 
in the cracking state. 

For stabilized cracking phase, the ties behave linearly 
again and the average stain can be expressed by 

 𝜀௧ = 𝜎௧𝐸௦ − 0.4Δ𝜀 (5)
 
By Integrating the average stresses over the average 

stain, the complementary energy of the struts (or ties) can 
be given by 

 

Δ𝐵 = න 𝜀𝑑𝜎ఙ
  (6)

 
Thus, the total complementary energy in MSTM can be 

given by 
 𝐵 =  𝐴𝑙Δ𝐵 (7)
 

where 𝐴 and 𝑙 are the area and length of the struts (or 
ties), respectively. 

 
 

4. Behavior of anchorage zones 
 
4.1 MSTM for anchorage zones 
 
Fig. 9 illustrates the load transfer path and geometric 

definition of the concrete struts in the post tensioned 
anchorage zones. Although multi layers of reinforcement 
bars are placed in the real structure, two admissible ties are 
enough to describe the load transfer mechanism in the post- 
tensioned anchorage zones. According to the test results, the 
strain of second layer steel and third layer steel are very 
close and much more than the others, that is, the upper tie 
can be assumed to locate at the centroid of the second 

 
 

 
Fig. 9 Geometric definition of the concrete struts
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layer steel and third layer steel (𝑑ଵ = 26 cm). The lower tie 
is composed of the other bursting bars, and the distance 
between the two ties is assumed to be 𝑑ଶ . Then, a 
preliminary configuration of STM with unknown 
parameters, 𝜃ଵ, 𝜃ଶ and 𝑑ଶ, can be developed, where the 
blue dashed line represents the struts, and the red solid line 
represents ties. It shall be noted that due to the stress 
redistribution after cracking, the configuration of MSTM 
will change with the external loads. Thus, Node B and B' 
can move freely in the in the horizontal direction; while 
Node C and C' can move freely in the horizontal direction 
and vertical direction with the load. 

According to the MSTM, the forces in the struts and ties 
can be calculated based on the equilibrium condition at load 
P as listed in Table 1, where a is the bearing plate width; t is 
the thickness of the anchorage zones; and 𝐴௦ଵ, 𝐴௦ଶ are the 
cross-sectional areas of upper and lower ties, respectively. 
Therefore, the complementary energy in the struts, 𝐵, and 
ties, 𝐵௦, can be presented by 

 𝐵 =  𝐴𝑙Δ𝐵       =2 (𝐴𝑙Δ𝐵 + 𝐴𝑙Δ𝐵+ 𝐴𝑙Δ𝐵) 

(8a)

 
 
 

 
 𝐵௦ =  𝐴௦𝑙௦Δ𝐵௦= (𝐴௦’𝑙௦’Δ𝐵௦’ + 𝐴௦’𝑙௦’Δ𝐵௦’) 

(8b)

 
Thus, the govern differential equations of MSTM can be 

given by 
 𝜕(𝐵 + 𝐵௦)𝜕𝜃ଵ = 0 (9a)

 𝜕(𝐵 + 𝐵௦)𝜕𝜃ଶ = 0 (9b)

 𝜕(𝐵 + 𝐵௦)𝜕𝑑ଶ = 0 (9c)

 
It is hard to obtain an analytical solution for each 

configuration parameter because of the coupling of the 
govern equations. Computer code is presented to solve the 
above equations and determine the configuration of MSTM 
at each load step. Then, following the equilibrium condition 
and constitutive laws for ties and struts, the structural 
behavior of anchorage zones throughout the loading process 
can be achieved. 

 
 
 

Table 1 Geometric dimension and forces in the struts and ties 
Members Length 𝑙 Force 𝐹 Area 𝐴 

AB 
𝑑ଵ − 𝑎/4𝑠𝑖𝑛 𝜃ଵ  

𝑃2 𝑠𝑖𝑛 𝜃ଵ ൭𝑑ଵ − ସ𝑡𝑎𝑛 𝜃ଵ + 𝑎2൱ 𝑡 𝑠𝑖𝑛 𝜃ଵ 

BC 
𝑑ଶ𝑠𝑖𝑛 𝜃ଶ 

𝑃2 𝑠𝑖𝑛 𝜃ଶ ൭ 𝑑ଶ𝑡𝑎𝑛 𝜃ଶ + 2𝑑ଵ − ଶ𝑡𝑎𝑛 𝜃ଵ + 𝑎2൱ 𝑡 𝑠𝑖𝑛 𝜃ଶ
CD ℎ − 𝑑ଵ − 𝑑ଶ 𝑃2 ൭ 2𝑑ଶ𝑡𝑎𝑛 𝜃ଶ + 2𝑑ଵ − ଶ𝑡𝑎𝑛 𝜃ଵ + 𝑎2൱ 𝑡 

