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The effect of sweep angle on the limit cycle oscillations of
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Abstract.  This study focuses on the limit cycle oscillations (LCOs) of cantilever swept-back wings
containing a cubic nonlinearity in an incompressible flow. The governing aeroelastic equations of two
degrees-of-freedom swept wings are derived through applying the strip theory and unsteady aerodynamics.
In order to apply strip theory, mode shapes of the cantilever beam are used. The harmonic balance method is
used to calculate the frequencies of LCOs. Linear flutter analysis is conducted for several values of sweep
angles to obtain the flutter boundaries.
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1. Introduction

Aeroelasticity is a multi-disciplinary field, focusing on the interaction of inertia structural and
aerodynamic forces. In classical theories of aeroelasticity, aerodynamic and structural forces are
assumed to be linear. The k method (V-g method) is one of the most popular techniques among the
classical approaches, which is based on including a structural (or artificial) damping as an
additional parameter in the aeroelastic equations. Another widely used technique for aeroelastic
analysis is the p-k method which is also known as frequency matching method (Dowell 2004,
Wright and Cooper 2007). For several decades, these approaches have been widely used to
estimate the flutter speed and frequency of the linear structure. However, they fail to capture the
phenomena resulted from structural and aerodynamic nonlinearities.

Aerodynamic nonlinearities are often encountered at transonic speeds or high angles of attack
where flow separation occurs. Furthermore, structural nonlinearities are classified as being either
distributed or concentrated. In general, distributed structural nonlinearities are governed by
elastodynamic deformations that affecting the whole structure. Alternatively, concentrated
nonlinearities act locally and they commonly arise from worn hinges of the control surfaces, loose
control linkages or associated related to material behavior. For a comprehensive review on this
subject, the work of Lee et al. (1999) should be addressed diligently.

LCO is the phenomenon that based on the system oscillation with limited amplitude. It occurs
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at higher speeds than the linear flutter speed for airfoils containing a hardening cubic nonlinearity,
hence, a nonlinear analysis is required to determine this behavior. The cubic nonlinearity as a
concentrated structural nonlinearity for a two-degrees-of-freedom (2-DOF) airfoil was first studied
by Woolsten et al. (1957). The chaotic behavior of two-dimensional airfoils with cubic pitching
stiffness in an incompressible flow is investigated by Zhao and Yang (1990). Moreover O’Neil and
Strganac (1998) studied the dynamic response of a rigid wing supported by a cubic nonlinear
spring. Most recently, the nonlinear dynamical response of a two-degrees-of-freedom aeroelastic
airfoil motion with cubic restoring forces is examined by Liu and Dowell (2004). They detected a
secondary bifurcation after the primary Hopf (flutter) bifurcation for a cubic hard spring in the
pitch degree-of-freedom. Lee et al. (2005) have used the harmonic balance (HB) method to predict
LCO frequency and amplitude of motion and Liu et al. (2007) studied a two-dimensional airfoil
including a cubic spring stiffness placed in an incompressible flow. They employed a new
formulation of the harmonic balance method for the aeroelastic airfoil to determine the amplitude
and the frequency of the limit cycle oscillations.

Recently, Chen and Liu 2008 are the first to apply homotopy analysis method to solve the
flutter system of a two-dimensional airfoil with a cubic structural nonlinearity. In another study
Ghadiri and Razi (2007) are investigated LCO and nonlinear aeroelastic analysis of rectangular
cantilever wings with hardening and softening cubic nonlinearities. Moreover, for further reading
more recent publications by Koohi et al. (2014), Chen et al. (2012), Shams et al. (2012), Peng and
Han (2011), Jaworski and Dowell (2009) should be addressed.

Barmby (1950) reported the effects of sweep on the flutter characteristics. He included both
experimental and analytical investigations of the flutter of swept-back wings. However, the effects
of finite span and compressibility with their relation to sweep are not made. Recently, Marzocca et
al. (2002) has developed a unified approach of the stability and aeroelastic response of swept
aircraft wings. Yet the structural nonlinearity in the aeroelastic analysis of swept-back wings has
not been investigated in any of the work mentioned previously. Within this context, in this study
we-investigate the effects of sweep angle on the limit cycle oscillations of aircraft wings
containing a hardening cubic nonlinearity. For this purpose, the governing aeroelastic equations of
a two degrees-of-freedom swept cantilever wing are derived through applying the strip theory
using single-mode discretization. The unsteady aerodynamic lift and moment in an incompressible
flow are expressed in the time domain by the use of Wagner’s functions. The harmonic balance
and the Runge-Kutta methods are used to calculate the frequencies of LCO. Besides, to perform
LCO analysis linear flutter analysis is at first conducted for several values of sweep angles. The
flutter boundaries are obtained and compared with the published studies showing a very good
agreement. The finite span effects are also presented to play a significant role in predicting the
flutter condition.

