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ABSTRACT 
 

We introduce the strain-smoothed element (SSE) method recently developed for 
analysis of solid and shell problems. The strain-smoothed 3-node triangular and 4-node 
tetrahedral solid elements and 3-node triangular shell element were developed. Unlike 
smoothed finite element methods (S-FEMs), the SSE method requires no special 
smoothing domain and linear strain fields are formed within elements. The strain-
smoothed elements pass the basic tests (isotropy, patch and zero energy mode tests) 
and show significantly improved convergence behavior in various numerical examples. 
The method could be easily extended for solving non-linear problems. 
 
 
1. INTRODUCTION 
 
The strain smoothing methods are effective in improving convergence behaviors of 
finite elements without using additional degrees of freedom (DOFs). In conventional 
strain smoothing methods such as the edge-based and node-based smoothed finite 
element methods (S-FEMs), special smoothing domains (distinct from finite elements) 
are required, and piecewise constant strain fields are formed in the newly constructed 
smoothing domains (Liu 2009, Sohn 2013, Shin 2013, Lee 2016, 2017).  
 

Recently, a new strain smoothing method, named the strain-smoothed element 
(SSE) method, has been developed for 3-node triangular and 4-node tetrahedral solid 
elements. Unlike the conventional smoothing methods, the SSE method has the same 
domain discretization as the standard finite element method (FEM). Therefore, it is 
easy to use the SSE method in combination with the standard FEM. The smoothed 
elements adopting the SSE method show significantly improved convergence 
behaviors compared to those adopting the edge-based S-FEM in various numerical 
examples (Lee 2018). Also, the method has been adopted for improving the membrane 
performance of the MITC3+ shell element, which already showed excellent behaviors in 
bending-dominated problems (Lee 2019).  
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In the following sections, the formulation of the SSE method is reviewed for the 
solid and shell elements. We also demonstrate the accuracy improvement achieved 
through some numerical examples. 
 
 
2. STRAIN-SMOOTHED ELEMENT METHOD FOR SOLID ELEMENTS 
 

The geometry of the standard 3-node triangular element is represented by  
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and  
 

1 1h r s   , 2h r , 3h s , (2) 

 
where ix  is the position vector of the i th node in the global Cartesian coordinate 

system, and ( , )ih r s  is the two-dimensional interpolation function of the standard 

isoparametric finite element procedure corresponding to the i th node.  
 

The displacement of the element is interpolated by 
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in which iu  is the displacement vector of the i th node in the global Cartesian 

coordinate system. 
 

The strain field within a 3-node triangular element is obtained using the standard 
isoparametric finite element procedure as follows: 
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where ( )eB  is the strain-displacement matrix of an element, ( )eu  is the nodal 
displacement vector of the element, and iB  is the strain-displacement matrix 

corresponding to the i th node. 
 

Then, we define smoothed strains between a target element and its neighboring 
elements (Lee 2018) 
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in which ( )eε  and ( )kε  are the strains of the target element and the k th neighboring 
element, respectively, as shown in Fig. 1(a), and ( )eA  and ( )kA  are the areas of the 
target element and the k th neighboring element, respectively, see Fig. 1(b). For 
boundary edges, we use ( ) ( )ˆ k eε ε . 
 

From Eq. (5), we directly assign the smoothed strain values to the three Gauss 
points (given in Fig. 1c) of the target element using the following equations, shown in 
Fig. 1(d) (Lee 2018): 

(1) (3)1
ˆ ˆ( )

2
a  ε ε ε ,  (1) (2)1

ˆ ˆ( )
2

b  ε ε ε ,  (2) (3)1
ˆ ˆ( )

2
c  ε ε ε . (6) 

 

 
Fig. 1. Application of the strain-smoothed element method to the 3-node triangular 
element: (a) Strains of a target element and its neighboring elements. (b) Strain 
smoothing between the target element and each neighboring element. (c) Three Gauss 
points. (d) Construction of the smoothed strain field through the three Gauss points. 

 
To investigate the performance of the smoothed 3-node triangular element 

adopting the SSE method, a 2D block problem is considered as shown in Fig. 2. We 
apply a distributed compression force of total magnitude 1P   at the right half of the 
top edge and its bottom edge is clamped. Plane stress conditions are considered with 
the Young’s modulus 73 10E    and Poisson’s ratio 0.3  . The solutions are 
obtained with meshes of N N  elements ( N  2, 4, 8, and 16).  
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Fig. 2. 2D block problem (4 by 4 mesh). 

 
Fig. 3 shows the convergence curves obtained using the energy norm. We obtain 

the reference solutions using a 32 32  mesh of 9-node 2D solid elements. The 
element size in the convergence curves is defined as 1 /h N . The element adopting 
the SSE method shows significantly improved accuracy. 
 