CC’ 
2𝑑ଶ𝑡𝑎𝑛 𝜃ଶ + 2𝑑ଵ − 𝑎/2𝑡𝑎𝑛 𝜃ଵ + 𝑎2 

𝑃2 𝑡𝑎𝑛 𝜃ଶ 𝐴௦ଶ 

BB’ 
2𝑑ଵ − 𝑎/2𝑡𝑎𝑛 𝜃ଵ + 𝑎2 

𝑃2 ൬ 1𝑡𝑎𝑛 𝜃ଵ − 1𝑡𝑎𝑛 𝜃ଶ൰ 𝐴௦ଵ 
 

(a) (b) 

Fig. 10 Adaptive configuration parameters of MSTM throughout the loading process for test specimen S3: 
(a) configuration angles; and (b) location of the lower tie
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Fig. 12 Ratio of the bursting forces balanced by the upper 
tie and lower tie throughout the loading process

 
 
4.2 Load resistance mechanism 
 
According to the layout of reinforcement and 

geometrical dimensions of the test specimens S3 (a/h = 
0.3), Fig. 10 shows the configuration parameters of the 
MSTM calculated by Eq. (9) throughout the loading 
process, and the corresponding MSTM at each load steps is 
illustrated in Fig. 11. It can be seen that prior to cracking, 𝜃ଵ and 𝜃ଶ always remain the same, which mainly depend 
on the distribution of the busting stresses in elastic stage. 
After cracking, the forces in the ties will decrease suddenly 
as illustrated in Fig. 11(c) because the cracked concrete 
cannot bear transverse busting forces. Meanwhile the 
average strain of the ties increases rapidly and the stain of 
the upper tie is much larger than that of lower tie. As 

 
 

a result, the lower tie will move towards the upper tie to 
make its strain close to the strain of upper tie. Moreover, 𝜃ଵ 
and 𝜃ଶ  will gradually increase with the load, and the 
increase ratio of 𝜃ଶ is slightly larger than 𝜃ଵ as described 
in Fig. 10. At ULS, the upper tie reaches its ultimate 
capacity, whereas, the upper tie is not yield. 

Fig. 12 shows the ratios of the bursting forces resisted 
by the upper tie and lower tie 𝛽. As can be seen, in elastic 
stage the bursting forces in MSTM is approximately equal 
to 0.18 P, and the contribution of upper tie is 0.11 P. The 
ratio 𝛽 is 𝛽 = 1.62 and keep constant till cracking as 
shown in Fig. 12, which coincides with the test results. 
After cracking (𝑃  𝑃), the contribution of the concrete 
for the bursting forces decrease sharply, and the average 
strain of the ties increases suddenly due to the stress 
redistribution, which leads to crack propagation. There is an 
inflection point on the ratio curve at 𝑃 = 𝑃’, it means that 
the bursting cracks cross the fifth layer of steel. When the 
load approaches its maximum value, the upper tie reaches 
its ultimate capacity (𝑇 = 𝑓௬௦𝐴௦ଵ = 105.5 kN) as shown in 
Fig. 11(d). It is very interesting that the value of 𝛽 at ULS 
is 𝛽௨ = 1.02, which agrees with the test of results as stated 
before. 

 
4.3 First cracking load 
 
Based on the equilibrium conditions in MSTM and the 

ratio of 𝛽 in the elastic stage, the tensile forces in the 
upper tie can be given by 

 𝑇ଵ = 𝛽1 + 𝛽 𝑃(1 − 𝛾)4  (10)

  
(a) P = 100 kN (b) P = 1890 kN 

 

  
(c) P = 2200 kN (d) P = 2305 kN 

Fig. 11 MSTM of the concentric anchorage zone with a/h = 0.3: (a) elastic stage P = 100 kN; (b) first cracking 
load P = 1890 kN; (c) P = 2200 kN; (d) ultimate load P = 2305 kN
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where 𝛽 = 1.62 is the ratio of the bursting forces resisted 
by upper tie and lower tie before cracking; 𝑃  is the 
external load; and 𝛾 is the bearing plate ratio. 