2. Analytical developments

2.1 Basic considerations

The airfoil section of the wing swept at an angle of A is demonstrated in Fig. 1. As shown,
there are two degrees of freedom: plunge deflection and pitch angle represented by h and «,

respectively (Durmaz and Kaya 2012). The distances of mid-chord to elastic axis and elastic axis
to center of mass denoted by non-dimensional quantities a, and x,, respectively. Lastly, semi-
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—U.cos(4)—>

mid-chord center of mass

U..| [ Uscos(A)

Fig. 1 The sketch of (a) airfoil section (b) wing section

chord of the airfoil is defined by b, and the freestream velocity by U,. The subscript A shows that
the corresponded quantity is in normal direction to the elastic axis. Next, the planform view of the
wing is given in Fig. 2.

Here, | represents the span in y-direction. In the light of Fig. 1 the position of the centerline of
the cross-section could be defined by

2(%,.t)=h(y,t)+ Xa(.1) (0
where i:bA(%—aA). Thereby the downwash velocity w normal to the lifting surface is given, for

small disturbances, by

w(X, y,t)=%+uw% )

For swept wings in an incompressible flow, the downwash velocity is expressed as follows
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w(x,y,7)=U, [H/b,\ +a+ h’tanA+(% —aA)(d+bAa’tanA)J A3)

where ()" and ( *) denote the partial differentiation with respect to the reduced time =U,t/b, and
spanwise coordinate along the elastic axis y. h" and o’ are the rates of change of bending and twist
in the spanwise direction, respectively.

The total lift per span and pitching moment about elastic axis are expressed by

Lo(5.9)=Co, pUZDAA(E /oy + -+ - +byar tana]]

e, pUlby [ole—o by + -+ tana (- by tan AT
0

4)
—%CLapuibA [H/bA +a+2h tan A+b, o tan A+b,h" tanzA]

+ %CLa pU2b,a, [0'2 +2b,a' tanA+b3a" tanzA]

M, (7.7)=-C._puzb, (taalg(cfifby +a+ (- +bya” tan Al

=

+C_, pUibA(;+aA)j¢(r—a)[ﬁ/bA +a+h'tan A+(%fa/\)[d+b,\d’ tan A]]da
0

+%C,_a pU2%b,a, [ﬁ/bA +2h" tan A+b, o' tan A+b,h" tanzA] ®)

—%CLQpU,z\bi(%+a§)[d+2bAd’ tan A+bZa” tanzA]

1 1 .1 ,
—ECLQpU,Z\bi[E—aA)a+§bAa tan A

where ¢(z) denotes Wagner’s function™ which is expressed as

¢(T) =1-ype™ ™ —ye (6)
in which ,=0.165; y,=0.335; £=0.0455 and ¢,=0.3.

2.2 Aeroelastic equations

The governing aeroelastic equations of wing oscillating in pitch and plunge are derived using
Euler-Lagrange relations which are expressed as

d(oT or oV oD

a(%}%%*m% @)
d(oT or oV oD

—_—-——--+— 4 —=

dr(@d) oa OJa O« Qw ®)

Here kinetic, potential and damping energy expressions are given below.
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T :%![m(ﬁ+b,\xad)2+ ICG(d)Z}dy 9)
V= %j [El (W) +GI(a'Y ]dy (10)
D= % I [ch(h)2 ic, (d)ﬂdy (11)

where El and GJ are the bending and torsional stiffnesses of the uniform cantilever beam while C;,
and C,, are the corresponding damping coefficients. m and Icg represent mass per unit length and
wing mass moment of inertia per unit length (about center of gravity). Moreover the generalized
force terms Q, and Q,, in Eqs. (7) and (8) will be expressed in the following sections.

The decoupled eigenmodes in pitch and plunge motion are expressed for the cantilever wing in
the following form (Hodges and Pierce 2011)

4 ):(sinhﬂﬁsinﬂ1

AR o) - cos ] sin( ) sin( ) )

¢, (n7)=sin(Bn) (13)

where n=y/l, $,=0.5969x and /3,=0.5x.