The strain smoothing methods achieve significant accuracy improvement without 
additional degrees of freedoms (DOFs), while other methods such as enriched FEM 
require additional DOFs (Jun 2018, Kim 2018, 2019). Similar approaches have been 
used in the development of the smoothed 4-node tetrahedral element. See the 
reference (Lee 2018) for detailed derivations and its performance.  
 

 

Fig. 3. Convergence curves for the 2D block problem. The bold line represents the 
optimal convergence rate. 
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3. STRAIN-SMOOTHED ELEMENT METHOD FOR SHELL ELEMENTS 
 

The MITC3+ shell element shows almost excellent behaviors in bending-
dominated problems, but its membrane performance is the same as that of the 
displacement-based 3-node triangular shell elements (Lee 2014, 2015, Jeon 2015, Ko 
2017).  

 
We introduce the recently developed strain-smoothed MITC3+ shell element, 

which improves the membrane performance of the MITC3+ shell element by adopting 
the SSE method (Lee 2019). The strain-smoothed MITC3+ shell element shows 
significantly improved membrane performance and retains the excellent bending 
behaviors of the MITC3+ shell element.  

 
In order to improve its membrane behavior, the covariant membrane strain 

component is smoothed using the SSE method. The decomposition of the strain 
components is well described in (Ko 2017). 
 

First, we obtain the covariant membrane strains of the target element, ( )m e
lne , and 

of the k th neighboring element, ( )m k
lne , at center of elements. Then, the strain of the 

neighboring element is transformed into the convected coordinates defined at the 
center of the target element as follows: 
 

( ) ( ) ( ) ( ) ( ) ( )( )( )m k m k e k l e k n
ij ln i je e  g g g g  with , , ,i j l n  1, 2,  (7) 

 
where ( )e

ig  and ( )k lg  are the covariant base vectors of the target element and the 

contravariant base vectors of the k th neighboring element, respectively. 
 

The smoothed membrane strain between the target and the k th neighboring 
elements is obtained by (Lee 2019) 
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and 
  

( ) ( ) ( ) ( )( )k e k kA A n n , ( ) ( ) ( )
3 3/e e en g g , ( ) ( ) ( )

3 3/k k kn g g , (9) 

 
where ( )eA  and ( )kA  are the mid-surface areas of the target and the k th neighboring 
elements, respectively, ( )en  and ( )kn  are the unit normal vectors defined at the 
centers of the target and neighboring elements, respectively, and ( )kA  is the projected 
area. For the boundary edges, ( ) ( )ˆm k m e

ij ije e . 
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Then, we assign the membrane strains in Eq. (8) to the three Gauss points using 

the following equations (Lee 2019) 
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with ,i j  1, 2. (10) 
 

The smoothed covariant membrane strain in Eq. (10) replaces the covariant 
membrane strain. We use the originally defined covariant bending strains, and for the 
covariant transverse shear strains, the assumed strains of the MITC3+ shell element 
are used (Lee 2014, 2015).  
 

In order to verify the performance of the smoothed MITC3+ shell element, we 
consider the Scordelis-Lo roof shell problem (Lee 2002, Chapelle 2010) shown in Fig. 4. 
The structure is a part of a cylinder which has length 25L  , radius 25R  , and 
uniform thickness t . A self-weight loading 80zf   per unit area is acting on the 

structure. 84.32 10E    and 0   are assumed. 
 

Both ends of the shell structure are supported by rigid diaphragms. Considering 
the symmetry, only one-quarter is considered with the following boundary conditions: 

0x zu u   along AC, 0yu    along BD and 0xu    along CD. We consider the 

N N  element meshes with N  8, 16, and 32. 
 

 

Fig. 4. Scordelis-Lo roof shell problem (4 by 4 mesh). 
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Fig. 5. Convergence curves for the Scordelis-Lo roof shell problem. The bold line 
represents the optimal convergence rate. 
 

Fig. 5 shows the convergence curves of the MITC3+ shell element, the enriched 
MITC3+ shell element and the smoothed MITC3+ shell element obtained using the 
energy norm. Three different thickness to length ratios: /t L  1/100, 1/1000 and 
1/10000) are considered. The reference solutions are obtained using a 64 64  mesh 
of MITC9 shell finite elements. The element size is 1 /h N . The smoothed MITC3+ 
shell finite element gives significantly improved solutions comparable to the enriched 
MITC3+ shell element. 
 
4. CONCLUSIONS 
 

In this paper, we introduced the strain-smoothed 3-node triangular and 4-node 
tetrahedral solid elements and the strain-smoothed MITC3+ shell element adopting the 
SSE method. The smoothed elements passed the isotropy, patch and zero energy 
mode tests. Through numerical examples, we verified that the proposed elements show 
significantly improved convergence behaviors. Also, the SSE method could be easily 
extended for solving non-linear problems. 
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