Following the constitutive laws of the ties, the first 
crack will occur when the stress in the upper tie reaches the 
tensile strength of reinforced tie. That is, the first cracking 
load, 𝑃, of the concentric anchorage zones can be derived 
by 𝑃 = 2𝐴௦ଵ𝑓௧ ቀ𝑛 + ଵఘቁቀ ଵ௧ ఏభ − ଵ௧ ఏమቁ 

       = 2(1 + 𝛽)𝐴௦ଵ𝑓௧(𝑛 + 1/𝜌)𝛽(1 − 𝛾)  

(11)

 
in which, 𝐴௦ଵ is the area of the bursting bars in upper tie; 𝑓௧ is the tensile strength of concrete; 𝑛 = 𝐸௦/𝐸 is the 
modular ratio; and 𝜌 = 𝐴௦/(𝑠𝑡) is the geometrical ratio of 
reinforcement, where 𝑠 is the reinforcement spacing; 𝑡 is 
the thickness of the specimen. 

Eqs. (12) and (13) shows the predicted first cracking 
load for anchorage zones proposed by Stone and Breen 
(1984) and He and Liu (2011), respectively. 

 𝑃 = 𝑡𝑓௧’24 (38ℎ − 120) − 7𝑡൨ + 39𝑎 + 16𝑓௧’ − 9 (12)

 
 𝑃 = 2ℎ𝑡1 − 𝛾 𝑓௧’ (13)

 
in which, 𝑎 is the width of bearing plate; 𝑓௧’ is the split 
cylinder tensile strength and can be conservatively 
estimated by 𝑓௧’ = 0.214(𝑓’).ଽ (Oluokun 1991). 

Table 2 lists the first cracking load obtained by MSTM, 
Eq. (12) and Eq. (13). Specimens B1–B12 were tested by 
Berezovytch (1970), and specimens R1-R4 were reported 
by Wong (1986). It can be seen that the predictions of 
MSTM agree well with the test results, the mean value of 
Prediction/Test are 0.96, 0.91 and 0.94, respectively. While 
the results of Eq. (12) are found to be a little conservative 
(with a mean Prediction/Test value of 0.82) due to 
ignorance of the contribution of the bursting bars. The 
equations proposed by Stone and Breen will overestimate 
the cracking loads with wide discreteness (the mean value 
of Prediction/Test is 1.5 and the standard deviation is 0.24). 

 
4.4 Ultimate load 
 
The test specimen indicates that the configuration of 

MSTM at ULS varies with the detail of reinforcement and 
bearing plate ratio. To investigate the behavior of anchorage 
zones at ULS, a parameter analysis is conducted. The 
dimensions of the anchorage zones are set to be same with 

Table 2 Predictions of the first cracking load of concentric anchorage zones 

Specimen a/h t (m) 𝑓’ (MPa) Test 𝑃,் (kN)
Predictions/Test 

MSTM Eq. (12) Eq. (13) 
S1 0.10 0.2 38.6 1250 1.01 1.56 0.76 
S2 0.2 0.2 38.6 1550 0.95 1.39 0.69 
S3 0.3 0.2 38.6 1950 0.97 1.40 0.62 
S4 0.375 0.2 38.6 2200 0.96 1.43 0.62 
B1 0.06 0.1 21.8 160 0.95 1.25 0.87 
B2 0.06 0.1 26.6 165 0.96 1.93 0.83 
B3 0.06 0.1 26.6 178 0.98 1.48 1.27 
B4 0.06 0.1 26.6 196 1.01 1.62 1.16 
B5 0.06 0.1 19.7 178 1.02 1.17 1.04 
B6 0.06 0.1 19.7 242 0.94 1.15 0.76 
B7 0.06 0.1 19.7 178 0.96 1.38 0.62 
B8 0.06 0.1 30.8 334 0.92 1.76 0.75 
B9 0.06 0.2 30.8 445 0.97 1.83 0.79 
B10 0.06 0.2 29.8 476 0.93 1.79 0.72 
B11 0.06 0.1 17.0 142 0.96 1.01 0.70 
B12 0.06 0.1 24.4 245 0.95 1.39 0.87 
R1 0.25 0.1 44.9 550 1.02 1.33 0.59 
R2 0.13 0.1 39.2 250 0.92 1.52 0.84 
R3 0.13 0.1 44.9 300 0.94 1.71 0.77 
R4 0.06 0.1 39.2 225 0.93 1.67 0.87 
R5 0.06 0.1 42.3 180 0.92 1.72 1.14 