Assuming separation of variables and using single mode discretization the plunge deflection
and the pitch angle are expressed in terms of time-dependent parts. The assumed mode shapes
given in Egs. (12) and (13).

h(7.t)= () (t) (14)

aln.t)=¢,(n)(t) (15)

From now on, dropping the bar, the time mode of plunge displacement and pitch angle is
written as h(t) and a(t), respectively. The kinetic, potential and damping energy expressions are
rewritten by substituting Egs. (14) and (15) into (9)-(10). Consequently, using Euler-Lagrange
relations

2
: .. o | 0] b
Ca6 +CsX, 0 +C — | +C3| — G = A 16
36+ CsXe 3§;(UA}§ {UA] &)= 57 (16)
X 1 1Y b2
C —a“+C a+c — a+cC — Ga )= A a 17
Jeial @(UJ “[uA] (@)= oz ® (17)

where G; (&)=p: &+y: & and G, (a)=f, a+y, o. These functions are selected to represent the
structural nonlinearities in plunge and pitch motion, respectively. Note that g;, g,, y: and y, are the
constant coefficients. All of the non-dimensional quantities that are used to obtain the Egs. (16)
and (17) are given in the following.
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&=h/b, ,uzm/(ﬂ'pb/z\) r, =I,/[mb?)
Uy =U, /(me,) @ = oy /@, a’h:\/ClEl/(Csm|4)
a,a:JCZGJ/iCMaﬂi & =17Cy4/(cs/cmEl) &, =1C,Jc,/(c,1,GI)

Here, wy and w, are the fundamental frequency of plunging and pitching modes, {: and ¢, are
the viscous damping ratios in plunge and pitch, and also U,, « and r, are the non-dimensional
freestream speed, mass ratio and radius of gyration about the elastic axis, respectively.
Additionally, the constants ¢y, C,,..., C1, are described in Appendix A.

2.3 Force and moment expressions

The generalized force terms Qy, and Q,, in the right hand sides of the Egs. (7) and (8) are derived
by virtual work law and expressed as (Gulcat 2010)

Qn= |I La (Y, ) (7 )7 (18a)

1

Q.= IIMa(y',tMa(n)in (18b)

0

Inserting the Egs. (4) and (5) into (18) and carrying out the integration, we have

Q=C, pUibAlgﬁ(r)[cg +Csa +(§— aA)[cso'z +Cya tan A]l=0

T
-Cy, pUibAII¢(r - a)[c3§ +Cgt + Cg& tan A+(%f aA)[c5o'é +C,a tan A]]da
0

(19)
—%CLH pU2b, I [035 +Cga + 2¢5¢ tan A+ C,a tan A+ Cg EtanzA]

1 ..
+Cu, pU,z\bAaAl[csa +2C,a tan A+ Coar tanzA]

Q,=—C., pU,Z\bA(%+ aA)Iq)(r)[csf +C +(%f aA)[c4o‘z + Cpyartan A]LO
+Cy, pU,z\bA(%Jr aA)Ij¢(r - a)[q,f + Cylt + Cpé tan A+(%f aA)[c4c'i + Cyya tan A]]da
0

+%CLa pUZb,a,l [c5§ +200f tan A+ G a’ tan A+ G,E tanzA] (20)

- %C,_a pr\bﬁ(%f ai)l [c4d +2¢,0 tan A+ Cpa tanzA]

;G Uit e+ e tana)
—EC,_apUAbAI Cay 2 Ja+ 5y tan A
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Substituting Egs. (19) and (20) into Egs. (16) and (17), an integro-differential equation is
obtained. Therefore the governing aeroelastic equations of a rectangular swept-back wing are
obtained as

alé.é +aa+ 335 +3,a + 858 + g +ay Wy + 3gW, +8gW3 + 84 oWy +8y1G, (6&) = 3124’.5(7) (21)

bl‘f +hya+ b35+ byc +bs& + g +bywy +bgW, +bgws +byow, +by,G, (“) = b12¢3(f) (22)

Recall that G:(&)=p:5+7:8 and G, (a)=fa+y,0°. Also, four new functions wy(z), Wy(z), Ws(z) and
wy(7) are determined for the sake of simplicity to so Ive the integro-differential equation. These are
described by the following integrals (Lee et al. 1997)

)= [ laloYio 2%
o

wz(r):jefz(“f)a(a)da (23b)
o

Wy (r)= le‘gl("")é(o)do (23¢)

wfe)= [er (oo 220

The coefficients a;, a,,..., a;» and by, by,..., by, appear in Egs. (21) and (22) are also given in
Appendix A.