Mean 0.96 1.51 0.82 
Standard deviation 0.03 0.24 0.19 
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Fig. 13 Ratio of the bursting forces balanced by the upper 
tie and lower tie at ULS with different bearing 
plate ratios 

 
 

the test specimen. Fig. 13 shows the ratio of the bursting 
forces resisted by the upper tie and lower tie (𝛽௨) with 
different bearing plate ratios ( 𝛾 ) area ratios of ties 
(𝐴௦ଵ/𝐴௦ଶ = 1.17) at ULS, in which 𝐴௦ଵ and 𝐴௦ଶ are the 
areas of the upper tie and lower tie, respectively. It can be 
seen that when 𝐴௦ଵ/𝐴௦ଶ = 1.17, 𝛽௨ keeps constant 𝛽௨ =1.17 with different 𝛾, which indicates that the upper tie 
and lower tie will reach the yield stress simultaneously. 
When the area ratio is less than 1.17, the ratio of 𝛽௨ will 
increase linearly with the bearing plate ratios, and the 
maximum limit value is 1.17, which means that the upper 
tie will reach the yield stress at ULS, while the strain of the 
lower tie will be less than the yield strain, and the bearing 
capacity will be governed by the strength of the upper tie. 
Fig. 14 shows the effect of bearing plate ratio (𝛾), bursting 
steel spacing (𝑠) and location of the upper tie (𝑑ଵ) on the 
location of the lower tie (𝑑ଶ ). It can be seen that 𝑑ଶ 
increase linearly with 𝑠 and 𝑑ଵ, and the bearing plate ratio 
have little effect on 𝑑ଶ; Moreover, 𝑑ଶ gradually increases 
with the increment of ratio 𝐴௦ଵ/𝐴௦ଶ. Fig. 15 shows the 
relationships between 𝑑ଶ  and 𝜃ଶ௨  (the value of 𝜃ଶ  at 
ULS) with different bearing plate ratios. As can be seen that 
the value of 𝑑ଶ/ℎ 𝑡𝑎𝑛 𝜃ଶ௨  decreases linearly with the 
increment of the ratio 𝐴௦ଵ/𝐴௦ଶ, which indicates that the 
width of the struts paralleled to the anchor force decreases 
with 𝐴௦ଵ/𝐴௦ଶ, as a result, the value of 𝑑ଶ/ℎ 𝑡𝑎𝑛 𝜃ଶ௨ will 
decrease rapidly as shown in Fig. 15. 

According to Figs. 13, 14 and 15, the value of 𝛽௨, 𝑑ଶ 
and 𝜃ଶ௨ at ULS can be approximated by 

 𝛽௨ = 𝑇௨𝑇௪ = 𝐴௦ଵ𝐴௦ଶ + ൬1.17 − 𝐴௦ଵ𝐴௦ଶ൰ (1 − 𝛾) (14)

 𝑑ଶ = 3𝑠4 𝐴௦ଵ𝐴௦ଶ + 𝑑ଵ2  (15)

 𝑡𝑎𝑛 𝜃ଶ௨ = 2ℎ𝛽௨(1 − 𝛾)𝑑ଶ (16)

 
where 𝑠  is the bursting steel spacing; and 𝑑ଵ  is the 
location of the upper tie. 