3. Solution procedures

3.1 Harmonic balance method

The method of harmonic balance corresponds to a truncated Fourier series and allows
systematic determination of the coefficients to the various harmonics and the angular frequency

(Mickens 2010). In order to apply this method, plunge and pitch motions are assumed as a
trigonometric series as follows

&(r)= Zfisin(ian-)Jr g; cos(icr) (24)
i-35,...
a(r)=d, cos(wr )+ n:;_(_:_n sin(nwr )+d, cos(ner ) (25)

For a detailed review of the method the study of Lee et al. (1997) should be addressed. Besides,
similar to the harmonic balance method the homotopy analysis method could also be applied to
obtain the nonlinear frequency of the system. For this method, the author's previous work (Durmaz
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et al. 2011) and the study by Zhao et al. (2014), Chen and Liu (2008) should be carefully
reviewed.

3.2 Numerical solution

The numerical solution is handled by standard fourth-order Runge-Kutta method. Therefore the
governing aeroelastic equations expressed in Egs. (21) and (22), are rewritten as a set of first order
ODEs

ax _
dr

F(X,r) (26)

where
X :[Xl Xo X3 X4 X5 Xg X7 XS]T :[Cf E a a W Wy Wy W4]T (27)
and
Xy
—kyXa —kyXg —KsX —Ky4X3 —KsX5 —KgXg —K7X7 —KgXg —koFy (X1)+ k10¢(f)
X4
[ MXg —MyX, — MgXg — My X3 — MgXg — MgXg — My X7 — MgXg — Mg Ry, (X3)+ m10¢(r)
F(x,7)= (28)
X3 — &1X5
X3 — &7Xg
X — &%y

X — E7Xg

The initial conditions of the system are given below
X =[%(0) x,(0) x3(0) x,(0) 0 0 0 Of (29)

The coefficients ki, ka,..., kyo and my, m,,..., myq are described in Appendix B.

4, Results & discussion
4.1 Linear analysis

To determine the flutter boundaries, linear flutter analysis of a swept-back wing is carried out
for the initial conditions set to «(0)=1° and &(0)=¢'(0)=a'(0)=0. Stiffness terms are taken as
GA&)=p:¢ and G,(a)=f,a. The experimental results of the report written by Barmby (1950) are
used to validate the proposed swept wing model. Geometrical properties and characteristics of the
wing can be found in Table 1.

Linear flutter speeds are calculated for several sweep angles and compared with the
experimental results given in Table 2. Noting that the dimensional linear flutter speeds U are
computed from non-dimensional speeds U, which are given in the second column of Table 2. It is
observed that for higher angles of sweep, higher flutter speeds are obtained. Initially, the flutter
speeds are calculated by ignoring the thickness of the airfoil, namely taking C, =27. As seen the
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Table 1 Wing geometry and characteristics

p=1 =378
y:=0 X,=0.120
B.=1 r,=0.526
7=3 @=0.136
a=-0.2 £=(,=0

Table 2 Comparison of linear flutter speeds

A Ua U by Barmby (1950) u? u?

0° 3.64 102.372 m/s 95.7447 m/s 103.422 m/s

300 3.73 105.054 m/s 96.1668 m/s 104.908 m/s

450 4.32 121.595 m/s 108.972 m/s 121.046 m/s

60° 5.56 156.464 m/s 136.243 m/s 156.057 m/s
U, =U/(ba,)

1 2 3D
C_ =2r,°Cy, =G

results represented by U* have relatively smaller values than the experimental speeds besides for
higher angles of sweep the difference between them is getting more significant. Therefore the
linear flutter speeds are recalculated to include three-dimensional effects. To capture these effects
the lift curve slope is expressed by involving the corrections to the aspect ratio and sweep angle A
and given as (Bislinghoff et al. 1975, Flax 1961)

ciP = C, R

C., cosA/7z+ AR \/1+ [C,_a cosA /(R )P
where the aspect ratio denoted by AR is expressed as
MR =1, cos? Alb,

Table 2 shows that much better results of the flutter speeds U? are obtained by the modification
of the lift-curve slope for all sweep configurations. Hence, the effect of sweep angle on the LCOs
are investigated and all of the computations are made by considering the corrected expression of
C_, (Durmaz and Kaya 2012).

The variation of the linear flutter speed with respect to sweep angle is investigated and shown
in Fig. 2. It is seen that up to sweep angle of 15°, the flutter speeds are decreasing; thereafter
speeds are increasing with the sweep angle. Moreover, the difference between the dashed lines and
solid lines demonstrates the refinement in flutter speeds made by including three-dimensional
effects.

4.2 Nonlinear analysis
In this section nonlinear aeroelastic analysis is performed for the same rectangular swept-back

wing. A hardening cubic nonlinearity is only considered in pitch motion by setting G, (a)=p,a+y.0°
and GA¢&)=p:£. Itis observed that LCO occurs at speeds higher than the linear flutter speed.
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Fig. 2 Variation of linear flutter speeds versus sweep angle
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Fig. 3 Comparison of frequencies of LCO for (a) A=0°, (b) A=30°, 45°and 60°

The frequencies of LCOs are computed for U,/U,, varying from 1.02 to 2 and compared with
the numerical solution (RK4). Fig. 3(a) shows the variation of frequencies for the straight wing
configuration, similarly Fig. 3(b) shows the same behavior for the sweep angles of 30°, 45° and
60°. It is revealed from both figures that the frequencies of LCOs tend to decrease for increasing
values of sweep angles.

In Fig. 3(b), jump phenomena are detected for the sweep configuration of 60° at U,/U, =1.55
and U,/U, =1.75. It is seen that the harmonic balance method generally fails to capture this jump
phenomenon.

In Fig. 4(a)-(d), the phase portraits of pitch motion are drawn at U,/U, =1.0, 15, 2.0, 2.5 for
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the sweep angles of 0°, 30°, 45° and 60°. As seen from these subfigures, for A=0° and A=30° all
plots are symmetric at different speed ratios. However this trend is not observed for A=45° and
A=60° at speed ratio U,/U, =2.5. Besides, the amplitudes of the LCOs are increasing with the
sweep angles.
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Fig. 4 Phase plots for (a) A=0°, (b) A=30°, (c) A=45° and (d) A=60°
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Fig. 5 (a) Bifurcation diagram of pitch oscillations (b) Pitch amplitude vs. reduced time for A=60°
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Fig. 5 Continued

Fig. 5 shows two plots of pitch degree-of-freedom for sweep angle of 60° The first subplot,
Fig. 5(a) demonstrates the bifurcation diagram. From this figure it is clearly observed that for
speed ratios approximately less than 3.7 the equilibrium position remains unchanged and it is at
zero. However for higher speed ratios than 3.7, the equilibrium postion alters to a negative or
positive value. Regarding this alternation, Fig. 5(b) is plotted for the values of speed ratios which
are marked with blue and red lines. As seen from this figure, the pitch oscillations fluctuate at an
equilibrium position altering between negative and positive values. For similar phenomenon, the
readers should adress to the publication published by Daochun and Jinwu (2008).

5. Conclusions

In this study we analyzed the limit cycle oscillations of swept-back aircraft wings containing a
hardening cubic nonlinearity. The unsteady aerodynamic lift and moment in an incompressible
flow are expressed in the time domain by the use of Wagner’s functions. The aeroelastic equations
are solved by the harmonic balance and the Runge-Kutta methods, and the frequencies of LCO are
computed and plotted. The effect of the sweep angle on the LCO are examined and concluded that
for larger sweep angles the equlibrium position of the response of the wing does not stay stable at
zero, instead it alters between negative and positive values. Another outcome is that the accurate
prediction of the flutter higly depends on the inclusion of finite-span effects for swept arcraft
wings.
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Nomenclature

a

MR

ba
C,, C
El

|

a

a

Be Ba
YerVa
$erla
#(z)

s

w,, O,

non-dimensional distance from wing section mid-chord to elastic axis

aspect ratio
wing section semi-chord normal to the elastic axis

damping coefficients in plunge and pitch

bending stiffness

mass moment of inertia about elastic axis

functions correspond to structural nonlinearity in plunge and plunge motion
torsional stiffness

span length of wing

lift force about elastic axis

limit cycle oscillation(s)

wing mass per unit length
pitching moment about elastic axis

radius of gyration about elastic axis
free-stream velocity
non-dimensional velocity

non-dimensional linear flutter speed

non-dimensional distance from elastic axis to center of mass
constants in nonlinear terms

constants in nonlinear terms

viscous damping ratios in plunge and pitch

Wagner’s function

first plunge mode shape function

first pitch mode shape function

natural frequencies in plunge and pitch

frequency ratio, wy,/w,
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Appendix A