Then, the capacity of the upper tie (𝑃௨) and lower tie 
(𝑃௪) can be derived based on the geometric condition 

(a) 
 

(b) 
 

(c) 

Fig. 14 Influence of the details of anchorage zones on the 
location of the lower tie; (a) Bearing plate ratio; 
(b) Stirrup spacing and (c) location of the upper tie

 
 
 

Fig. 15 Relationships between 𝑑ଶ and 𝜃ଶ௨ at ULS of 
anchorage zones with different bearing plate ratios
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 𝑃௨ = 2𝛽௨ 𝐴௦ଵ𝑓௬௦ 𝑡𝑎𝑛 𝜃ଶ௨ = 4ℎ𝐴௦ଵ𝑓௬௦𝛽௨ଶ(1 − 𝛾)𝑑ଶ (17)

 𝑃௪ = 4ℎ𝐴௦ଶ𝑓௬௦𝛽௨(1 − 𝛾)𝑑ଶ (18)
 
Therefore, the ultimate load of concentric anchorage 

zones can be obtained by 
 𝑃௨ = 𝑚𝑖𝑛 (𝑃௨, 𝑃௪) (19)
 

where 𝐴௦ଵ𝑓௬௦ and 𝐴௦ଶ𝑓௬௦ are the capacity of the bursting 
steel in the upper tie and lower tie, respectively. It also shall 
be noted that this section mainly discus the bearing capacity 
governed by ties, and the failures of nodes and concrete 
struts are not included. 

In current design codes, including ACI 318-19 (2019), 
PTI (2000) and Model Code (2010), based on the 
assumption that all the bursting bars reach the yield strain at 
ULS, the bearing capacity can be derived by the transverse 
bursting forces. Table 3 lists the capacity of anchorage 
zones predicted by EPSTM and current design codes, in 
which specimens A1-A4, B1-B6 and R1-R4 were tested by 
Sanders and Breen (1997), Breen et al. (1994) and Wong 
(1986), respectively. It can be seen that MSTM produces a 
good agreement with the test results, the average Prediction/ 

 
 

Test value is 0.96 and the standard deviation is 0.02; while 
ACI 318-19 and Model Code give a conservative result in 
most cases due to without the consideration of stress 
redistribution after cracking, the mean value of Prediction/ 
Test is just 0.79. PTI will overly underestimate the capacity 
of the anchorage zones because the unreasonable predicted 
bursting forces. 

 
4.5 Average strain of bursting steel 
 
By solving Eq. (9) at each load step, the configuration 

parameters of MSTM can be determined, and the forces in 
the ties and struts can be derived based on the equilibrium 
conditions. Then according to constitutive laws of struts and 
reinforced ties as illustrated in Figs. 7 and 8, the strain-load 
response of concrete, bursting steel, struts and ties can be 
estimated. Fig. 16 shows the average strain of the bursting 
steel in the upper tie and lower tie predicted by MSTM. It 
can be seen that before cracking, the bursting reinforcement 
bars behave linearly with the anchor force, and the 
predictions agree well with the test results, the maximum 
deviation is 6.2%, 7.6%, 4.3% and 7.1% for specimen S1, 
S2, S3 and S4, respectively. After cracking, the average 
steel strains increase sharply because the bursting forces are 
assumed to be only resisted by the bursting steel. 
Thereafter, the average steel strain approximately increases 

Table 3 Comparisons between predicted and experimental ultimate load 

Specimen a/h t (m) 𝑓’ 
(MPa) 

Test 𝑃௨,்
(kN) 

Predictions/Test 
MSTM ACI (Model Code) PTI 

S1 0.10 0.2 38.6 1250 1.01 1.56 0.76 
S2 0.2 0.2 38.6 1550 0.95 1.39 0.69 
S3 0.3 0.2 38.6 1950 0.97 1.40 0.62 
S4 0.375 0.2 38.6 2200 0.96 1.43 0.62 
B1 0.06 0.1 21.8 160 0.95 1.25 0.87 
B2 0.06 0.1 26.6 165 0.96 1.93 0.83 
B3 0.06 0.1 26.6 178 0.98 1.48 1.27 
B4 0.06 0.1 26.6 196 1.01 1.62 1.16 
B5 0.06 0.1 19.7 178 1.02 1.17 1.04 
B6 0.06 0.1 19.7 242 0.94 1.15 0.76 
B7 0.06 0.1 19.7 178 0.96 1.38 0.62 
B8 0.06 0.1 30.8 334 0.92 1.76 0.75 
B9 0.06 0.2 30.8 445 0.97 1.83 0.79 
B10 0.06 0.2 29.8 476 0.93 1.79 0.72 
B11 0.06 0.1 17.0 142 0.96 1.01 0.70 
B12 0.06 0.1 24.4 245 0.95 1.39 0.87 
R1 0.25 0.1 44.9 550 1.02 1.33 0.59 
R2 0.13 0.1 39.2 250 0.92 1.52 0.84 
R3 0.13 0.1 44.9 300 0.94 1.71 0.77 
R4 0.06 0.1 39.2 225 0.93 1.67 0.87 
R5 0.06 0.1 42.3 180 0.92 1.72 1.14 