The coefficients appear in Egs. (16)-(17) and (19)-(20) are given below

2 1

ir ,» 2 1 1 1 2
d b, rd b, rd bt rd
clzj[ ﬁh}dn co=[loJan e =20 ¢;¢hdn o= | f;%dn | % g, dn
0 0 0 0

2
0d77

dn . dn® dz
1 1 1 1
b, [d b2 (d?g, b2 d?
C3 :J-[(/jh]zd’l Ce :TAJ.%%dU Co :I—IZ\J. d:z #dn ¢, ZI_IZXJ. d:zh ¢,dn
0 0 0 0

The coefficients of Egs. (21) and (22) are given below

C, cos’A
2

a, =c5(xa —%CL coszAJ
) C3 2 Cq .
ag =Cy¢: o +%CL cos A(l—l//l—l/lz)-f-%CLSIn?A
c c :
a, =—>C_ cos’A h+ 2(%—% 1-y, —WZ)]——7C,_SII’12A
2mu 2
Cs 2 Ce ; Cg 2
ag = —>C coS°A (y16, + W6, )+ —2—C_ sin2A + —8-C, sin’A
mu 2mu 2mu
C5 2 1 C7 . 1
aﬁ=—C|_COS A _y/l_l//z‘f‘*_aA V/1£1+W282)+_CLS|n2/\7_aA l_y/l_l//z)
m 2mu
+-21 ¢ sina -2 C, sinAa,
4mu 2mu

1

ag = _% C_ cos’A (031//1812 —Cgy1&; tan A)

1
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_\2
)
= Cs(Fj

Lecwinbi-alab]
Ay = p C cos°A [c3¢ ct—,(a—aA -

1
b, = c{lerCL cos?A (;+a§)}
c c .
by =——> 5 (1+2a, )C, cos?A (L—yy —y,)— —22 5CL sin2\ a, [+ (16, +v,e, /2 a)]
ur, 27W a

1 1 1
b, = Cs{@(Fj - (%— ai)CL Cos’A (1-y; — w5 )+ ﬁ(%—aA)CL cos’A }

vy ury,
+L2(1+a§)CLsin2A
2mur, ®
___ G (1 2 _ S0 . 1.) G -
bs = 2\, ta Jo COS A 161 +v26,) ;CLsin2A|J+a, 5CLsin“Aa,
e ur, 27zyra
c c .
bs :—32(%“%)% cos”A b—% —¥2 +(§+aA)(mel +v/2€2)]+ LL_Cysin2A
e 8nur,
Ci1 (l z)c ; Ciy . Ci3 (1 )C -
- -_a sinA (1—y, — - C,sin2Aa, + —==(=+a2|C, sin“A
27zyr(f Y B ( 41 ‘//2) 4727”5 L A 27zyr¢f gL

1
b, =— 7(%+ a,\)C,_ cos’A [Csl//151 —Cqyr ! (%* 37\)+ C11‘//151(%* a\)tan A]
ur,
1
oL ko byt el oo
o

1
by = r2 (%+ aA)CL cos’A [‘35%‘912 —Cygy16; tan A]
7y

a

1
o=~ oo st -z )

a

by = C4(U1* jz
by, = ! - (%al\)c,_ cos®A [05.5 + 04(%7a,\)a]1:0

ry
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Appendix B

The coefficients k;,k,,...,k, and m,m,,...,m, are given below
ky = (Csdz —Czda)/j k, = (C4d2 _Czd4)/j ks = (C5d2 —Czds)/j ky = (Csdz _Czdﬁ)/j
ks = (C7d2 —Czd7)/j ke = (Csdz _Czds)/j k; = (ngz _Czdg)/j kg = (ClOdZ _CZle)/j

kg =105/ ] ki =—d11C5/ ] m, = (Csdz _Czds)/j m; = (C4d2 _Czd4)/j
m3 :(Csdz —Czds)/j my :(Cedz —Czde)/j ms :(C7d2 —Czd7)/j Mg :(Csdz —Czds)/j
m; = (ngz _Czdg)/j mg = (Clodz _Czdlo)/j Mg =Cyyd,/ My =—011C,/