Mean 0.96 1.51 0.82 
Standard deviation 0.03 0.24 0.19 
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linearly with the load. The predictions are slightly larger 
than the test results because the constitutive laws of ties are 
developed based on the pure tension chord, without the 
consideration of shear stresses and lateral stresses in the 
loading process. Moreover, the diagonal cracks and spalling 
cracks are not considered in MSTM. The ratios of the 
average strain of the reinforcement bars in the upper tie and 
lower tie at ULS are 1.68, 1.61, 1.53 and 1.47 for specimen 
S1, S2, S3 and S4, respectively. And the corresponding 
ratios 𝛽௨ are 1.12, 1.07, 1.02 and 0.98 for specimen S1, 
S2, S3 and S4, respectively, which is coincident with the 
test results. In general, the predictions have a good 
agreement with the test results. 

 
4.6 Load-deformation response 
 
According to the principle of conservative energy in 

MSTM, the deformation of the anchorage zones, Δ, can be 
derived by 

 

Δ = 2 ∑ 𝐹 𝐿𝜀𝑃  (20)
 

in which, 𝑃  is the external load; 𝐹 , 𝐿  and 𝜀  is the 
force, length and average strain of the struts or ties, 
respectively. 

Fig. 17 plots the predicted deformation of anchorage 
zones with different bearing plate ratios. It can be seen that 
before cracking, the predictions are slightly less than the 
test results, because the transverse bursting stresses at the 
far end section is not zero, as a result, the total strain energy 
of MSTM will be less than in reality. While after cracking, 
the predictions are slightly larger than the test results due to 
without the consideration of the diagonal cracks and 

 
 

Fig. 17 Load-deformation curves for the test specimens
 
 

spalling cracks. The maximum relative deviations are 4.2%, 
6.8%, 5.7% and 5.3% for the test specimen S1, S2, S3 and 
S4, respectively. In general, the MSTM can provide a 
reasonable estimate of the overall load-deformation 
response of the test anchorage zones. 

 
4.7 Maximum crack width 
 
In a cracked tension chord the strain incompatibility is 

accommodated by the relative displacement between steel 
and concrete. Assumed that there is only one crack in the 
ties, thus the crack width can be given by 

 𝑤 = න (𝜀௦ − 𝜀)𝑑𝑥ೝ = 𝑙𝜀௧ (21)

 
in which 𝜀௦ and 𝜀  are the average stain of steel and 
concrete respectively; 𝜀௧  is the average strain of the 
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Fig. 18 Maximum crack width of the anchorage zones
 
 
 
reinforced tie and can be determined by MSTM; 𝑙 =𝜙௦𝜎௦/(2𝜏)  is the crack spacing, where 𝜙௦ is the 
equivalent diameter of bundled bars; 𝜎௦ = 𝑓௧(1 + 𝑛𝜌)/𝜌 
is the steel stress at the crack as illustrated in Fig. 8; 𝜏 is 
the average bond stress and can be determined by Li et al. 
(2015) 

 𝜏 = 2.73ඥ𝑓’ + 0.31 𝑝ଵඥ𝑓’
+ 0.15 𝑝ଶඥ𝑓’

 (22)

 
in which, 𝑓’  is the cylinder compressive strength of 
concrete; 𝑝ଵ = 𝑇௨/𝐴௦ଵ  and 𝑝ଶ = 𝑃/(2𝑡𝑙௦ଵ) are axial 
stress and lateral stress in the reinforced ties, respectively; 𝑡 
is thickness of the anchorage zones; 𝑇௦ଵ, 𝐴௦ଵ and 𝑙௦ଵ are 
the tensile force, area and length of the upper tie, 
respectively. 

Substituting Eq. (22) into Eq. (21), the maximum crack 
width in the reinforced tie, 𝑤, can be derived by 

 𝑤 = ඥ𝑓’𝜙௦𝑓௧𝜀௧(1 + 𝑛𝜌)/𝜌(5.46𝑓’ + 0.62𝑇௨/𝐴௦ଵ + 0.3𝑃/2𝑡𝑙௦ଵ) (23)

 
Fig. 18 compares the maximum crack width calculated 

by Eq. (23) and tests results. It can be seen that the 
maximum crack width increases rapidly with the increment 
of load, and then the increase ratio gradually decreases due 
to the occurrence of because the spalling cracks and 
diagonal cracks. At ULS, the maximum crack width of the 
concentric anchorage zones increases linearly with the 
bearing plate ratios. The calculated crack widths of the 
anchorage zones with different bearing plate ratios agree 
well with the test results. The maximum relative errors for 
specimen S1, S2, S3 and S4 are only 7.8, 5.7, 4.3, and 
2.6%, respectively. 

Following Eq. (23), the maximum crack width will be 
governed by the average strain of the upper tie 𝜀௧ when 
the external load and mechanical properties of concrete. 
Meanwhile 𝜀௧  will be dominated by the diameter of 
bursting steel, steel spacing, area ratios in upper tie and 
lower tie and so on. In other words, the crack width can be 
controlled through detailing the reinforcement bursting 
steel. 

 
 

5. Conclusions 
 
By introducing the compatibility conditions into STM, a 

modified STM (MSTM) is proposed to predict the structural 
behaviour of the post-tensioned anchorage zones throughout 
the loading process. Unique configuration of MSTM can be 
achieved by minimizing the complementary energy at each 
load step. The validation of the proposed MSTM has been 
verified by the test results. The following conclusions can 
be drawn: 

 

● The proposed MSTM provides a consistent method 
to estimate the structural behaviour of concentric 
anchorage zones from loading to failure, and has 
been validated to be sufficiently accurate by the test 
results. 

● Taking into account of the details of bursting steel, 
simplified formulas have been formed to predict the 
first cracking load and bearing capacity of the 
anchorage zones with suitable accuracy. The current 
design codes give a very conservative capacity due 
to not considering the stress redistribution and layout 
of reinforcement steel. 

● A simplified method has been developed to assess 
the maximum bursting crack width in anchorage 
zones throughout the loading process. Moreover, it 
also provides an effective tool to control the crack 
width at service via detailing bursting steel. 
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Notations 
 

 
 
 

a length of bearing plate 𝐴, 𝑙 area and length of the struts (or ties) 𝐴௦ଵ, 𝐴௦ଶ areas of upper and lower ties 
B total complementary energy 𝐵, 𝐵௦ complementary energy in the struts and ties 𝑑ଵ, 𝑑ଶ location of the upper tie and lower tie 𝐸, 𝐸௦ elastic modulus of concrete and steel 𝐹, 𝜀 force and average strain of the struts or ties 𝑙 crack spacing 𝑓ᇱ compressive strength of concrete 𝑓௧ tensile strength of concrete 𝑓௧ᇱ split cylinder tensile strength of concrete 𝑓௬௦ yield stress of reinforcement bar 
h length of anchorage zones 𝑛 = 𝐸௦ 𝐸⁄  modular ratio 
P external load 𝑃, 𝑃௨ First cracking load and ultimate load 𝑝ଵ, 𝑝ଶ axial stress and lateral stress in the reinforced ties 
s reinforcement spacing 
t thickness of the anchorage zones 𝛽 ratio of the bursting forces resisted by the upper tie and lower tie 𝛽 ratio of the bursting forces resisted by upper tie and lower tie before cracking 𝛽௨ ratio of the bursting forces resisted by upper tie and lower tie at ULS 𝛾 bearing plate ratio 𝜃ଵ, 𝜃ଶ angle between the struts and upper tie or lower tie 𝜀௦, 𝜀 average stain of steel and concrete 𝜀௦௧௨௧, 𝜀௧ average strain of the struts and ties 𝜌 geometrical ratio of reinforcement 𝜎௦௧௨௧, 𝜎௧ average stress of the struts and ties 𝜎௦ steel stresses at cracks 𝜏 average bond stress 𝜙௦ equivalent diameter of bundled bars 
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